Numerical Analysis and Simulation of
Partial Differential Equations

Roland Pulch

Lecture in Summer Term 2011

University of Wuppertal
Applied Mathematics/Numerical Analysis

Contents:

Examples and Classification
Elliptic PDEs (of second order)
Parabolic PDEs (of second order)
Hyperbolic PDEs of second order
Hyperbolic Systems of first order

ARl ol




Literature:

Ch. Grofimann, H.-G. Roos, M. Stynes: Numerical Treatment of Partial
Differential Equations. Springer, Berlin 2007. (parts of Chapters 1-4)

H.R. Schwarz, J. Waldvogel: Numerical Analysis: A Comprehensive Intro-
duction. John Wiley & Sons, 1989. (Chapter 10)

D. Braess: Finite Elements. (3rd ed.) Cambridge University Press, 2007.

R.J. LeVeque: Numerical Methods for Conservation Laws. Birkhauser,
Basel, 1992.



Contents

1 Classification of PDE Models 4
1.1 Examples . . . . . . . e 5)
1.2 Classification . . . . . . . .. . 11
2 Elliptic PDEs 16
2.1 Maximum principle . . . . . ... 16
2.2 Finite Difference Methods . . . . . . . .. .. ... oL 20
2.3 Sobolev Spaces and Variational Formulation . . . . .. ... ... ... .. 36
2.4  Finite Element Methods . . . . . . . . . ... oL 49
3 Parabolic PDEs 66
3.1 Inmitial-boundary value problems . . . . . . . . ... ..o 66
3.2 Finite difference methods . . . . . . . . ... ..o 72
3.3 Stability analysis . . . . ... 78
3.4 Semidiscretisation . . . . .. ..o 84
4 Hyperbolic PDEs of Second Order 91
4.1 Wave equation . . . . . . . . ..o 91
4.2 Finite difference methods . . . . . . . . . ..o 95
4.3 Methods of Characteristics . . . . . . . . . . .. ... ... 102
5 Hyperbolic Systems of First Order 114
5.1 Systems of two equations . . . . . . ... ... 114
5.2 Conservation laws . . . . . . . . ..o 119
5.3 Numerical methods for linear systems . . . . . . . .. .. .. ... .. ... 131
5.4 Conservative methods for nonlinear systems . . . . . ... ... ... ... 148



Chapter 1

Examples and Classification

This lecture deals with the numerical solution of partial differential equa-
tions (PDEs). The exact solution depends on several independent variables,
which are often the time and the space coordinates. Different types of PDE
models exist even in the linear case. Each class exhibits certain properties
and thus requires corresponding numerical methods. Initial and/or bound-
ary conditions appear.

In contrast, systems of ordinary differential equations (ODESs) can be writ-
ten in the general form

y(x) = flz,y(x)) (:R—-R" f:RxR"—R").

The independent variable x often represents the time. Thus initial value
problems y(xy) = yo are the most important task. An analytical solution
is not feasible in general. Hence we need numerical methods to achieve an
approximate solution. Nevertheless, a convergent numerical method can
resolve an arbitrary system of ODEs.



1.1 Examples

We present three important examples, which illustrate the three classes of
PDE models.

Poisson equation

We consider an open bounded domain 2 C R?. For example, we can choose
Q= (0,1) x (0,1). For u € C?*(Q), the Laplace operator is defined via

*u  0%u
Au = @—Fa—?ﬂ (11)

The Poisson equation (in two space dimensions z,y) reads
—Au=f

with a predetermined function f : €2 — R. The special case f = 0 re-
produces the Laplace equation. Hence the solution of the Poisson equation
(1.1) is stationary, i.e., it does not change in time.

Now we specify boundary value problems. Let 02 be the boundary of €.
Boundary conditions of Dirichlet type read

u(z,y) = g(z,y) for (z,y) € 90
with a given function ¢ : 92 — R. Boundary conditions of Neumann type
specify the derivative of the solution perpendicular to the boundary, i.e.,
ou
ov
with the normal vector v (||v||s = 1) and a given function h : 002 — R.
Often mixed boundary conditions

(z,y) = (v(z,y), Vu(z,y)) = h(z,y) for (z,y) € 0O

ou
u(z,y) = g(z,y) for (z,y) € I'p, 5(%’,@) = h(z,y) for (z,y) €'y

appear with T'p Uy =90Q and Tp N Ty = 0.



We derive the Poisson equation for electric fields in case of three space dimensions (x =
(71, 22,73)). Let E: R* — R? be the electric field and ® : R* — R the corresponding
potential. It holds

E(z) = =Vo(z)

with the gradient V& = (22 02 0% [t follows

Ox1’ Oxa’ Oxs
divE(x) = —Ad(x).

Let p : R® — R describe the charge distribution and € > 0 be the permittivity. The first
Maxwell’s equation (Gauss’ law) reads

x
divE(z) = M
€
Comparing the two relations, we obtain the Poisson equation

—Ad(z) = @

Y

where p is given and ¢ is unknown.

A connection to complex analysis is given for holomorphic functions. Let g : C — C be
holomorphic and €2 C C be bounded, connected and open. On the one hand, Cauchy’s
integral formula yields

1 9(¢)
9(z) = i 0 C— 2

d¢ for z € ().

It follows that ¢ is already determined uniquely inside €2 by its values on the boundary 0f).
On the other hand, the formulas of complex differentiation (Cauchy-Riemann-PDEs) imply

A(Reg) =0 and A(Im g) =0,

i.e., real and imaginary part are solutions of the Laplace equation in two dimensions. The
values of g on 02 specify Dirichlet boundary conditions. It follows a unique solution for the

real and the imaginary part in €2, respectively. Thus the two theoretical concepts agree.

Wave equation

In a single space dimension, the wave equation reads

Pu 0%

7 = (1.2)



where the real constant ¢ > 0 is the wave speed. The solution u depends
on space as well as time. We solve the wave equation using d’Alembert’s
method. New variables are introduced via

=x—ct =x + ct.
§ : n

It follows
o _ o0 om _ o o
Ox 0E0x  Ondx 0  On’
0? 0? 0? 0?
22— o2 " Zoeoy T o
0 0 0 0 On . < 0 0 )

ot~ ocor omor . “\"a oy

& _p(E_, 0 T
o2 o0&z ogon o)

We obtain the transformed PDE

0? 0? 0? 0? 0? 0?
* (g~ 2060 * ) "6 = (g g oy ) e

and thus

0*u B
o&on

It is straightforward to verify that the general solution is given by

u(§,n) = (&) + ¥(n)

with arbitrary functions ®, ¥ € C?(R). A special case is ® = ¥ (only for
Qu(z,0) = 0). It follows

0.

u(z,t) = ®(x —ct) + V(x + ct).

The functions ®, ¥ follow from initial conditions. As an interpretation, we
rewrite

O(x —ct) = P(x + cAt — c(t + At)) = (2" — ct¥)

with o* := x + cAt and t* := t + At. In the period At, the information
travels from the point x to the point z* with Ax = cAt. Hence the term
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®(x — ct) represents a wave moving at speed c. Likewise, the term W(z + ct)
yields a wave moving at speed —c. The solution w is the superposition of
two waves travelling at opposite speeds.

For initial values u(z,0) = ug(z), 2(z,0) = cui(z) at ¢ = 0, a formula for

the exact solution is available, i.e.,

x+ct

u(z,t) = % (uo(x + ct) +up(x — ct) + /x u1(s) ds) : (1.3)

—ct
It follows that the solution u at a point (z*,¢*) for t* > 0 depends on initial
values at t = 0 in the interval « € [z* — ct*, 2" + ct*] only. Hence the wave
equation includes a transport of information at a finite speed.

The linear PDE (1.2) of second order can be transformed into a corre-
sponding system of PDEs of first order. We define vy := 2% and vy := ag.

ot T Oz
Assuming u € C?, the theorem of Schwarz yields

v Pu  Ou
oxr  Oxot Ot

The PDE (1.2) implies
dui _ ,0u

ot or
It follows the system

i) (GD)El)-0 o

The resulting matrix exhibits the eigenvalues +c and —c, i.e., the wave
speeds. To obtain the solution u of (1.2), an integration using vy, vy still
has to be done.

Heat equation

In a single space dimension, the heat equation reads

ou 0%u



with a constant A > 0. To demonstrate some solutions of this PDE, we
choose A = 1 and consider the finite domain = € [0,7] without loss of
generality. We arrange homogeneous boundary conditions

u(0,t) =0, wu(m,t)=0 for all ¢ > 0. (1.6)
The functions
vp(z,t) = e Fsin(kx) for ke N (1.7)

satisfy the heat equation (1.5) and the boundary conditions (1.6). Given
initial values u(z,0) = ug(z) for z € [0, 7] with u(0) = up(7) = 0, we can
apply a Fourier expansion

up(x) = Z ay, sin(kx)
k=1

with coefficients a;, € R. Since the heat equation (1.5) is linear, we obtain
the solution as a superposition of the functions (1.7)

e.¢]

u(x,t) = Z are ! sin(kx)

k=1
for ¢t > 0.

Alternatively, boundary conditions of Neumann type can be specified. Ho-
mogeneous conditions

0 0

—u(O,t) =0, —u(ﬁ,t) =0 for all ¢t >0

Ox
imply that there is no heat flux through the boundaries.
Given initial conditions u(x,0) = uy(z) in the whole space domain, it follows
a formula for the exact solution of the heat equation (A = 1)

1
24/ 7t

provided that the integral exists. We recognise that the solution in some
point (z,t) depends on the initial values uy(§) for all & € R. Hence the

u(z,t) = /+oo e Mug(x - €) d¢ (1.8)
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transport of information proceeds at infinite speed. However, the magnitude
of the information is damped exponentially for increasing distances.

We derive the heat equation in three space dimensions. Let 7 : R? — R
be the temperature, F' : R* — R? the heat flux and x > 0 the diffusion
constant. It follows

F=—kVT.
For the energy F : R?* — R, we obtain
aa—f = —div F' = kdivVT = gAT.

Let a := g—? be a constant material parameter. It holds 2& = 2EJT

o = oror: CON-
sequently, the heat equation

0T kK
— = AT
ot «

is achieved with \ = g

Black-Scholes equation

The above examples are motivated by physics and technical applications.
We discuss shortly an example from financial mathematics. Let S be the
price of a stock and V be the fair price of a European call option based
on this stock. It follows a PDE with solution V', where the independent
variables are the time ¢t > 0 and the value S > 0. The famous Black-Scholes
equation reads

2
with constants 7,0 > 0. Although the Black-Scholes equation (1.9) looks
complicated, it can be transformed into the heat equation (1.5) by trans-
formations in the domain of dependence. Thus the properties of the Black-

Scholes equation are the same as for the heat equation.

Remark: The wave equation (1.2), the heat equation (1.5) and the Black-
Scholes equation (1.9) are relatively simple such that formulas for corre-
sponding solutions exist, see (1.3) and (1.8). Hence numerical methods are
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not required necessarily. However, an analytical solution is often not feasible
any more if a source term appears, i.e.,
*u 0% ou  O%u

ﬁ:c@—kf(x,t,u) or E:Aﬁxz

Now we need numerical schemes to obtain an approximative solution. Nev-

ertheless, the fundamental properties of the PDEs do not change by adding
a source term.

+ f(z,t,u).

1.2 Classification

We consider a linear PDE of second order

- d*u ou ou
Zaqm—f<x1,...,xn,u,a—xl,...,a—%> (110)

1,7=1

with n > 2 independent variables. Let the solution u : 2 — R satisfy
u € C?*(Q) for some open domain @ C R™. We apply the abbreviations
r = (x1,...,2,) and Vu = (%, o 887““). The types of PDEs with respect
to the degree of linearity read:

e linear PDE: The coefficients a;; are constants or depend on x only and
the right-hand side is linear (f = b(x)—l—c(x)u—l—dl(x)g—;%—- : -—I—dn(:p)%‘).

o semi-linear PDE: The coeflicients a;; are constants or depend on x only
and the right-hand side f is nonlinear.

e quasi-linear PDE: The coefficients a;; depend on v and/or Vu. (The
right-hand side f can be linear or nonlinear.)

The definition of well-posed problems is as follows.

Definition 1 A PDFE or system of PDEs with corresponding initial and/or
boundary conditions is well-posed if and only if a unique solution exists and
the solution depends continuously on the input data. Otherwise, the problem
15 called ll-posed.

11



elliptic PDE parabolic PDE

PDEs of
second order

hyperbolic PDE

hyperbolic systems
of first order

Figure 1: Classification of PDEs.

The coefficients a;; form a matrix A = (a;;) € R™*". Without loss of gener-
ality, we assume that the matrix A is symmetric due to v € C?. Thus A is
diagonalisable and all eigenvalues (EVs) Ay, ..., A, are real. The classifica-
tion of PDEs (1.10) is based on the definiteness of A. (The classification is
independent of the right-hand side f.) In case of two dimensions (n = 2),
it holds det(A) = Ao, i.e., the definiteness follows from the sign of the
determinant. The quadratic form

q(2) = 2" Az (A e R¥ 2 e R?

can be investigated for a geometrical interpretation of the definiteness. This
yields the nomenclature of the types of PDEs. Fig. 1 illustrates the corre-
sponding classes.
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Case 1: A (pos. or neg.) definite — elliptic PDE

(all EVs of A are positive or all EVs of A are negative)

Elliptic PDEs describe stationary solutions. Boundary conditions yield well-
posed problems.

For n = 2, the set {z € R?: 2" Az = 41} represents an ellipse.

Example: Poisson equation

In n dimensions, the Poisson equation reads
0u 0u

Com? Omy?

It follows that the matrix A € R™" is diagonal an all diagonal elements

(eigenvalues) are equal to —1. Consequently, the PDE (1.11) is elliptic.

—Au =

= f(x1,...,2p). (1.11)

Case 2: A indefinite, det A #£ 0 — hyperbolic PDE

(at least two EVs have opposite sign, all EVs are non-zero)

Hyperbolic PDEs model transport processes. Initial conditions (possibly
additional boundary conditions) result in well-posed problems.

For n = 2, the set {z € R?: 2T Az = 1} represents a hyperbola.

Example: Wave equation
In n space dimensions, the wave equation is given by

Pu *u [ O*u 0*u

n+1)x(n+1)

with wave speed ¢ > 0. Again the coefficient matrix A € R is
diagonal. It follows a simple EV +1 and a multiple EV —c?. Hence the

wave equation (1.12) is a hyperbolic PDE.

Often one EV exhibits a different sign than all other EVs (the time differs
qualitatively from the space coordinates). If two pairs of eigenvalues have
an opposite sign, then the PDE is called ultrahyperbolic (n > 4 necessary).
However, we will not consider ultrahyperbolic PDEs in this lecture.

In the case n = 2, a hyperbolic PDE of second order can be transformed into
an equivalent hyperbolic PDE of first order. An example has been given

13



n (1.4). Vice versa, not each hyperbolic PDE of first order is equivalent to
a PDE of second order.

Case 3: det A =0 — parabolic PDE

(at least one EV is equal to zero)

Parabolic PDEs describe diffusion, for example. Initial conditions in addi-
tion to boundary conditions yield well-posed problems.

For n = 2, the set {z € R? : 2" Az = 1} corresponds to straight lines. If
linear terms are added to the quadratic form (g(z) := 2" Az 4+ b'2), then a
parabola can appear.

Example: Heat equation
In n space dimensions, the heat equation reads

ou ou 0%u 0u

— — ANMu=— -\ =0 1.13

ot Yo <8x12 L 8$n2> (1.13)
including a constant A > 0. The coefficient matrix A € R"FDx+1D) g

diagonal. A simple EV zero and a multiple eigenvalue —\ appears. It
follows that the PDE (1.13) is parabolic.

The classification is unique in case of constant coefficients a;;. For a;;(x),
the same PDE (1.10) may exhibit different types in different domains (2.
For a;j(u), the type of the PDE may even depend on the corresponding
solution u. However, this happens rather seldom in practice.

Scaling

Multiplying the PDE (1.10) by a coefficient o # 0 changes the matrix A
into «A. The differences in the signs of the eigenvalues remain the same.
Thus the type of the PDE is invariant with respect to this scaling.

14



Basis transformations

Now we investigate the invariance of the type of a PDE (1.10) with respect
to basis transformations in the domain of dependence 2. We consider con-
stant coefficients a;;, since a generalisation to non-constant coefficients is
straightforward. Let y = Bx using a regular matrix B = (b;;) € R™". In
the new coordinates y, the solution is @(y) = 4(Bz) = u(x). The chain rule
of multivariate differentiation implies

Oou(Bz)
- b 1
Ox; ; ayk i
0*u(Bx) 02t
- = bkz’bl‘-
Ox;0z; ; ; ylayk J
It follows
= 0*t(Bx) u(y)
IRCCED I SECLTRISS oY por e
1,7=1 8$ 856 i,j=1 k=1 8ylayk kil=1 Li,y=1 aylﬁyk
Let A = (ax) be the coefficients in the new basis. It holds
A= BABT. (1.14)

The matrix A is always symmetric. However, the eigenvalues of A are in-
variant just for orthogonal matrices B, i.e., B~' = BT. Hence orthogonal
transformations do not change the type of the PDE. Each symmetric ma-
trix A can be diagonalised via D = SAST using an orthogonal matrix S.
Thus each PDE (1.10) can be transformed into an equivalent equation with
diagonal coefficient matrix of the same type.

Non-orthogonal basis transformations may change the type of the PDE in
case of n > 3. Nevertheless, the type is invariant for an arbitrary basis
transformation in case of n = 2. Thereby, the type depends just on the
sign of det(A), i.e., elliptic for det(A) > 0, hyperbolic for det(A4) < 0 and
parabolic for det(A) = 0. The transformation (1.14) yields

det(A) = det(B) - det(A) - det(BT) = (det(B))? det(A).
Hence the sign of det(A) is identical to the sign of det(A).

15



Chapter 2
Elliptic PDEs

In this chapter, we discuss the numerical solution of boundary value prob-
lems of second-order elliptic PDEs. Thereby, the Poisson equation repre-
sents a benchmark problem. Two classes of numerical methods exist: finite
difference methods and finite element methods.

2.1 Maximum principle

We consider the Poisson equation

() = =SB (2.1)

: ox?
=1 ¢

in n > 2 space dimensions. Let €2 C R" be an open and bounded domain.
Boundary conditions of Dirichlet type read

u(z) = g(x) for x € 052 (2.2)

with a predetermined function g : 02 — R. We assume the existence
of a solution u € C?(2) N C°(Q2). (Corresponding theorems on existence
require some assumptions and are hard to prove.) The uniqueness as well
as the continuous dependence on the input data follows from the maximum
principle.

16



Theorem 1 (maximum principle) Let u € C*(Q) N C%Q). It holds:

(1) maximum principle: If —Au = f < 0 in Q, then u exhibits its maxi-
mum on the boundary OS2.

(i1) minimum principle: If —Au = f > 0in Q, then u exhibits its minimum
on the boundary Of).

(iii) comparison: If v € C*(Q) NCY(Q) and —Au < —Av in Q and u < v
on 0f), then it follows u < v in Q.

Proof:

We show the property (i) first. We assume f < 0in Q. If £ € Q exists with

u(§) = supu(z) > sup u(x),
e €N

then ¢ is also a local maximum. It follows Vu(¢) = 0 and the Hesse matrix
V2u(€) = (ug,.,(§)) is negative semi-definite. In particular, the entries on
the diagonal are not positive. Thus it holds

_(u$1,$1(€) + e+ uxn,xn(f)) > 0.

This is a contradiction to —Au = f < 0. Hence the maximum must be on
the boundary 0f2.

Now let f < 0 and n € 2 with

u(n) = supu(z) > sup u(z).
z€ x€0f)

We define h(z) := (g —x1)*>+ -+ (N, — 2,)? and w(z) := u(x) + 3 - h(x)
using a real number § > 0. Since h € C?(2) N C°(Q) holds, the function w
exhibits its maximum inside €2 for sufficiently small §. It follows

—Aw(z) = —Au(z) — 0Ah(z) = f(z) — 2dn < 0,

Again a contradiction appears. Hence n must be situated on the bound-
ary Of2.

17



The property (ii) follows from (i) applying the maximum principle for the
function v := —u.

To verify the property (iii), we define w := v — u. It follows
—Aw=-Av+Au>0

due to the assumptions. It holds w > 0 on the boundary 9€2. The minimum
principle implies w(x) > 0 for all = € €. H

Using this maximum principle, we achieve the following estimate.

Theorem 2 For u € C*(Q) N C°(Q), it holds
lu(z)| < sup |u(z)| + csup |Au(z)]. (2.3)

z€082 z€Q)

for each x € Q with some constant ¢ > 0.

Proof:

The bounded domain €2 is situated inside a circle of radius R with its center
at x = 0. We define

w(z) == R? — fo
i=1

It follows wy, ,; = —20;;. It holds —Aw = 2n and 0 < w < R? in . Now
we arrange
v(z) = sup |u(z)| + w(z) - 5= sup |Au(z)| > 0.
z€0f) zeQ)
Due to this construction, we have —Av > |Au| in Q and v > |u| on 0f.
Theorem 1 (iii) implies —v(z) < u(z) < +v(z) in Q. Since w < R? holds,
it follows (2.3) with ¢ := L. O
Let u; and us be two solutions of the boundary value problem (2.1),(2.2),
i.e., it holds —Au1 = fl; —AUQ = f2 in 2 and Uy = g1, ug = go 01 o0f.
Inserting the difference u; — ug into (2.3) yields
[ur (@) = wa(x)| < sup [g1(2) = ga(2)[ + esup [ fo(2) = fol2)] (2.4)

z€0f) z€

18



for all x € €). Hence the solution is Lipschitz-continuous with respect to the
input data. Moreover, the solution of a boudary value problem of Dirichlet

type (2.1),(2.2) is unique (choose fi; = f2, g1 = g2).

Boundary value problems of Dirichlet type are well-posed, see Definition 1,
due to (2.4) (just existence is not shown but assumed). We give an example
that initial value problems are ill-posed. We consider the Laplace equation
Au = 0 in the domain Q = {(z,y) € R? : y > 0}. Let initial values be
specified at y = 0

u(z,0) = +sin(nz), g—Z(x, 0) =0.
It follows the unique solution
u(z,y) = + cosh(ny) sin(nz),

which grows like ", It holds |u(z,0)| < 1, whereas u becomes larger and
larger at y = 1 for n — oo. Considering the limit case u(z,0) = 0, the
solution does not depend continuously on the initial data.

Now we consider a general differential operator of elliptic type.

Definition 2 The linear differential operator L : C*(Q2) — C°(Q)

n 82
L:=-) ajx) S, (2.5)

i,j=1

is called elliptic, if the matriv A = (a;j) is positive definite for each x € (2,
i.e., it holds £"A(x)¢ > 0 for all € € R™. The operator (2.5) is called
uniformly elliptic in 2 C R", if a constant o > 0 exists such that

ETA()E > al€||3 forall £ € R™ and all x € Q. (2.6)

The maximum principle given in Theorem 1 also holds with L instead of —A
in case of a general elliptic operator (2.5). The estimate from Theorem 2 is
valid with L instead of —A for uniformly elliptic operators (2.5).

19
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Figure 2: Grid in finite difference method.

2.2 Finite Difference Methods

We introduce the class of finite difference methods for boundary value prob-
lems of elliptic PDEs in two space dimensions.
Laplace operator on unit square

As benchmark, we consider a boundary value problem of Dirichlet type on
the unit square Q := {(z,y) : 0 < x,y < 1} for the Poisson equation

u  0%u
~Au= - — 57 = flz,y)  (z,y)€Q (2.7)
u(z,y) = 0, (z,9) € 00

We introduce a uniform grid in the domain of dependence €2 using a step
size h := ﬁ for some M € N

Q= {(zi,yj) = (Gh,jh) 4,5 =1,..., M}, (2.8)
see Figure 2. We construct a difference formula via Taylor expansion. It

20



holds for u € C*(Q)

w(x+h,y) = uw(@,y) + hu(z,y) + h*Sue(2,y) + W’ gt (2, )
h4 > Umxxa:<33 + ﬁlh y)

u(z —h,y) = ulz, y) hug(,y) + h° um(x y) — h31uxm($ y)
+ h4 L uxwmx( 192]17 y)

with 0 < 191, ¥ < 1. It follows
w(x + h,y) +u(z = h,y) = 2u(z, y) + WP (2, y) + h' 5w (€ + 0D, y)

with —1 < 9 < 1 and thus

0u u(x + h,y) — 2u(x,y) +u(z — h,y) h*0%
522 &Y) = ( ) (hZ . )+12ax4(“19h v)
0u u(z,y +h) — 2u(x,y) +u(z,y—h) h*o%w
—ay2(:r,y) - ) (hg )+l )+1264(:r y +nh)

with —1 < ¢, < 1. These difference formulas are of order two. Now we
replace the derivatives in (2.7) by these difference formulas using the grid

points (2.8). Let u; j := u(xs,y;), fi; = f(x;,y;) and
_ Wis1j = 22U+ Uiy Wigo1 — 2UiG Ui
h? h?

Omitting the remainder terms, it follows the linear system

(Apu);j

. 2
Auij — wio1j — Uip1j — Uig-1 — Uijp1 = h7fi (2.9)

for 7,7 = 1,..., M. This discretisation can be illustrated in form of a five-
point star, see Figure 3. The homogeneous boundary conditions imply

Uy = UM+15 = Uio = Uin+1 = 0 for all ¢, .

We arrange the unknowns and the evaluations of the right-hand side f in
the form

_ T
Uh = (Ul,l,uzl,...,U;MJ,ULQ,...,UM’Q,...,ULM,...,UMJW) (2 10)

(fl,laf?,la"'7fM,17f1,27"'7fM727"'7f1,M7"'7fM7M)T'
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Figure 3: Five-point star (left) and nine-point star (right).

We obtain a linear system A,U;, = F}, of dimension n = M?. The matrix A4,
is a band matrix

Cc -1 4 -1
1 - C - -1 - -l
= with C = . (211
h2 T ST (2.11)
-1 C -1 4
The matrix Aj is sparse, since each row includes at most five non-zero
elements. Obviously, the matrix Ay is symmetric. It can be shown that A
is always positive definite. Hence the matrix is regular. The corresponding
solution U, = Agth represents an approximation of the solution u of the
PDE in the grid points.

Laplace operator on general domain

Now we consider an arbitrary open and bounded domain Q C R?, see Fig-
ure 4. The application of a finite difference method requires the construction
of a grid. We define an auxiliary (infinite) grid

Gn:={(z,y) = (ih,jh) : i,j € L}.
Now the used (finite) grid reads
Qh = Gh M Q.

Let Q5 = {z1,...,2r} be the grid points. Boundary conditions appear in
the points of

oy, = ({(ih,y) i € Z,y e Ry U{(x,jh):j € Z,x € R}) N
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X
Figure 4: Grid in a general domain ().
? (x,y+hy)
— . +h ,
WC(X hw.y) Z| Eyg)E
o (x,y=hs)

Figure 5: Five-point star for variable step sizes.
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To arrange the difference formulas near the boundary, variable step sizes
have to be considered.

We apply a five-point star again, see Figure 5. Taylor expansion yields

82 2 9 . 9 o)
_— = U — u u

022, — hulhe+hw) © hphw 7 hw(he + )

0% 2 2 2

] I _Z g+ +O(h
022,  hxlhy+hs) ¥ hxhs 2 hs(hy + hs) C (h)

provided that u € C3(Q). Hence four (possibly) different step sizes are in-
volved. Let h := max{hg, hyw, hy, hs}. This scheme to include the bound-
ary data is also called the Shortley-Weller star.

In general, a five-point star and a nine-point star are specified via their
coefficients

QN aNw ON QNE
aw Qy Qg and awy oz ap |,
g asw s OSE

respectively, cf. Figure 3. A discretisation of the Poisson equation (2.7)
using arbitrary five point stars reads

Z Uy = [z

1=7,E,S,W,N

for each Z € Q. A general difference formula can be written in the form

LhU = Z alUl,
l

where the sum is over all non-zero coefficients «;. The discrete operator L,
depends on the step sizes. We apply the notation

Lhu = Z Ozlu(Zl),
l

where a function u : 2 — R (usually a solution of the PDE problem) is
evaluated at the nodes Z; € {0, U 0€2,.
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We outline the algorithm of the finite difference method for the Dirichlet
problem of the Poisson equation on a general domain (2.

Algorithm:  FDM for Dirichlet problem

1. Choose a step size h > 0 and determine €2, as well as 0€2,.
2. Choose a numbering of the unknown Uy for Z € )y,
3. Arrange the difference formulas
azUyz + agUg + awUw + anUx + agUs = f7
for each Z € Q.

4. If boundary values Up with B € 0}, appear in the left-hand side of
a difference formula, then replace U by gp and shift this term to the
right-hand side.

5. Arrange and solve the linear system
AhUh = F},

with the chosen numbering of the unknowns U, = (Uy,) for Z; € Q.
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General differential operator
Difference schemes for mixed derivatives also exist. For example, it holds

0%u Wig] o] — Wie1 i+1 — Wil i—1 + Uj—q i
Sy 0 ¥i) = I S I - O, (2.12)

We verify this formula via (multivariate) Taylor expansions of the neigh-
bouring points around the central point v = w, ;.

Uit1j+1 = U+ huy + hu, + %hz(um + 20y + Uyy)

+ %h3(uxxx + Bty + Uy + Uyyy) + O(h4)
Uit i1 = U— hug + huy + $h* (Ugy — 2ugy + uy,)

+ %hg(_uazm + By — Sy + Uyyy) + 0(h4)
Uit1j-1 = U+ hu, — huy, + %hQ(um — Uy + Uyy)

+ %hg(umx — Uy + Sayy — Uyyy) + O(h4)
Wi1j-1 = u— huy — hu, + %hz(um + 22Uy + Uyy)

+ %hS(_Um:c — By — Uy — Uyyy) + O(h4)

= U1 — Ui g1 — i1+ Uio1o1 = 40Py, + O(RY),

Now we can discretise an arbitrary differential operator of second order

0*u 0%u 0u
Lu:=a — +2
u CLaxQ—l‘ b8x8y+08y2

(2.13)

with a,b,¢c € R for n = 2. The operator (2.13) is elliptic, if and only

if ac > b? holds. The derivatives %, giyé” are replaced by the difference

formulas in A, and the mixed derivative -2 is substituted by (2.13). It

Jzxdy
follows the (discrete) difference operator
Liw = galuiory = 2uij + i)
+ 2_Z2[ui+17j+1 — Wi 41 — Uit j—1 + i1 j—1] (2.14)

C
+ geluig-1 — 2ui; + uiga).

The difference formula represents a nine-point star, see Figure 3.

26



Consistency, Stability and Convergence

We are interested in the convergence of a finite difference method, i.e., if
the global error converges to zero for small step size. The consistency of
the difference formula with respect to the underlying differential operator
alone is not sufficient for the convergence. We require an additional stability
property to guarantee the convergence. The conclusions are similar as in
solving initial value problems of ODEs by multistep methods.

As for initial value problems of ordinary differential equations, we define a
local error and a global error.

Definition 3 (local and global error) Given 2 C R™ and a (finite) grid
Qn C Q. Let L be a differential operator and Ly, be a difference operator.
For a sufficiently smooth function v : 8 — R, the local error is given by
7(h) :== Lu—Lyu on Q. Ifu is a solution of the PDE Lu = f and U € R/
a numerical solution on €y, then the global error is n(z;) = u(z;) — U; for
each z; € .

Now the definition of the convergence is based on the global error.
Definition 4 (convergence) A numerical method using a difference op-

erator Ly 1s convergent, if the global error satisfies

I )| = 0.
lim max |n(z)| = 0

The method is convergent of order p (at least), if

max [n(z)| = O(h).

ZiEQh
In case of h — 0, the number of grid points usually tends to infinity, i.e.,

23| — oo. To achieve a convergent method, the consistency of the differ-
ence scheme represents a crucial property.
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Definition 5 (consistency) A difference operator Ly, is called consistent
with respect to a differential operator L : V' — W, if the local error satisfies

}Liné 7(h) =0 uniformly on €,

for all functions uw € V. The method is consistent of order p (at least), if
T(h) = O(h?) uniformly on €,

for all functions u € V.

For example, the difference operator (2.14) is consistent of order p = 2 with
respect to the differential operator (2.13) for V = C*(Q).

We analyse the convergence of the Dirichlet problem of the Poisson equation,
i.e., the discretisation A, of the Laplace operator A. It holds

AU, = Fy, AU, = Fy + Ry,

where U, = (u(z;)) represents the data of the exact solution in the grid
points. Thus R}, is a vector, which contains the local errors 7(h). Since the
difference formula is consistent of order p = 2, it holds ||Ry||. = O(h?).
We apply the maximum norm, since the size of the vectors depends on h.
Assuming that Ay, is regular for all A > 0, we obtain

U, — Uh = A;th — Agl(Fh + Rh) = —A;th

and thus A
1Un = OUnlle < |41 1 Rull < €| ALY B

with some constant C' > 0 for sufficiently small h. However, to guarantee
the convergence, we require a condition like

14 o <& or 47 <

K
h
for all h < hy uniformly with some constant K > 0. Such a condition
corresponds to the stability of the finite difference method.

We obtain a more general stability criterion by the following theoretical
result. Thereby, we have to assume that the grid {2, is connected.
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Definition 6 (connected grid) A grid Q, C Q C R? is connected if each
two points of the grid can be connected by piecewise straight lines, which
remain inside the lines corresponding to the grid as well as inside ().

Typically, a connected grid is guaranteed for sufficiently small step size.
Now we can formulate a discrete analogon of Theorem 1.

Theorem 3 (discrete maximum principle)

Let the elliptic PDE Lu = f with f < 0 in Q and Dirichlet boundary val-
ues be given. Let Ly be a five-point star difference operator on a connected
grid )y, with negative coefficients outside the center and the sum of all coeffi-
cients is zero. Let the data {Uy : Z € QU U0} satisfy the finite difference
scheme. Then either all values Uy are constant or the mazximum of the
values Uz 1s not situated on €, but on the boundary 0€y,.

Proof:

We assume that the condition

max Uy > max Up
AS Y Beoy,

holds and show that then Uy is constant on €2, U 0€2;,, which also means
that the discrete maximum appears on the boundary. Let Uz be a maximum
within €2,. Hence the neighbours satisfy the relation

UZ > max Ul.
I=E,W,N,S

Furthermore, the difference formula implies
Z U, = fz <0.
1I=7,E,S,W,N
It follows

Y ali—-Uz) = ). aUi—Uy)

I=E,S,W,N S, W,

:( 3 alm)—(vg
1=7.E,S,W,N 1=7Z.E,S,W,
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It holds oy < 0 and U; — Uz < 0 for all [ in the original sum. Thus all
terms of the original sum are non-negative. It follows that each term must
be equal to zero. Again a; < 0 yields

Uz =Up=Uy =Unx =Ug

i.e., the neighbours of Uz have the same value. We continue this conclusion
proceeding from Uy to the boundary. Each neighbour of the original Uy
fulfills the assumptions and thus their neighbours also have the same value.
Hence Uy exhibits the same value for all Z € €, as well as Z € 9.
Thereby, we assume that the grid €2, is connected, i.e., each two grid points
of €, U 0y, are connected by difference formulas. ]

Remarks:

e The discrete maximum principle also holds for operators L; based on
a nine-point star with analogous conditions on the coefficients. Just
near the boundary, five-point stars have to be applied.

e The discrete operator (2.14) is consistent of order two with respect to
the differential operator (2.13). However this difference formula does
not satisfy the crucial condition a; < 0 for all coefficients outside the
center. Thus a further analysis of stability is necessary in this case.

Further conclusions from the discrete maximum principle in Theorem 3 are:

e discrete minimum principle: If Lu = f with f > 0 holds, then
the discrete solution is either constant or it exhibits the minimum not
on {); but on the boundary 0€2,.

e discrete comparison: If L,U; < L;Vy for all grid points Z €
and Ug < Vp for all B € 0€);,, then it follows Uy < Vy in all Z € (.

Now we can show that the linear system from our finite difference method
has a unique solution.
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Theorem 4 We consider an elliptic PDE Lu = f on Q with Dirichlet
boundary conditions uw = g on 0S). Let AU, = Fj}, be the linear system
from a finite difference operator satisfying the assumptions of the discrete
mazximum principle. It follows that the matrix Ay is reqular and thus has a
unique solution.

Proof:

The homogeneous linear system A,U;, = 0 represents the discretisation of
the PDE for f =0 and g = 0. Let U}, be a solution. The discrete maximum
principle implies Uz < 0 in each Z € (), whereas the discrete minimum
principle yields Uz > 0 in each Z € ;. It follows U, = 0. Hence the matrix
is not singular. O

It remains to show that the finite difference method is convergent. In the
following, we restrict to the Laplace operator Lu = —Au. We apply the
five-point star, which is consistent of order at least one and satisfies the
discrete maximum principle.

Lemma 1 Let u € C?*(2) N C°(Q) be the solution of the Poisson equation
—Au = f with Dirichlet boundary conditions uw = g on 0S). Let Lj be the
difference operator of the five-point star on a grid €. Then the local error
and global error of the finite difference method fulfill the estimate

_ <
o |u(Z) — Uz| < K ax 7(2) (2.15)

with a constant K > 0, which is independent of the step size h.

Proof:
We investigate the local and global errors
7(Z) = —Au(Z) — Lyu(Z), n(Z)=u(Z)— Uy for Z € (.
It follows due to the linearity of the operators
Lin(Z) = Lyu(Z) — LUy = Lyuw(Z) — f(Z) = Lyuw(Z) + Au(Z) = —7(2).
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The global error vanishes at the boundary 0€2,, since the solution is equal
to the predetermined boundary values. We analyse the problem

Lhn = —T7 1in Qh, n = 0 on th
The scaling
g, T = % with ~ := gleafz},f \7(Z)]
yields the problem
Lyn=—-7 with —1<7(2) <1 for all Z € Q.

It still holds 7 = 0 on 9€,. Let Q C {(z,y) € R?* : 2* +¢*> < R*}. We
define the auxiliary function

w(z,y) = (R — 2% —y*) > 0,

Since all third derivatives of w are identical zero, the local errors of the
five-point star vanish. It follows Lyw = —Aw = 1 in ;. Since the five-
point star satisfies the discrete maximum principle, the discrete comparison
implies

ﬁgwg;llRQ for all Z € Q.

Using —w instead of w, the discrete comparison yields
—IRP<—w<i forall Z ey,

Hence it follows

< 1ip?
max [1)(Z)| < 77" max |7(Z))]

and we can choose the constant K := RTZ. L]

In the proof of Lemma 1, both the consistency and the discrete maximum
principle corresponding to the five-point star are applied. The discrete
maximum principle guarantees the stability of the finite difference method.
Now we can conclude the convergence.

32



Theorem 5 Let u € C3(Q) be the solution satisfying the Poisson equation
—Au = f with Dirichlet boundary conditions uw = g on 0S). Let Lj be the
difference operator of the five-point star. Then the numerical solution of the
finite difference method converges to the exact solution and it holds

max [u(Z) — Uz| = O(h).

If u € C*Q) and all step sizes are equidistant, then it holds

— — 2
max [u(Z) — Uz| = O(h).

Proof:

The consistency of the five-point star yields 7(Z) = O(h) for all Z € €.
The estimate (2.15) from Lemma 1 implies

max [n(Z)] < 1R*Ch  forall 0 < h < hy
ZEQ}L

with some constant C' > 0. In case of u € C*(Q) and equidistant step sizes,
it follows 7(Z) = O(h?) and thus convergence of order p = 2. O

A further analysis shows that a convergence of order p = 2 is also given for
variable step sizes. Moreover, the convergence can also be shown in case of

u € C*(Q).
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Generalisations

We outline the generalisation of the above finite difference method to further
problems.

e von-Neumann boundary value problem: We consider the Poisson equa-
tion —Au = fin Q C R? with boundary condltlons = g(x,y) on 0.
For example, let 2 = (0,1) x (0,1). We apply the grld points (2.8) for
1,7 =0,1,..., M, M ~+1. In comparison to Dirichlet problems, 4M ad-
ditional unknowns appear (the four edges of the square are not used).
Hence we arrange 4M equations using difference formulas to replace

the derivative %:

9(zi,0) _%(Iiao) = %[ULO_UZ'J] for i=1,..., M,
g(x;, 1) = g—;(xi,l) = %[ULMH — ;)] for i=1,..., M,
9(0,y;) = %(O,yg) = Llug; —uy] for j=1,.... M,

g(Ly)) = Ly = %[UM—H,]' —uy]  for j=1,...,M.

Techniques for Neumann boundary conditions on arbitrary domains €2
also exist. Remark that a solution of a pure von-Neumann boundary
value problem is not unique and thus requires an additional condition.

e space-dependent coefficients: Given the elliptic PDE

0%u 0*u du
Lu = = 2 a2
Uu a(ZU, y) 85172 + b(.fl?, y) amay + C(.CE', y) ayQ

the coefficients a,b,c : 2 — R depend on space. Appropriate finite
difference methods can be constructed in this case. For proving the

- f(x,y),

convergence, a uniformly elliptic operator, see Definition 2, has to be
assumed.

e right-hand side includes the solution: We consider the (nonlinear) PDE
—Au = f(z,y,u) with a nonlinear function f. Let € be the unit
square. Homogeneous boundary condition u = 0 on 0f2 are applied.
The five-point star with equidistant step sizes yields the equations

#[4%,3' — Wit = Uislj — Wij—1 — Wij1) = f(T0, Y5, wig)
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fori,j =1,..., M. We obtain a nonlinear system for the unknowns u; ;.
Newton’s method yields an approximation of the corresponding dis-
crete solution. In the special case f(z,y,u) = b(z,y) + c(x,y)u, it
follows a linear system again.

e three-dimensional space: The Laplace operator in three space dimen-
sions reads Au = u,, + uyy + u... We consider an open and bounded
domain Q C R? for the Poisson equation —Awu = f. The above theory
of finite difference methods can be repeated in this case. The same
results appear concerning consistency, stability and convergence.

Iterative solution of linear systems

The finite difference methods yield large and sparse linear systems. Gaus-
sian elimination becomes expensive, since many fill-ins appear in the fac-
torisation. In contrast, iterative methods allow for efficient algorithms.

The types of iterative solvers are:

e stationary methods: Jacobi method, Gauss-Seidel method, SOR, etc.
e instationary methods: conjugate gradient method, GMRES, etc.

e multigrid methods.

An introduction to iterative methods for solving linear systems can be found
in J. Stoer, R. Bulirsch: Introduction to Numerical Analysis. (2nd ed.)
Springer, New York, 1993. (Chapter 8)
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2.3 Sobolev Spaces and Variational Formulation

In this section, we introduce weak solutions of elliptic PDEs. Finite element
methods represent convergent techniques for weak solutions, whereas finite
difference methods fail.

Classical solutions

Classical solutions of a PDE are sufficiently smooth in some sense.

Definition 7 (classical solution) Let 2 C R"™ be open and bounded. For

an elliptic PDE Lu = f, a function u : Q — R is called a classical solution,
iof 1t holds

e for Dirichlet problems: u € C*(Q) N C%(Q),
e for von-Neumann problems: u € C?(2) N C1(Q).
As an example for n = 2, we consider the Laplace equation on three quarter
of the unit disc as domain
Q:={(z,y) eR*: 2’ +y* <L,z <0ory >0}

We identify Q2 C C via x = Re(z), y = Im(z). The function w : Q@ — C,
w(z) := 2*/3 is analytic. The imaginary part u := Im(w) satisfies

Au = 0 in €,
u(e) = sin(3p) for 0 < <31
u = 0 elsewhere on 0f2.

We obtain the representation

u(z,y) = v/a? + y?sin(% arctan(¥)) for x > 0.

It holds u € C*(Q2) N C°(Q), i.e., u is a classical solution of the Dirichlet
problem. However, due to w'(z) = %z*1/3 and w"(z) = —52*4/3, both the
first and the second derivative of u is not bounded in a neighbourhood
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of z = 0. It follows that u ¢ C?(Q2). Hence we cannot guarantee the
convergence of the finite difference method constructed in Sect. 2.2. An
alternative numerical method is required.

Weak Derivatives and Sobolev Spaces
We consider an open domain €2 C R". We define the space of test functions

Cp(Q2) == {9 € C(Q) : supp(¢) C €, supp(¢) is compact},

where supp(¢) = {x € Q:¢(x) #0}. If Q is bounded, it follows that
d(x) = 0 for x € 9Q. Furthermore, we apply the Hilbert space L*(),
which has the inner product

mmp:[y@»mwm

for each f,g € L*(Q2). The corresponding norm reads

1 llze = [ﬁwvm.

The set C5°(2) C L*(€) is dense. A multi-index is given by

n
a:= (aq,...,0p) € Ny, la = Zai.
i=1
For u € C*(Q) with k = |a|, an elementary differential operator can be
defined via
D% := 0"l

ozt - - Oxpn

For u € C*(Q), D*u represents a usual (strong) derivative.

Definition 8 (weak derivative) Given a function f € L*(Q), a function
g € L*(Q) is called the weak derivative D*f of f, if it holds

[ @) o) do = (-1 [ f@) D) do
Q Q
for all ¢ € C§°(2). We write D*f = g.
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The property of this definition can also be written as

(g,0)r2 = (—1)N(f, D)2 forall ¢ € CF(Q).

It can be shown that a weak derivative of a function is unique, since the
space C§°(R2) is dense in L?(2).

Example: In the special case n = 1, a function f € C'(a,b) leads to
b . b b
| r@ew) do= (f@o@l - [ f@d ) do = - [ f@)da) ds
for each ¢ € C3°(a,b). Hence f is a weak derivative of f.

In case of n > 2, we apply Green’s formula

ow / ov
v - dx = v-w-v;ds — ~w dx 2.16
/Q 0w, o0 0 0z ( )

fori € {1,...,n} and v,w € C*(Q), where v; is the ith component of the
outer normal vector on the boundary 0€2. The formula (2.16) does not hold
for arbitrary domains 2. A domain with a (so-called) smooth boundary is
sufficient for the application of the formula. For simplicity, we restrict to
domains, where the formula (2.16) holds.

The concept of the weak derivative is used to define the Sobolev spaces.

Definition 9 (Sobolev space) For m > 0, H™(Q)) is the set of all func-
tions u € L*(Q), where a weak derivative D*u € L*(Q) ewists for all
la| < m. The space H™(Q)) exhibits an inner product

(u,v)gm := Z (D%, D*0) 2.

lal<m

The set H™(2) is called a Sobolev space. || - ||gm is a Sobolev norm.

Hence H™(f)) can be interpreted as a generalisation of the space C™(£2),
which is not a Hilbert space. The spaces (H™(€2), ||-||g=) are Hilbert spaces,
i.e., they are complete. Remark that it holds H™(Q) c L*(Q) for m > 1
and H°(Q) = L*(Q).
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To investigate PDE problems with homogeneous Dirichlet boundary condi-
tions (€2 is bounded), we define the subsets HJ'(2) := C§°(£2) as the closure
of C§°(2) € H™(Q)) with respect to the norm || - ||g». More precisely, it

holds
It follows that the subspace (H{", || - ||g=) is also a Hilbert space.

Furthermore, we obtain a semi-norm on H™({)) via

1/2

. 2
ulgm = | > (1D )7

|al=m
If Q is inside a cube of edge length s, then it holds the equivalence
lulgm < ||ullgm < (14 5)"|u|lg= for all ue H{' (). (2.17)

The above construction can also be done using the spaces LP({2) instead of
L*() with 1 < p < oo. It follows the Sobolev spaces W,"(€2), where it
holds W3"(2) = H™(Q).

Symmetric operators and bilinear forms

In the following, we assume homogeneous Dirichlet boundary conditions.
Given an elliptic PDE Lu = f in Q and © = g on 0€). Let ug be a sufficiently
smooth function with uy = ¢ on 9€). The function w := u — ug satisfies

Lw = fin Q with f := f — Luy and w = 0 on 9. Hence we have
transformed the problem to homogeneous boundary conditions.

We consider a general linear differential operator of the form

- 0%*u u ou
Lu = — E G E — . 2.1
" ( 1a” 8%8%‘) i ( % 8$j> o 219

Thereby, we assume a;; € C*(Q), a; € C1(), ag € C°(Q). The correspond-
ing adjoint operator L* is defined by the property

(Lu,vyr2 = (u, L*v) 2
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for u,v € C*(Q) with u = 0,v = 0 on 9Q. It follows

i 9 a;v
(Z o, a:;,) <Z Eaxj)> aow

1,7=1 j=1

A symmetric (also: self-adjoint) operator satisfies L = L*. It can be shown
that a symmetric operator exhibits the form

"9 ou
bu== (Z Ox; (aijf?xj)) o (219)

i,j=1

In particular, each operator (2.18) is self-adjoint in case of constant coef-
ficients a;; and a; = --- = a, = 0, for example. Green’s formula (2.16)

implies
ou 81}
(Lu,v) <Z / Qjj=— O, O, ) +/Qa0uv dz. (2.20)

We recognise that the right-hand side is symmetric in v and v. Hence it
holds (Lu,v) = (u, Lv). Furthermore, just derivatives of first order appear.

Definition 10 Let H be a Hilbert space. A bilinear form a : H x H — R
is symmetric, if a(u,v) = a(v,u) holds for all u,v € H. A bilinear form a
15 continuous , if a constant C > 0 exists such that

la(u,v)| < C - ||u] - ||v] for all u,v € H.

A symmetric, continuous bilinear form a is called H-elliptic (also: coercive),
if a constant 3 > 0 exists with

a(u,u) > B-||ul*  for all u € H.

In particular, each H-elliptic bilinear form is positive, i.e., a(u,u) > 0 for

u # 0.

Each H-elliptic bilinear form a induces a norm
|ulla == Valu,u) for uwe H,
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which is called the energy norm. The energy norm is equivalent to the norm
of the Hilbert space.

The relation (2.20) motivates the definition of a symmetric bilinear form
corresponding to a uniformly elliptic differential operator.

Theorem 6 The bilinear form a : H}(2) x Hi(2) — R given by

ou 81)
<Z/CLU@ v >+/anuv dz (2.21)

J=1

with a;j,ap € C°Q), A = (a;;) symmetric and positive definite, ag > 0
is continuous and H}(Q)-elliptic provided that the underlying differential
operator is uniformly elliptic.

Proof:

We define ¢ := sup{|a;j(z)| : © € Q, 1 < 4,5 < n}. It follows using the
Cauchy-Schwarz inequality

Z/amux U, do

< Z/\uxvﬂdx

)= 1 1,)= 1
< cZ [z [ 22 - v, || 22
ij=1
n
< ) ulm - ol
ij=1

= cn® - |ulg - v|m.

We arrange b := sup{|ao(x)| : x € Q}. It follows

/ apuv dx
Q

We obtain applying ||ullz> < [lullz and [l < |lul| g with C == b+ en?

< b/ luv| de < b ||u|z2 - [|v]] -
Q

lau, v)] < C - lJulla - o]z
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Since the differential operator is uniformly elliptic, see (2.6), it holds using
the monotonicity of the integral

/ i AUz Uy, AT 2> a/ i(%ﬁ dz
i Q=1

1,j=1
for v € H}(Q2). Tt follows due to ag > 0

a(v,v) > QZ/<UIi)2 dz = alv|3,
i=1 /&

for each v € H}(2). The equivalence (2.17) implies a(v,v) > aK|v|/%,
for v € H}(Q) with some constant K > 0 depending just on €. Thus the
bilinear form a is Hj(Q)-elliptic with 3 := a K. O

Variational formulation

Now we consider the PDE Lu = f with a uniformly elliptic operator L. Let
u be a classical solution and Lu, f € L*(Q). It follows

Lu—f =0

(Lu—fv = 0

(Lu— f,v)z = 0

(Lu,v)r2 — (f,v)p2 = 0

for each v € L*(Q2). We define the linear mapping
() = {f, )12 (2.22)
for v € L*(2) or a corresponding subspace. The Cauchy-Schwarz inequality

yields |[€(v)] < || fllzz]|v]|z:. Hence £ is bounded on L*(2) with ||£]| < || f]lzz.
It follows that ¢ is also bounded on H'((2).

Let £ € V', ie.,, £ : V — R be an arbitrary linear mapping. We apply the
notation (¢, v) := ¢(v), which refers to the bilinear form (-,-) : V' x V — R.

The right-hand side f yields the linear mapping (2.22), whereas the left-
hand side Lu corresponds to the bilinear form (2.21). It follows the concept
of a weak solution.
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Definition 11 (weak solution) A function u € H}(QY) is called a weak
solution of the elliptic PDE problem

Lu = f in Q)
u = 0 on 09,

if the corresponding bilinear form (2.21) and linear mapping (2.22) satisfy
a(u,v) = ({,v) for all v & Hy(R). (2.23)

Now we show that a classical solution represents also a weak solution of
the problem. For simplicity, we demand the property u € C?*(Q) for the
classical solution.

Theorem 7 Let u be a classical solution of

_Zaxl <a”a >+a0u = f in Q

2,5=1
uw = 0 on 0N

with uw € C*(Q) and a;; € CY(Q), ag, f € CY(Q)NLA(Q). Then u represents
also a weak solution of the problem.

Proof:

We apply Green’s formula

/v-awdx:/v-w-mds— 6U-wdx,
o O o0 o O

where we choose w := a;ju,, € C'(Q) and v € C°(Q). It follows

/Ui o ou dx__/a.@@_udx
0 0xz Zj@xj B [9) Uﬁxlﬁxj .

We apply the bilinear and linear form, respectively,

. ou Ov
a(u,v) = /Q Zlaija_xia_xj + apuv dz, (l,v) = /va dz.




It follows

a(u,v) — ({,v) = /Qv

for all v € C3°(2) due to Lu = f. The bilinear form a as well as the linear
form ¢(v) = (f,v)r2 are continuous on H{(f2). Since C§°(Q) C H}(R) is
dense, it follows a(u,v) — (¢,v) = 0 for all v € H} (). Furthermore, it holds
u € HHR) due to u € C°(Q) N HY(Q) and u = 0 on 9. O

Solutions satifying the assumptions of Theorem 7 can be computed by finite
difference methods due to u € C?(2).

Now we show an important equivalence of our problem.

Theorem 8 Let V' be a linear space and a : 'V x V. — R a symmetric,
positive bilinear form and ¢ :'V — R a linear mapping. The function

J(v) == ta(v,v) — (¢, v) (2.24)
exhibits a minimum in V' at u if and only if
a(u,v) = (L,v)  forall veV. (2.25)

There exists at most one minimum.

Proof:

A positive bilinear form fulfills a(u,u) > 0 for all u # 0. For u,v € V and
t € R, we calculate

J(u+tv) = talu+tv,u+tv) — ((,u+tv)
= J(u) +t[a(u,v) — ({,0)] + 5t%a(v,v).
If u € V satisfies the condition (2.25), then it follows using t = 1
J(u+v) = J(u)+ 3a(v,v) > J(u)
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for v € V with v # 0. Hence u is the unique minimum.

Vice versa, let u € V' be a minimum of the function (2.24). For each v € V,
it holds

d
— t = 0.
dtJ(u+ V) . 0
Due to q
EJ(U + tv) = a(u,v) — (£, v) + ta(v,v),
it follows the condition (2.25). l

Theorem 8 yields the uniqueness of a weak solution. If a classical solution
exists satisfying additional properties (like u € C?(Q)), then this function
also represents the unique weak solution.

We obtain an additional characterisation of the weak solution by Theorem 8:
The weak solution of the PDE also represents a solution of a minimisation
problem

J(v) = 3a(v,v) — ({,v) — min. (2.26)

and vice versa. The task (2.26) is called a variational formulation (of the
problem) or a variational problem.

Theorem 9 (Lax-Milgram) Let H be a Hilbert space and V- C H be a
closed conver set. For an H-elliptic bilinear form a : H x H — R and
¢ € H', the variational problem (2.20) exhibits a unique solution in V.
Proof:
The mapping J is bounded from below, sice it holds

J(v) = allvll* = [1el] - o]l = g5 (alloll = [1e)* = 55111 = =5 1401*
We define ¢ := inf{J(v) : v € V'}. Let (v,)nen C V be a sequence satisfying

lim J(v,) = c.

n—oo
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It follows

IA

allv, — vil|? a(vy, — U,y Uy — Upy)

2a(vy, V) + 26V, V) — a(Vy + Uy, Uy + V)
= 4J(v,) + 4J(vy) — 8J(%(vn + Um))
< 4J(v,) +4J(vy) — 8¢,

%(vn + v,,) € V holds due to V' convex. The upper bound converges

to zero for n,m — oco. Thus ||v, — v,|| — 0 for n,m — oo, i.e., (Vy)nen 18
a Cauchy sequence. Since V' is a closed set, a limit u € V exists. It follows

since

J(u) = J (nm ) = lim J(v,) = inf{J(v) : v € V}

n—oo ) n—oo

due to the continuity of J. Hence u represents a minimum.

Concerning the uniqueness, let w1, us € V' be two solutions of the variational
problem (2.26). Then it holds J = ¢ for each component of the sequence
(u1,u2,uy, us,...). Due to the above calculations, a Cauchy sequence is
given. It follows [|u; —us|| < € for each € > 0. Hence it holds ||u; — us|| = 0
and u; = us. O

We apply Theorem 9 in the special case V = H = H}(Q), since H(Q)
is a Hilbert space. It follows that the variational problem (2.26) has a
unique solution u € H(€)). Due to Theorem 8, the solution u of the
variational problem is also a weak solution of the PDE problem according
to Definition 11. We obtain directly the following result.

Theorem 10 Let L be a uniformly elliptic, symmetric differential operator.
Then the homogeneous Dirichlet boundary value problem for Lu = f exhibits
a unique weak solution in H}(S2).

Remark: Not all open and bounded domains {2 C R" are feasible, since
Green’s formula has to be applicable. Nevertheless, Green’s formula is valid
for nearly all domains in practice.
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In the one-dimensional case (n = 1), we obtain a homogeneous boundary
value problem of a second-order ordinary differential equation

—(p(z)u'(2)) + q(z)u(z) = f(z) forz € (a,b)
with u(a) = u(b) = 0. Assuming p(z) > py > 0 and ¢g(x) > 0, the involved
differential operator is uniformly elliptic. A corresponding variational for-
mulation can be constructed as above. The detailed derivation for this
special case can be found in, for example, Stoer/Bulirsch: Introduction to
Numerical Analysis, Springer (Section 7.5).

Von-Neumann boundary conditions

For the Poisson equation —Au = f, we demand % = ¢ on 0f) in case
of von-Neumann boundary conditions. Weak solutions are considered in
the space H'(2) now. For a broad class of domains €2, a bounded linear

mapping

Q) = 1209), hllsen < Clolme (227
exists satisfying y(v) = v|,, for all v € C°(2) N H'(2). The linear map-
ping ~y is called the trace operator.

The trace operator allows for an alternative characterisation of the Hilbert space Hj ().
We defined H}(Q) := C°(Q), i.e., the closure of the test functions with respect to the
Sobolev norm || - ||:. It can be shown that it holds

Hy () = {u € H'(Q) : y(u) = 0}.

This property has already been used in the proof of Theorem 7, since u € C°(Q) N HY(Q)
and u = 0 on 99 implies u € H}(Q) now.

A variational formulation can be derived also in the case of von-Neumann
boundary conditions. For simplicity, let u € C%(Q),v € CYQ). Green’s
formula yields for (Au, v) 2

ov 0
/ Z—dx—Z/v—dx—Z ” axzmds— Qa;)ia;dx.

The second term implies the definition of the bilinear form
ou 81}
2.28
a(u,v) / Z ox; 8332 ( )
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as in the case of Dirichlet boundary conditions. The first terms are not
identical to zero now. It follows

& ou / "\ Ou / /
v—1u; ds = v v; | ds = v(Vu-v)ds = vg ds.
; /aQ Ox; o9 <z‘1 ox; ) o0 ( ~ ) o0

~ov

Hence the corresponding linear mapping ¢ reads

(l,v) = /va dz + /m gv ds (2.29)

assuming f € L*(Q) and g € L*99). Now functions v € H(Q) can
be considered by applying the operator (2.27). More precisely, the linear
mapping (2.29) changes into

(0, v) := /va dz + /89 gv(v) ds

for v € HY(2). Nevertheless, the notation (2.29) is applied in general.

The linear mapping (2.29) includes both the information of the right-hand
side f and the boundary conditions g. Numerical methods can be con-
structed for solving the variational problem or its equivalent conditions.
Recall again that a solution of a pure von-Neumann boundary value prob-
lem is not unique (u solution implies u + ¢ solution for arbitrary ¢ € R).
Hence an additional condition has to be included.

More details can be found in Braess: Finite Elements. (Chapter 3)
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2.4 Finite Element Methods

Now we apply the theory of the previous section to construct numerical
methods for the determination of weak solutions.

Ritz-Galerkin approach

We consider a homogeneous Dirichlet boundary value problem including
a uniformly elliptic, symmetric differential operator (2.19). It follows the
existence of a unique weak solution. Theorem 8 shows two properties, which
characterise the weak solution. Numerical methods can be based on each
of these properties. Typically, finite-dimensional subspaces S;, C Hj () are
chosen, where h > 0 represents a discretisation step size to be defined later.
Typically, it holds dim(S},) — oo for h — 0.

We obtain three classes of numerical techniques:

e Glalerkin method: The definition (2.23) is used. The approximation of
the weak solution is determined in a finite dimensional subspace Sj.
The condition (2.23) shall be satisfied for all v € S),.

e Petrov-Galerkin method (or: method of weighted residuals): The defi-
nition (2.23) is applied again. The approximation is situated in some
space Sp,. The condition (2.23) shall be satisfied for all v € T}, with
another subspace T}, of the same dimension. The special case S;, = T},
yields the Galerkin method.

e Rayleigh-Ritz method (or: Ritz method): The solution of the variational
problem (2.26) is computed approximately. Thereby, a minimum of J
is determined in a finite-dimensional subspace S},.

We discuss the Galerkin method first. For some subspace S}, we choose a
basis {¢1,...,on}. The approximation is inside this space, i.e.,

up(x) = Z () (2.30)
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with unknown coefficients aq,...,ay € R. Replacing the exact solution u
by the approximation uy, the condition (2.23) demands that

a(up,v) = (¢, v) (2.31)

for all v € H (). Since uj, # w in general, this condition cannot be satisfied
for all v € H}(2). Alternatively, we demand that the property (2.23) holds
for all v € S}. Using the basis functions, this condition is equivalent to

a(uh7¢i):<€7¢i> for ZzlaaN

Inserting (2.30), it follows a linear system

N
> ajaley.¢) =(L,¢;)  for i=1,... N
j=1

with the unknown coefficients aq, ..., ay. The matrix of this linear system
reads A := (a(¢;,¢;)) € R¥*N| which is obviously symmetric. Since the
bilinear form is positive, it holds for & = (&1,...,&n)" # 0

N N N
ETAE = Z a(P;, 9i)&& = a (Z £ibj, Z&(/)Z) > (.
ij=1 =1 i—1

Hence the matrix A is positive definite. It follows that a unique solution
exists, which yields the approximation (2.30).

In the Petrov-Galerkin method, we demand that the condition (2.31) is
satisfied for all v € T}, for some other subspace T}, C H}(Q) satisfying
dim(S,) = dim(7}). The elements of T}, are often called test functions.
(However, they do not belong to the set C§° in general.) We select a basis
{t1,...,¥n} of T},. Now the condition (2.31) for all v € T}, is equivalent to

N
CL(ZOZJ'¢]',’QDZ') :<€,¢Z> for ZIl,,N
J=1

It follows the linear system
N
> aja(ey ) = () for i=1,...,N
j=1
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with the matrix A := (a(¢;,;)). This matrix is not symmetric in general.
It depends on the choice of the subspaces and the bases if the matrix is
regular. In the special case S;, = T}, and using the same basis, the approach
coincides with the Galerkin method due to ¢; = 1); for all <.

For the Rayleigh-Ritz method, we insert the approximation (2.30) into the
function J from (2.26). It follows (o = (aq,...,an)")

N N N
J (Z Qjﬁbj) = % Z OthéiCL(qu, ¢1) — Z Oéj<€, ¢]> = %CYTAO{ — Osz
j=1 ij=1 j=1

with the same matrix A and right-hand side b as in the Galerkin method.
The minimisation in .S, only demands

ﬂ:0 for k=1,...,N.
80%

The gradient of J is VJ = Aa—b. It follows the linear system Aa = b. Thus
the technique coincides with the Galerkin method in this case. Different
approaches may appear if the underlying bilinear form a is not symmetric
or not positive. For problems, where the Rayleigh-Ritz method and the
Galerkin method are the same, the technique is called the Ritz-Galerkin
method. The involved matrix Ay, is also calles stiffness matriz.

The method of weighted residuals can be motivated also in case of smooth solutions. Let
up, € S, C C%(2) N C°%Q) be an approximation of a classical solution. For a finite-
dimensional space Sj,, we choose a basis ¢y, ..., ¢y (of ansatz functions) and consider an
approximation (2.30). It follows the residual p: Q2 — R

N
p:=Lu,— f= (ZO@'L@) - I

We want to determine the coefficients «aq,...,ay € R such that the residual p becomes
small in some sense. In the method of weighted residuals, a space T}, of test functions with
dimension N is chosen. We demand that the residual p is orthogonal to the space T} with
respect to the inner product of L?, i.e.,

(Lup, — f,v)2 =0 forall v e Ty

Selecting a basis {11, ...,¢¥N} of Tj, this property can be written as
/wj(x)-p(as)dx:() or (p,j)2=0 for j=1,...,N.
Q
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This expression can be seen as weighted integrals of the residual p, where the functions v;
represent the weights. It follows the linear system

N
Zai<L¢ia¢j>L2 = <f7¢j>L2 for ]: 17"'7N
i=1
for the unknown coefficients. In the special case S, = T}, and choosing the same basis in

each space, it follows the Galerkin method.

Remark: A significant advantage of the Galerkin method is that the matrix
of the linear system is symmetric and positive definite for an arbitrary
domain (). Hence iterative solvers can be applied efficiently. In the finite
difference method, see Sect. 2.2, the matrix of the linear system is symmetric
and positive definite in case of the unit square (Q = (0,1)?). The matrix
becomes unsymmetric for other domains like the unit disc, for example.

Concerning the stability of the Ritz-Galerkin method, we obtain the follow-
ing result.

Theorem 11 (stability) Let a : H"(2) x H*(2) — R be a symmetric,
continuous and H['(Q)-elliptic bilinear form. Let ¢ : H'()) — R be a
linear, continuous mapping. Then the solution of the Ritz-Galerkin method
satisfies

lunll - < 1111 (2.32)

independent of the choice S, C HJ'(2).

Proof:

Since ¢ is continuous, it holds |¢(v)| < ||| - ||v][g=. The H{'()-ellipticity
yields
0 < allunllm < alun, un) = (€ un) < 10| - [lunllo.

For u;, = 0, the inequality (2.32) is trivial. For uj; # 0, we divide by ||up|| g
and obtain (2.32). l
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The stability implies the Lipschitz-continuous dependence of the approximation on the
input data. For example, we consider a perturbation in the right-hand side f. It holds
14|l < |If]lzz- Consider two right-hand sides fi, fo with corresponding weak solutions uy, us.
The difference u; —us is a weak solution for the right-hand side f; — fo. The approximations
following from the Galerkin method satisfy according to (2.32)

1
Jup, — up || gm < EHfl — fallz2

due to the linearity. This estimate is independent of the choice of Sy, i.e., it is uniform

in h > 0 for a discretisation step size to be defined later.

Concerning the quality of the approximation resulting from the Ritz-Galer-
kin method, the following important theorem holds.

Theorem 12 (Lemma of Céa) Let H be a Hilbert space, | : H — R be
a linear continuous form and a : H x H — R be a bilinear form, which
1s symmetric, continuous and H-elliptic. Then the function u defined by
a(u,v) = (l,v) for allv € H and the approximation uy, of the corresponding
Ritz-Galerkin method using some Sy, C H satisfy the estimate

C .
l —unll < — inf flu—wy]. (2.33)

Proof:

It holds
a(u,v) = ({,v) for ve H, a(up,v)=(v) for veS,CH.
By subtraction, we obtain
a(u —up,v) =0 forall veS.
For an arbitrary v, € Sj,, we conclude

allu—upl]* < alu — up,u — up)

a(
= a(u —up,u—vy) + alu — up, vy — up)
a(u — up, u — vp)

< O lu—=unll - [lu =l
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due to vy, — up € Sp. Dividing this inequality by ||u — up|| # 0 yields
[u—up|l < —[lu—wll.
o

Since vy, € S, is arbitrary, it follows the relation (2.33). O

Theorem 12 implies already the convergence of the Galerkin method pro-
vided that

lim inf ||u—wv|| =0.
h—0 ’UhGSh

Hence the subspaces have to be chosen such that the distance to the ex-
act solution decreases. However, this is more a question in approximation
theory in our case H = H}(Q). We apply the Ritz-Galerkin method in the
following. It remains to choose the spaces S, appropriately.

In a finite difference method, the matrix of a linear system is typically sparse
or even a band matrix. Thus the computational effort is significantly lower
than in case of a dense matrix with the same size. We want to achieve also
a sparse matrix or a band matrix in the Ritz-Galerkin method. We apply
spaces S, consisting of piecewise polynomial functions. However, it turns
out that the matrix will be sparse just for specific choices of basis functions.

Let supp(¢) := {z € Q: ¢(x) # 0}. The bilinear form (2.21) satifies

a(¢,) =0 if p(supp(¢) Nsupp(y)) = 0

with the Lebesgue measure p, since the bilinear form represents an integral
in 2. Hence we will construct a basis such that the supports of the basis
functions overlap only rarely. Of course, it should still hold

N
| supp(¢;) = ©

j=1

for a basis {¢1,...,¢x}. The domain  will be decomposed into smaller
subdomains for the construction of the space S} as well as the choice of the
basis functions.
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Triangulations

We consider the two-dimensional case (n = 2). Let Q C R? be an open
polygonal domain. Hence we can divide the domain €2 into triangles.

Definition 12 (triangulation) Let Q C R? be a domain with a polygonal
boundary. A set T = {T1,...,Tg}, where the T; are non-empty closed
triangles, is an admissible triangulation if it holds

~ Q
(i) 2=,

(i) int(T;) Nint(T;) =0 fori #j  (int: interior),

(111) T; T} for i # j is either an empty set or a corner of both triangles or
a complete edge of both triangles.

For each T' € T, we define

hr = idiam(T) = 5 max{||z — y|j> : 2,y € T}

(diam: diameter). For a triangulation 7, the (global) step size reads
h:=max{hy: T € Tp,}.

Each triangle T" contains a (maximal) circle of radius pp. Given a family 7},
of triangulations for 0 < h < hg, we assume max{hy : T € T} < h. A
family 7;, of triangulations is called uniform, if a constant £ > 0 exists such
that pp > % for all T. The family 7}, is called quasi-uniform, if pp > %T
for each T. Remark that it always holds pr < hr < h. Both properties ex-
clude that the angles of the triangles become arbitrarily small. For uniform
triangulations, the size of the triangles is similar for fixed h.

Given an arbitray open and bounded domain © C R?, the boundary is
approximated by a polygon first. Then the triangulation is applied to the
polygonal domain. For Q C R?, also quadrangles can be used to decompose
the domain. However, triangulations allow for more flexibility.
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Basis functions

We consider an admissible triangulation 7, of an open and polygonal do-
main ) C R?. We define finite-dimensional function spaces S), consisting of
all functions v : 2 — R satisfying the properties

(i) v € C¥(Q) for some k > 0,

(ii) v]yq =0,

(ili) v|p is a polynomial of degree (at most) [ > 1 for each T € 7},.

Thereby, the choice of the integers k, [ is independent of A > 0.

Hence piecewise polynomial functions appear. We apply the case £ = 0
(globally continuous functions) and [ = 1 (piecewise linear functions). It

holds
v|lp = ar + Brx 4+ yry for each T € T,

with coefficients a7, 87, vr € R.

Let R = {(x;,y;) : i =1,..., N} be the set of inner nodes, i.e., the corners
of the triangles inside . Let OR = {(z;,vy;) :i = N+1,..., N+ K} be the
set of boundary nodes, i.e., the corners of the triangles on 9€). We define
piecewise linear basis function ¢; via

i g
9i(zj,y;) = { 0 if z#i (2.34)

fori=1,...,Nand j=1,...,N + K. It holds dim(S;) = N.

We have to evaluate the bilinear form (2.21), which can be decomposed into

0pi 09,
a(Pi, ¢5) = /Qzak:l ? %4-&0@@ dz

k=1 8xk8 l
2
00; 00 ;
= 3 [ g o i
e, ? T ki=1 Tk 0L



for 7,7 = 1,...,N. Likewise, the information of the right-hand side is
evaluated via

(0.6:) = /Q F(@)di(z) d = Z; / F(@)i(x) da
fori=1,...,N.

In the case €2 C R", the general definition of finite elements following Ciarlet
1S given now.

Definition 13 (finite elements)
A finite element is a triple (T, 11, %) with the properties:

(1) T C R™ is a polyhedron (it follows that T is bounded),
(ii) I € CUT) is a linear space of finite dimension s,

(111) X is a set of s linear independent mappings o : Il — R, which define
each m € 11 uniquely (generalised interpolation).

Sometimes, just the subdomains 7" C €) are called the finite elements. In
case of QO C R?, a triangulation implies a corresponding set of finite ele-
ments, where 7' is a triangle.

Benchmark problem

Given a uniform grid in the square Q = (0,1) x (0,1), cf. Figure 2, it is
straightforward to generate a triangulation, see Figure 6. The defined step
size h is not half of the diameter in this case. We consider the Poisson
equation —Au = f with homogeneous Dirichlet boundary conditions. The
corresponding bilinear form is given in (2.28).

We apply the piecewise linear basis functions (2.34). For ¢;, let Z = (x;, y;)
be the central node. The neighbouring nodes are labelled as shown in
Figure 7 (left). We calculate the stiffness matrix A, = (a(¢;, ¢;)) in the
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Figure 6: Uniform grid with corresponding triangulation.

Ritz-Galerkin method. Considering (2.28), it follows

_ 2 _ AN A%
a(dz,¢z) = /Q(vﬁbz) dedy = 2/LHLIV (8—az> +<8—y> dzdy

2 2
= 2/ (%> dxdy+2/ <%) dxdy
L \ O Lv \ 9y

2 2 2 h?
- = dedy + — dedy = —=-4.-— = 4
h? Jrm T LIV Y h2 2

due to the values of the first derivative, see Figure 7 (right). Furthoremore,
we obtain

a6z, 6x) — / (Véz) - (Vo) dady

_ / 3¢23¢N+3¢23¢N dzdy
v Or Ox Oy Oy
1\ 1 1
= —— | -daedy = —— dxdy
/1,1\/( h) h h? Jiiv
1 h?
e ——.2._ — _1
h? 2
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Figure 7: Basic cell in benchmark problem.

and due to a symmetry also a(¢z, ¢s) = a(dz, dw) = a(dz, op) = —1. It is
straightforward to verify

a(¢z, onw) = a(9z, onE) = a(dz, dsw) = a(dz, psr) = 0
by observing the supports of the basis functions.

For the right-hand side, we apply an approximation

(0, &) ==/QJTI,y)¢Ax>y)dwdy:ﬁfﬂf(wmzﬁ%

since it holds f(z;,y;)¢i(z;,y;) = f(2i,yi)di; for all j and

‘/M%w®®=ﬁ-
Q

It follows just the five-point star from the finite difference method, cf. (2.9).
Each finite difference method corresponds to some finite element method.
However, not each finite element method is equivalent to a finite difference
method. Hence finite element techniques allow for more flexibility.

Computation of stiffness matrix

We outline the efficient computation of the stiffness matrix in the Ritz-
Galerkin method, where a general admissible triangulation is considered,
see Def. 12. The structure of A, = (a(¢;, ¢;)) € RV*Y suggests to use

29



a loop over the inner nodes ¢« = 1,..., N to evaluate the bilinear form
(node-oriented form). However, it can be shown that this procedure is
inefficient. Alternatively, the loop is arranged over the triangles (element-
oriented form).

We consider a polygonal domain 2 C R? with an arbitrary admissible
triangulation 7;, = {711,...,7p}. The Poisson equation —Au = f with
homogeneous Dirichlet boundary conditions is used as benchmark again.
The corresponding bilinear form, cf. (2.28),

5¢u5¢y+_5¢u3¢y
q Or Ox Jy Oy

¢y 09y 0¢M3¢y
Z / ox Eh Jy Oy dudy

Quy = a(¢u7¢l/) = dZCdy

has to be evaluated for u,v =1,..., N. We define

0¢, 0,  0¢p, 0,
q ._ K H
o - r, O Or ~ Jy Oy dady. (2:35)

It follows for A, € RV*¥,

Q
Ay = Z al, and A = ZAQ with A} = (al,).
qg=1

qg=1

Let ¢, j, k be the index of the corners of the triangle 7;. Hence just ¢;, ¢, 5
are non-zero in 7; and give a contribution to the integral over 7,. We obtain
the structure

( q q q \
T Gyt Gy @iy,
9_1... a- ... a- .. a .. MxM
q q q
K Qi s A )
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Figure 8: Transformation to reference triangle.

where (at most) nine entries are non-zero. The matrix can be written in

condensed form
g q q

. Qi Qi Ay,
Al = | af; af; df, | e R (2.36)

ay,; a%j o
To compute (2.35), we transform each triangle T}, to a reference triangle
T={(&n)eR*:0<¢€n, E4+n <1}, see Figure 8. Tt follows the formula

i 1 . Yji — Yk Tk — Ty
e Yi—Yj Tj—Ti

Y

where |T,| represents the area of the triangle. Recall that the indices i, j, k
depend on ¢g. Thus the entries of A, follow directly from the coordinates of
the corners of the triangles.

If one corner of T; does not belong to the inner nodes but to the boundary,
say index 7, then a corresponding basis function ¢; is not defined. It follows
that the first row as well as the first column in (2.36) are omitted. Accord-
ingly, two rows and two columns are deleted if two corners are situated on
the boundary. This strategy is in agreement to the homogeneous boundary
conditions.

The matrix 4;, € RY*Y includes N? entries. Since Ay, is the sum of Al for
g=1,...,Q, we obtain a rough estimate of the non-zero entries in A;: at
most 9Q entries are non-zero.
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Approximations of higher order

In the previous subsections, we applied piecewise linear polynomials corre-
sponding to a triangulation 7, = {7T1,...,T} of a polygonal domain (.
We are able to construct piecewise polynomials of higher degrees. Let P
be the set of all polynomials up to degree [, i.e.,

Pr=Splay)= >  ca'y
i,>0,i45<I

It holds dim(P;) = W%ﬂ, which is also the number of coefficients c;;.

On each triangle T' € 7, we choose w points zs = (zs,vys) for an

interpolation. Figure 9 illustrates the construction of the points within the
reference triangle T'. It follows a unique interpolation operator

IT : CO(T) — Pl, (ITU)<Z.5) = u(zs) for s = 17 o (l+1)2(l+2).

We obtain a global interpolation operator
I, : C°(Q) — C°(Q), Ii|,=Ir.

Hence Iju is a piecewise polynomial of degree up to [ for u € C°(Q). More-
over, I u is a globally continuous function. The restiction of the polyno-
mial Iru to the edge of the triangle T represents a univariate polynomial
of (at most) degree [. Since each edge includes [ 4+ 1 nodes, the univariate
polynomials on the boundary of two neighbouring triangles coincide.

We want to apply the Sobolev spaces H™(2). The theorem of Sobolev
implies H™(Q2) € C%(Q) for m > 2, i.e., each u € H™()) exhibits a con-
tinuous representative. It follows that the interpolation operator can be
extended to an operator I;, : H*(Q) — C°(Q) provided that m > 2. We
demand (I,u)(zs) = 0 for a node z; € 92 due to the homogeneous boundary
conditions.

If the degree [ of the piecewise polynomial functions is sufficiently large,
then also global interpolants Iyu € C*(Q) for k£ > 1 can be defined. How-
ever, the construction becomes much more complicated. The choice of the
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Figure 9: Nodes for linear (left), quadratic (center) and cubic (right) polynomial interpo-
lation in the reference triangle.

interpolation is related to the selection of the finite-dimensional spaces S
in the Ritz-Galerkin method.

Remark: On a triangulation, we already obtain functions globally C*(Q)
for arbitrary k& > 0 provided that the degree [ of the local polynomials is
sufficiently large. Thus we do not require more complicated subdomains
of €2 to achieve an approximation of higher order.

Convergence of finite element method

We consider the finite element method for the general problem Lu = f
with a uniformly elliptic differential operator and homogeneous Dirichlet
boundary conditions in a polygonal domain 2 C R? Let an admissible
triangulation 7;, = {T1,...,Tg} be given. The convergence of the method
follows from Theorem 12, where we have to discuss approximations resulting
from interpolation schemes.

A finite element method based on the triangulation 7, applies a space
Sp = {v € C%Q) : v]y, = 0,v|p € P, for each T € Tp,}. (2.37)
We apply the global interpolation operator
I H'(Q) — C%Q), Tyul, € P for each T € T,

assuming m > 2, which has been introduced in the previous subsection. It
holds Iu € Sy, for u € HJ'(Q2).
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We define the norm

> ol
TeT,,

for functions v : Q@ — R satistying v|, € H™(T) for each T' € 7;,. The
functions vy, € Sy, from (2.37) exhibit this property. Remark that v € C*(Q)
implies just v € H*™1(2) even for piecewise polynomial functions v. It holds
|v pgm for v € H™(Q). However, the subspace (2.37) fulfills just

The following theorem holds for general functions, i.e., they are not neces-
sarily the solution of some PDE.

Theorem 13 Let t > 2 and 7;, be a quasi-uniform triangulation of €. The
corresponding interpolation by piecewise polynomaials of degree t — 1 satisfies

lu — Tpullmn < c 7™ ulge  for uwe H(Q)

and 0 < m < t. The constant ¢ > 0 depends on €1, the constant k of the
quasi-uniform triangulation 7T, and the integer t.

For the proof, see D. Braess: Finite Elements.

Since the weak solution of our elliptic PDE is defined in H}(Q), we apply
the case m = 1 only. Thereby, I,u € H}(Q) is guaranteed. We assume that
the unique weak solution satisfies u € H{(Q2) C Hy(Q) for some ¢ > 2. Now
we achieve the convergence by means of Theorem 12. Due to Ipu € Sj, it

holds

mf lu — vl < Jlu— Toullg < c- R Julge.
VLES

We conclude the convergence of order p > 1 for the approximation u, € S,
resulting from the Ritz-Galerkin approach in the norm of H(Q) due to

lu — upllgn < K -RBP - |u|gor for u € HPPHQ) (2.38)

with K = % depending on p. For t = 2, piecewise linear polynomials
are applied. For t > 2, we can achieve higher orders of convergence just by
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choosing polynomials of higher degrees in each triangle. The approximation
uy, is still just continuous globally.

Due to (2.38), we require at least u € H?(Q2) to obtain convergence of order
p > 1. It can be shown that the weak solution satisfies u € H?(€) provided
that f € L*(Q) holds and the domain (2 satisfies some basic assumptions.

Theorem 13 also yields an estimate corresponding to the norm of L?(€),
i.e., in the case of m = 0. We expect a convergence of order ¢ in the
norm of L*(2). Unfortunately, Theorem 12 cannot be applied in this case,
since the underlying bilinear form is not continuous with respect to the
norm of L*(2). Nevertheless, the strategy of Aubin and Nitsche yields the
estimates

1w — upl|e < K- hP™ - Julgen for uw e HPPH(Q)
with constants K > 0 depending on p.

For some problems, a uniform convergence can be shown like

sup u(x) —up(x)] < c-h-[[fl
xre

with a constant ¢ > 0. Such estimates correspond to the space L>(2).

We have shown the convergence in a Sobolev norm or the L?-norm, respec-
tively. Further estimates can be construced in the energy norm || - ||,.
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Chapter 3
Parabolic PDEs

Now we consider parabolic PDEs, which are time-dependent problems. The
heat equation represents the benchmark for this class of PDEs. Numerical
methods for initial-boundary value problems of parabolic PDEs will be de-
rived and analysed.

3.1 Initial-boundary value problems

Time-dependent parabolic PDEs often exhibit the form

%‘l‘LU—f(CUl,,l'n)
with solution u : D X [tg, tend] — R using some domain D C R" in space.
The linear differential operator L includes second-order derivatives of u with
respect to space (no derivatives in time) and is often of elliptic type. We

restrict to one space dimension (n = 1) in this chapter.

The heat equation reads

(%

at Az )(9 2
with a coefficient function A : D — R (D C ) and A(z) > 0 for each x.
)=1

Without loss of generality, we choose A(z
o _
ot O0x%
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BC - BC

Figure 10: Initial-boundary value problem.

Given a solution u of (3.2), we obtain a solution of (3.1) for constant A via
the transformation v(x,t) = u(z, \t).

We choose a finite interval [a,b] in space (a < b). Boundary conditions
(BCs) will be specified at * = a and x = b. Initial conditions (ICs) will be

given in the form
u(z,ty) = up(x) for x € [a,b) (3.3)

with a predetermined function ug : [a, b] — R. Without loss of generality, we
define ty := 0. The initial-boundary value problem is sketched in Figure 10.

We distinguish three different types of boundary value problems:

(i) Boundary conditions of Dirichlet type read
u(a,t) = a(t), u(b,t)=p0(t) forall t>0 (3.4)
with predetermined functions «, 3 : [0,00) — R.

(ii) Boundary conditions of von-Neumann type demand

ou ou
o a(t), oz p(t) forall t>0 (3.5)

Ir=a

with predetermined functions «, 5 : [0,00) — R.

67



(iii) Boundary problems of Robin type, i.e., a mixed problem of the types (i)
and (ii), namely

ou ou

Va(t)u(av t) + 5a(t) 6_.1‘ - a(t)a ’Vb(t)u(b> t) + 6b(t) % - B(t)

r=a r=b

for all t > 0 with predetermined functions «, 3, Y4, Vs, 04, 0.

The initial values (3.3) have to be compatible with the boundary conditions.
For example, ug(a) = a(0) and ug(b) = 5(0) is required in case of Dirichlet
boundary conditions.

Let u be a solution of (3.2) according to homogeneous Dirichlet boundary
conditions («, 5 = 0). The function

u(x) = 2:—“204 + =

a

satisfies the inhomogeneous boundary conditions (3.4) for constant values
a,3 # 0. It follows that v := u + @ is a solution of (3.2), which fulfills
the inhomogeneous Dirichlet problem. Hence we consider homogeneous
Dirichlet conditions without loss of generality.

We solve the heat equation (3.2) with homogeneous Dirichlet boundary
conditions analytically for a = 0,b = 1. We assume a separation

u(z, 1) = p(E)b(x).
Inserting this relation into (3.2) gives

J(t) ()
o) ~ i)

Thereby, x € R represents the separation constant. Solving the two ordi-
nary differential equations

¢'(t) = ro(t),  ¥'(x) =r(x)

¢'()p(z) = o)y (x)

= K.

yields
o(t) = Ce™,  Y(x) = AeVF + Be VT
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We obtain the general solution
u(x,t) = e [Ae‘/ﬁw + Beﬁx}

with arbitrary constants A, B e C. The homogeneous boundary conditions
are satisfied if and only if

k=—k*n? for k=1,2,3,....
It follows the family of solutions
vr(z, t) = Ae ™ sin(kr)

for £k € N with new coefficients flk € R. We use these solutions to construct
a single solution satisfying the predetermined initial conditions (3.3). It
holds uy(0) = up(1) = 0 due to the homogeneous boundary conditions. We
can extend the function ug to an odd function @ : [—1,1] — R by the
definition u(x) = ugp(z) for x > 0 and u(x) = —ug(—=) for x < 0. Assuming
ug € L?([0,1]), it exists the Fourier expansion

o

up(z) = Z ag sin(kmx).

k=1

It follows Ay = ax. Thus the solution of the initial-boundary value problem

reads
(o]

u(z,t) = Zake Hrtsin(kn). (3.6)
k=1
However, to evaluate the formula (3.6), the series has to be truncated and
the Fourier coefficients a; have to be computed numerically.

The formula (3.6) also characterises the condition of the initial-boundary
value problem. Let ug, %y € L?([0,1]) be two initial conditions with corre-
sponding Fourier coefficients a; and ay, respectively. The resulting solutions
satisfy

_k2 2t

u(x,t) — u(z,t) (ar — ag)e sin(kmx).

Mg

k=1
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Hence we obtain
(o]
2,2
u(z, t) — alz, t)] < Jag — gl e F T
k=1

The Cauchy-Schwarz inequality in ¢2 and Parseval’s theorem yield

o0 o0 o0
P R N D N D S
k=1 k=1 \ k=1
oo
= [Juo — ol| z2(p0,1)) Ze_%%%-
\=

Thereby, we employ that the extensions , @ of ug, iy exhibit the period 2
in Parseval’s theorem and that [|4 — |72, 3 = 2lluo — ol 72,17, due to
the symmetry.

We apply the formula of the limit of a geometric series

> 272 > 92 k? 1 6_27T2t
— =t —2m“t _ _
P B i R e e =
k=1 k=1
It follows

e—7r2t

u(w,t) — a(z,t)] < |lug — fLOHL?([O,lD\/ﬁ
for allz € [0,1] and ¢ > 0. Hence differences in the initial values are damped
out exponentially in time. The condition of this initial-boundary value prob-
lem is excellent. Vice versa, an initial-boundary value problem backwards

in time (from ty5 = 0 to some te,q < 0) is drastically ill-conditioned, since
small differences are amplified exponentially.

For the heat equation (3.1), the condition of initial-boundary value problems
depends on the constant A € R\{0} as follows:

forward in time backward in time
A > 0: well-conditioned ill-conditioned
A < 0: ill-conditioned  well-conditioned
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Initial value problems backwards in time are also called final value problems
(the values at the earlier time te,q < 0 are unknown, whereas the state at
the final time ¢y = 0 is given).

We achieve a solution of an initial value problem in the case x € (—o00, +00),
where no boundary appears. It follows

n 1 [T e ) d 3.7
uat) = o= [ ) aw 3.7)
The integrals exist for a bounded measurable function uy or in the case
of ug € L*(R), for example. Otherwise, integrability conditions have to
be imposed. The formula (3.7) cannot be evaluated at ¢ = 0. The initial
conditions are satisfied in the sense

tlir(%r u(z,t) = up(x) for each x € R.

Moreover, this convergence is uniform in compact domains D C R.
Let ug be continuous, uy > 0 and ug Z 0. Even if uy exhibits a compact
support, it follows u(x,t) > 0 for all x € R and each ¢ > 0. Hence the

transport of information proceeds with infinite speed. This also holds in
case of initial-boundary value problems within a finite domain z € [a, b].
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Figure 11: Grid in finite difference method.

3.2 Finite difference methods

We want to apply a finite difference method to solve the initial-boundary
value problem of the heat equation (3.2) introduced in Sect. 3.1. A grid is
constructed in the (z,t)-domain for = € [a,b] and t € [0, 7], see Figure 11.
Without loss of generality, we assume x € [0, 1]. The grid points are defined
by

xj:=gh for j=0,1,... M —-1,M, h:=

t, :==nk for n=0,1,..., N—1,N, k:=

The corresponding step sizes are h = Az and k = At in space and time,
respectively. Let u} := u(z;,t,) be the values of the exact solution and U?

IS -

the corresponding approximations in the grid points. We replace the partial
derivatives in the heat equation (3.2) by difference formulas now.
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Classical explicit method

We substitute the time derivative by the common difference formula of first
order and the space derivative by the symmetric difference formula of second
order, i.e.,

(U(ZE]', tn_|_1) — u(:z:j, tn)) + %utt(xj, tn + 19]43)

=

ut(xja tn) —

Upe (), tn) = s2(u(mjo1,tn) — 2u(z), t,) + w(zjs, tn))
with intermediate values ¥ € (0,1), 8 € (—1,1). Thereby, we assume that

u is sufficiently smooth. The heat equation yields ui(xj,t,) = Uz (), ).
It follows

%(u}”l — u;"‘) + O(k) = #(u?_l —2uj + u?H) + (’)(h2).

Thus the finite difference method reads

11;( J+1 Un) - #(U}L—l_QUTL‘F gn+1)

J
n+l __ n k n n
Uit = Ul + 5 (UL — 207 + Uly).

We define the ratio r := % The formula of the technique becomes

Urtt =rU; 4 (1 =2r)U} 4+ U}y, (3.8)

for j = 1,...,M — 1. The scheme is an explicit (one-stage) method.
The time layers can be calculated subsequently. The initial values follow
from (3.3), i.e

U]Q = ug(z;) for j=0,1,..., M.

In the subsequent layers, the boundary conditions have to be included.
Dirichlet boundary conditions yield

Uy = al(t,), Uy =pB(t,) foreach n.
Von-Neumann boundary conditions will be discussed later.
The local discretisation error reads
7(k,h) = Suy(zj, t, + k) — 12umm(xj + 6h,t,,).
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We assume that uy and ..., exist and are continuous on [0, 1] x [0, T]. Let

Ci:= max |ug(x,t)], Cy:= max |ugpe(z,t)|.
x€[0,1],t€[0,T) x€[0,1],t€[0,T)
It follows
17(k, h)| < (k + h*)(max{3Cy, 5Co}) =: C(k + h?) (3.9)

uniformly for all grid points (x;,t,) in [0,1] x [0,7]. Hence the finite dif-
ference method is consistent. For k,h — 0, the local discretisation error
converges uniformly to zero. We obtain consistency of order one in time
and consistency of order two in space.

Classical implicit method

Now the same difference formulas are applied with respect to the point
(2j,tn41) and the discretisation in time is done backwards, i.e.,

u(@j turr) = gy tann) =z, tn)) + Sun(z), t, + k)

U (Tjy tpg1) = #(U(%‘—htnﬂ) — 2u(xj, typg1) + u(zjsr, toy1))

+ ;L_;uxxzx(x] + eha tn+1)

with intermediate values ¢ € (—1,0), 8 € (—1,1). The heat equation yields
(2, tnt1) = Uga (2, tny1). We obtain

FUFT = UP) = (U5 =207 + U,

It follows the method (using r := - again)

—rUM 4 (L + 20U — r U = UT (3.10)

for j =1,..., M —1. The scheme represents an implicit (one-stage) method.
To compute the approximations, a linear system has to be solved in each
time step. The corresponding matrix reads
2+1 -1
-1 241 -1
B:=r ST e RM-Dx(M=1) (3 11)
-1 2+ 1

r

-1 2+1

74



The matrix is symmetric and tridiagonal. Moreover, the matrix is strict
diagonal dominant. An LU-decomposition can be done without pivoting,
where the computational effort is ~ M.

We arrange the approximations in the vector
Ut = Uy, U, U ) e R

Inhomogeneous Dirichlet boundary conditions have to be included in the
right-hand side via

b= (rUpt0,. .., 0,00 e RM

It follows the linear system BU"*! = U™ + b". For homogeneous Dirichlet
boundary conditions, we obtain simply BU" ™! = U™.

Leapfrog method

We want to achieve methods of higher order in time now. We apply the sym-
metric difference formula of second order for the first-order time derivative,
le.,

us,ta) = (w5, tonr) — (s, b)) + O(R)
Upe (T, tn) = 5 (u(zjor, tn) — 2u(z), ) + w(zjsn, ) + O(R7).
Due to u¢(zj,t,) = uza(z;,t,), it follows the scheme

n+1 n—1 k n n n
UJ'Jr = Uj +l21_2(Uj—1_2Uj + j+1)

and with r := %

Urtt =upt 20U + Uy ) — 40U} (3.12)
for j =1,...,M — 1. We obtain an explicit (two-stage) method, which is
called the leapfrog method. The scheme is consistent of order two in both

time and space. However, the leapfrog method is unstable for all » > 0 as
we will show in the next section. Thus this technique is useless in practice.
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Crank-Nicolson method

We achieve a one-stage scheme of second order in both time and space via
the following construction using ¢,,, 1=ty g

u(wy 1) = gy, ten) —ulz),t) + O(K?)

uzx(xja tn—k%) - %(um(xﬁ tn) + uzx(xja tn+1)) + O(k2>
sz (w1, tn) — 2u(x), t) + w(xjs, ) + O(R?)
Tj-1ytn1) = 2u(@j, tyg) +u(@ji, taga)) + O(R%)

We can see this discretisation as an averaging of the symmetric difference
formula in space. The heat equation w(x;,t,,1) = use(2;,t,,1) implies
k
h?

—rU + 20+ ) U — UM = rUP 20— 1)U + U}, (3.13)

with 7 :=

for 7 = 1,...,M — 1. The technique represents an implicit (one-stage)
method called the Crank-Nicolson method. In each step, a linear system
has to be solved with the matrix

—2(1+1) 1
1 —2(1+1) 1
1 —2(1+1) 1
1 —2(1+1)
The matrix is again symmetric and strict diagonal dominant.

Although the Crank-Nicolson method is consistent of order two in space
and time, the computational effort is nearly the same as in the classical
implicit method (3.10), which is just of order one in time.
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Von-Neumann boundary conditions

In case of von-Neumann boundary conditions (3.5), the values UT" are un-
known for j = 0, M a priori. Thus we have to add two equations in each
step of the finite difference method. For example, we apply simply the com-
mon difference formula of first order to discretise the derivatives in (3.5). It

follows
at,) = Gxo,tn) = j(u(zr,t,) —u(zo,t,)) + O(h)

B(tn) = Grlearta) = Flu(zar,tn) — ul@n-1,ta)) + O(h)

for each n. We obtain the two equations

= =

which can be used to eliminate the unknowns U}, Uy, in each time layer.
Consequently, the finite difference methods are applied as described above.

Source terms

The finite difference methods can be generalised directly to a heat equation

ou 0%u
ot o2 + f(@tu)

including a source term f. For example, the classical explicit method (3.8)
becomes

U;H_l = TU}l_l + (1 — 27")an +r ;:_1 + kf(]h7nk7 an)

for j =1,..., M —1. Just a function evaluation of f is necessary to achieve
the approximation. In case of the classical implicit method (3.10), we obtain

—rUM + (142U — UM — kf (jh, (n 4 1)k, U = U

for j =1,...,M — 1. If the source term f depends nonlinearly on u, then
a nonlinear system has to be solved to obtain the approximations in each
time layer.
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3.3 Stability analysis

Now we investigate the stability of the finite difference methods. We analyse
the amplification (or damping) of errors in the initial values.

Direct estimation

Let u} := u(z;,t,) be the values of the exact solution of the heat equa-
tion (3.2) and U} the approximations in the finite difference method. We
define the global errors

n._,n__Jqm
z; = uj U].

0

Assuming that the boundary conditions are given exactly, it holds z7
for j = 0, M. For the classical explicit method (3.8), we obtain

z;-”l =rzi g+ (1 —=2r)z) + 7z, + O(K* + kh?).

We assume r < % now. It follows the estimate
277 < rlzf [ 4 (1= 2r)|2] ] + |27 | 4+ Ok + kh?)

with a constant C' > 0, see (3.9). We define

" =

o) = max |2,

§=0,....M
which represents the maximum error in each time step. It follows
I < 2+ (= 20) 12" + "] + C(R + kh?)

and thus
|2 < [[2"]] + C(k* + kR®).

We obtain successively due to nk < T
12" < [12°l + nC(k* + kh?) < [|2°] + CT(k + h7)

for all n = 1,...,N. If k,h — 0 and ||2°]] — 0, then the global error
converges to zero provided that r < % holds.
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Matrix stability analysis
We analyse the classical implicit method (3.10) now. Let
Ur = (U{La---vUZTVL[—l)Tv 2" = (2?7---72174—1)T

be the approximations and the corresponding global errors, respectively.
We assume exact boundary conditions in the finite difference method again.
The global error satisfies the linear system

Bz"t = 2" 4 kr"
with the matrix (3.11) and the local discretisation errors
™= ()

It holds 77" = O(k + h?). Subsequently, we obtain
= (B +k Z(B_l)ifn_i. (3.14)
i=1

It holds B = I + rB with the tridiagonal matrix

2 -1 \
-1 2 -1
B — e ]R(M—l)x(M—l).
-1 2 -1
-1 2 )

Let \; for ¢« = 1,...,M — 1 be the eigenvalues of B. The theorem of
Gerschgorin implies 0 < \; < 4. For the inverse matrix, it holds

o\ —1
31:(1+rB> .

Let u; be the eigenvalues of the matrix B~!. It follows

1
1‘|‘T>\Z

i =
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for all . Hence we obtain 0 < u; < 1 for all ¢ and all » > 0. Since the
matrix B~! is symmetric, it follows ||[B7!|ls = p(B™!) < 1 (p: spectral
radius).

The formula (3.14) yields an estimate in the Euclidean norm, where we use
1Bl < 1B7H3

n
2"l < BTSN+ kD _IBH G- 17 ]l2
1=1

< e+ kY Il < (12l + nMO(R? + kR?)
i=1

< \|z0|\2+CT(%+h) = ||2°2+ CT(r + 1)h.

Hence the method is convergent for each constant » > 0 in case of h — 0.
Thereby, we assume ||2°||2 = O(h). Remark that it holds

12> £ M max [2¥] =1 max |2]].

j=0,...M "7 j=0,...M " 7

The above derivation just implies convergence of order one in space and of

order % in time for constant ratio r. Nevertheless, estimates in other norms

can also be achieved, which confirm the convergence of order two in space

and of order one in time.

The case C = 0 (for example, choose u(z,t) = 0) yields ||2"||s < ||2°||2 for
all n, which demonstrates that errors in the initial values do not increase
in time. It follows the stability of the finite difference method, since this
estimate is independent of the choice of k£ and h.

The stability alone can also be obtained as follows. Let initial values U°, V° be given. In the
classical implicit method, the corresponding approximations are defined by BU"*! = U
and BV""1 = V" for homogeneous boundary conditions. Defining Z" := U" — V", it
follows BZ"*1 = Z". We obtain

2" =BZ" = |22 < 1B )2 1272 < 12°)]|2-

Thereby, the estimate is independent of the used step sizes, which determine the dimension

of the vectors. This relation indicates the stability of the finite difference method.
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Von-Neumann stability

Let A € R be an arbitrary constant. The functions
u(z,t) = e (3.15)

satisfy the heat equation (3.2) provided that o = —A%. In particular, it
holds o < 0 for all A, which corresponds to the stability of initial value
problems of the PDE. For initial values uy = 0, the solution of (3.2) is
just u = 0. For perturbed initial values ug(z) = €%, the solution (3.15)
converges to original solution u = 0. We consider pure initial value problems
with z € (—o0, +00) now, i.e., no boundaries appear.

Given a grid (zj,t,) = (jh,nk), we make an ansatz for the approximation
resulting from a finite difference method via

an _ eatnel)\mj _ eomkelx\]h (316)

with A € R and o € C. At t,, = 0, the initial values
0 _ _iXjh
U; = e

represent harmonic oscillations, where the frequency is determined by the
constant A € R. We see these initial values as a perturbation of the initial
values ug(x) = 0 again.

If A € R is given, then the corresponding o € C satisfying (3.16) is deter-

mined by the finite difference method. We distinguish the following cases:

e Re(a) > 0 (< [e*¥] > 1): The initial perturbation U} is amplified for
increasing time ¢ > 0.

e Re(a) < 0 (¢ [e*| < 1): The initial perturbation U} is damped for
increasing time t > 0.

e Re(a) = 0 (& || = 1): The magnitude of the initial perturbation

U ]Q remains constant in time.

The growth of the perturbations in dependence on the coefficients o moti-
vates the following definition.
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Definition 14 (von-Neumann stability) A finite difference method is
called stable with respect to the concept of von-Neumann, if Re(a) < 0
holds for each A € R. The method is unstable, if Re(ot) > 0 appears for
some A € R.

If the method is stable with respect to the criterion of von-Neumann, then
initial errors are not amplified in time. To analyse the von-Neumann sta-
bility, it is sufficient to check the term |e®*|.

For the classical explicit method (3.8), the ansatz (3.16) yields
ea(n+1)kei)\jh _ Teankei)\(j—l)h + (1 o 2T)eankei)\jh + Teankei)\(j—l—l)h

Dividing by e®*eM" implies

e = MM 1 -2 e = 1 — 2r 4 2rcos(Ah)
= 1+ 2r(cos(Ah) —1) € [1—4r1].

For r < %, it holds —1 < e® < 1 for all A € R. Hence the method is stable
for r < 3. For each 7 > 1, a constant A € R exists such that |e**| > 1. Thus
the method is unstable for r > % Furthermore, it holds 0 < e* < 1 for
r < i. The criterion of von-Neumann is in agreement to the direct estimate

for the classical explicit method, where r < 1 was assumed. Moreover,

2
instability is proved for r > %, which we were not able to show by direct

estimation.

For the classical implicit method (3.10), we apply the ansatz (3.16) and
obtain

_Tea(n—kl)kel)\(j—l)h + (1 + 2T)ea(n+1)ke1)\jh . 7nea(n—kl)kel>\(j+1)h _ ecmkelA]h.

Dividing by e*"+DkeNh vields

e = —peMM L1 4 2p — re™ =14 2r(1 — cos(AR))
)

1
et = € [0,1].

1+ 4rsin® (4)

and thus (using 1 — cos(7) = 2sin?(

o2
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It follows that the classical implicit method is stable for all » > 0. This
criterion is in agreement to the matrix stability analysis applied to the
classical implicit method.

The leapfrog method (3.12) implies the equation
ea(n—!—l)kei/\jh _ ea(n—l)kei)\jh + 2T(eankei)\(j—l)h + eankei/\(j+1)h) . 4,,,eom/<:ei)\jh.

Dividing by e®*eN" results in
e = 7% 4 9p(Mh) L M) _ dp = 67 L dr(cos(AR) — 1).

)

(e™)? 4 8rsin? () e — 1 =0, (3.17)

It follows the quadratic equation (using 1 — cos(y) = 2sin*(

o2

Let & := e* and b := 8rsin ( ) The roots of the quadratic equation are

E1jp =1 [—bi VP +4] € R.

We deduce )
§1-§ = i((— )2 — Vb2 44 ) =—1.

It follows & # &, &1,& # 0 and

&1| = &a| =

|€| \5\

If |&] < 1, then |&] > 1 and vice versa. The case § = 1, & = —1 can be
excluded by inserting &; /2 in (3.17). Hence one root satisfies [¢**| > 1. The
leapfrog method is unstable for all r > 0.

Furthermore, it can be shown that the Crank-Nicolson method (3.13) is
stable for each r > 0. This criterion is in agreement to the matrix stability
analysis applied to the Crank-Nicolson scheme.

Remark: It can be shown again that the stability is necessary and sufficient
for the convergence in case of a consistent finite difference method.
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Heat equation with coefficient

For the heat equation v; = Av,, with a constant A > 0, the linear trans-
formation v(x,t) = u(x, At) yields the standardised heat equation u; = .,
which has been discussed above. We consider a finite difference method.
Let r := % If the stability implies a restriction like » < ¢ for some con-
stant ¢ > 0 in case of u; = Uy, then it follows the condition r < £ in case
of v; = Av,,. Hence a disadvantageous restriction occurs on the time step

size (k < $£h?) in case of large constants .

3.4 Semidiscretisation

The idea of semidiscretisation is to replace just one partial derivative in the
PDE by a difference formula. It follows a system of ordinary differential
equations (ODEs). Consequently, the system of ODEs can be solved by
standard numerical algorithms.

Method of lines

Let the heat equation )

% = % + f(z,t,u) (3.18)
be given including a source term f. We consider initial-boundary value
problems in the space domain = € [0,1]. Let Dirichlet boundary condi-
tions (3.4) be specified. We apply a discretisation in space using the grid
points x; = jh for j = 0,1,..., M with h := % In the domain of de-
pendence, the sets {(z;,t) € R* : t > 0} are called the lines. We de-
fine as approximations the time-dependent functions U;(t) = u(z;,t) for

jg=1,...,M — 1. Figure 12 illustrates this construction.

Now the derivative with respect to space in (3.18) is substituted by the
symmetric difference formula of second order. It follows

%(xj,t) = # [u(a:j_l, t) — 2u(z;,t) + u(zj, t)] + f(z,t, u(xj, b)) + O(h?)
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Figure 12: Method of lines.

for j=1,..., M — 1. We rewrite these equations as a system of ODEs

Ui(t) = 32 | Uj-1(t) = 2U;(t) + Uja (t) | + f(,t,Uj(1)) (3.19)

for y=1,..., M — 1. We define the abbreviations

(-2 1
1 -2 1
B — % S e RM-Dx(M-1),
h 1 -2 1
\ 1 -2
a(t)/h?
Ur(t) fa1,t,Uh) 0
U(t) = : , F(t,U) == : , b(t) == :
Un-1(t) flxar-1,t,Un—1)
B(t)/h?
Now the system of ODEs exhibits the compact form
U'(t) = BU(t) + F(t,U(t)) + b(t). (3.20)
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The initial values follow from (3.3), i.e.,

U(O) = (Ul(O), RPN UM_l(O))T = (UO(xl), . ,’LLO(LUM_l))T. (321)

If no source term appears in (3.18), then it follows F' = 0 and the system of
ODEs (3.20) is linear. The eigenvalues y; of the matrix B can be calculated
explicitly and it holds

= —7sin® (5lh) <0 for [=1,2,...,M — 1.

The magnitude of the eigenvalues is

4
Hmax =~ _72 (l = 1)7 Hmin =~ _ﬁ (l =M — 1)
If h is small, then we obtain pyin < ptmax < 0. Hence the system of
ODEs (3.20) becomes stiff. Implicit methods are required to solve the initial

value problem of ODEs.

Now software packages for solving systems of ODEs can be applied for the
initial value problem (3.20),(3.21). The explicit Euler scheme and the im-
plicit Euler scheme yield the classical explicit method (3.8) and the classical
implicit method (3.10), respectively. More sophisticated integrators can be
applied like Runge-Kutta methods or multistep schemes.

Let U;(7;) be approximations of the exact solutions U;(t) of the ODE prob-
lem (3.20),(3.21), which are computed by an ODE method with order p of
convergence. The error can be estimated as

U;5(73) = w(zy, )| < |Uj(m) — Uj(m)| + |Uj(m) — ulj, 7).

Since the space discretisation is consistent of order two, we expect an error

}Uj(ﬂ') — U(SL‘j, TZ)’ S C(At)p + D(AZE)2 (322)

with Az = h and 7.7 — 7, < At for all i. The error consists of two
parts: the error of the space discretisation and the error of the following
time discretisation. Unfortunately, the constant C' of the time discretisation
depends on the system of ODEs (3.20) and thus on the step size h in space,
i.e., C = C(h) In particular, the dimension M — 1 of the system (3.20)
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Figure 13: Rothe method.

depends on the step size h = ﬁ The convergence cannot be concluded

directly, since the case C = (’)(%) is given in general. The two terms in the
estimate (3.22) are not independent of each other.

Von-Neumann boundary conditions (3.5) can be included in the method of
lines by the same strategy as in the finite difference methods, see Sect. 3.2.

Rothe method

We consider the heat equation (3.18) including a source term again. Let
Dirichlet boundary conditions (3.4) be given. In the method of Rothe,
we discretise the time derivative first using the time points ¢, = kn for
n=20,1,...,N with k := % It follows

2
u
% [u(w, thy1) —ulz, t,)] = w(ﬂ% tnt1) + [, toyr, u(@, tht))

forn=1,..., N. Figure 13 demonstrates this semidiscretisation.

We define the approximations z,(x) := u(z,t,) forn=1,...  N. It follows
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a two-point boundary value problem of an ODE of second order
i1 () = 1 [ (@) = za(@)] = [l tarn, 201 (2)),

zn1(0) = altns),  zea(1) = B(tns).

The initial conditions (3.3) yield zo(x) = wo(x). Hence the unknown func-
tions z, can be calculated subsequently. Thereby, numerical methods for
boundary value problems of ODEs are applied. Often the equivalent system
of first order corresponding to (3.23) is applied. Using v; := z; and w; = 2,
the two-point boundary value problem reads

(3.23)

Upi1(T) = wpp(z),
Wi (2) = [Un+1($) vn(2)] = (2, tnt1, vns1(2)),
Un1(0) = a(tus1),
vni1(1) = B(tnta).
Typically, the method for solving the ODE problem yields approximations
2y () in grid points 0 < z7 < --- < 2 < 1. Hence an interpolation scheme

has to be applied to evaluate the right-hand side of the ODE (3.23) for
arbitrary x € [0, 1].

Let Z,(x;) be the approximations obtained from an ODE solver. We achieve
again an error estimate

[Zn() = () tn)| < [20(2)) = 2a(2))] + |20(25) — ulzj, ta)].

If the method for solving the ODEs is convergent of order ¢, then we expect
an error

1Zn(2;) — u(z,t,)| < CAt+ D(Ax)! (3.24)

with ;11 — z; < Az. Now the two terms in the estimate (3.24) are inde-
pendent of each other, since the ODEs (3.23) are qualitatively the same for
each k = At (just the right-hand sides differ slightly). Hence we achieve
good convergence properties in the Rothe method. Furthermore, it is easy
to apply adaptivity with respect to the time step size At as well as the space
step size Az in the Rothe method. In contrast, changing the step size Ax
yields an ODE system of a different dimension in the method of lines.
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In the method of lines, an initial value problem of a (relatively large) stiff
system of ODEs has to be solved. In the Rothe method, boundary value
problems of just a single ODE of second order (or system of first order with
two equations) have to be resolved subsequently. However, the computa-
tional effort for solving a boundary value problem is much higher than for
an initial value problem (say about 20 times for same dimensions).

Multidimensional space domain

We outline the application of a method of lines in case of the heat equation
ou 0%u N 0u
- — U= — -
ot ox?  Oy?

with two dimensions in space. We consider the domain © = (0,1)? and
homogeneous Dirichlet boundary conditions on 9€2. We apply a discretisa-

tion in space according to the finite difference method from Sect. 2.2. Let
x; = th and y; := jh for 7,7 =0,1,..., M 4 1 with the step size h = ﬁ

The approximations are U; ;(t) = u(x;, y;,t). It follows the system of ODEs
Uz‘,,j(t) - # [Ui—l,j(t) + Ui—l—l,j(t) + Ui’j_l(t) + U@"j_;_l(t) — 4Ui7j(t)]

(3.25)

fore,7 =1,..., M. The homogeneous boundary conditions imply
Ui j(t)=0 for i=0,M+1or j=0,M+1
and all ¢ > 0. The initial conditions ug : {2 — R yield
Ui ;(0) = uo(xi,y;) for i,7=1,..., M.

Again an initial value problem of a system of ODEs is achieved in the
method of lines. The case of three space dimensions can be handled in the
same form.

Likewise, we can apply finite element methods for the discretisation in space,
see Sect. 2.4. According to the Ritz-Galerkin approach, the approximation
reads

uh(:U? Y, t) = Z Qj(t)gbj(xv y)
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with time-dependent coefficients a;; and space-dependent basis functions ¢;.
We obtain the equations

N

Zoz (Gi, Dj) 1202 :—Zoz(t)a(@,(bj) for j=1,...,N

i=1
with the bilinear form a. Hence an implicit system of ODEs
Md/(t) = Aa(t) (3.26)

for the coefficients o := (ay,...,an)' is achieved. The entries M = (m;;),
A = (a;;) of the constant matrices are

m;; = <¢z‘;¢j>L2(Q), jj = —a(e;, ¢j)-

In particular, both matrices are symmetric. Again standard methods for
systems of ODEs can be used to solve initial value problems of (3.26).

Methods of Rothe type can also be constructed. Given the PDE (3.25)
on = (0,1)?, we discretise the time derivative simply via the first-order
difference formula, i.e.,

i W@y, th) —ulz,y,0)] + Ok) = Aul,y, -
Let z,(z,y) = u(z,y,t,). It follows the appraoch
Azpi1 = 7 (2041 — 2] (3.27)

with z, given and z,.; unknown. The semidiscretisation (3.27) represents
a Poisson equation with source term. The corresponding boundary value
problems can be solved by standard numerical algorithms.
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Chapter 4
Hyperbolic PDEs of Second Order

We discuss numerical methods for hyperbolic PDEs of second order now.
The benchmark is the wave equation. The speed of the transport of infor-
mation is finite in hyperbolic models.

4.1 Wave equation

The wave equation for one space dimension is given by

0%u 0%u
o2 = o (4.1)

with the wave speed ¢ > 0. Using an arbitrary function ® : R — R with
® € C?, the functions

u(zx,t) == &(x + ct) and u(z,t) = &(x — ct)
are both solutions of (4.1).

A pure initial value problem is called Cauchy problem, which reads
u(z,0) = up(x), %(m, 0) = uy(x) (4.2)

with predetermined functions ug, u; : R — R at time ¢ty = 0 without loss of
generality. We assume ug € C? and u; € C'. The solution of the Cauchy
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Figure 14: Domain of dependence and transport of information in case of the wave equation
Uy = Uy, with one space dimension.

problem (4.1),(4.2) is given by, cf. (1.3),

u(z,t) = % <u0(:1: + ct) + up(x — ct) + ! /:+Ct uy(s) ds) : (4.3)

c —ct

It is straightforward to verify this formula by differentiation. We recognise
the finite speed of the information transport from the initial values. The
solution u in a point (Z,f) depends on the initial values in the interval
r € [T — ct, T + ct] at time tg = 0 only, see Figure 14.

The wave equation for three space dimensions reads
Pu o (O*u  OPu  O*u
— =cAu=c + +
ot? ox?  Oy? 022

with the wave speed ¢ > 0. Let r := (x,y, z). Particular solutions of (4.4)
are given by

(4.4)

r-k—wt) kgx+kyy+k,z—wt)

u(z,y, z,t) = el = ¢l

with the frequency w > 0 and the wave vector k := (k;, ky, k.) provided
that
W=k A+ 4E) = w=clkl

The Cauchy problem is given by (4.2) with initial functions ug, u1 : R — R.
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Theorem 14 The solution of the Cauchy problem (4.4), (4.2) is given by

1 T
W)= o [ ) )+ =) Vul) ay (45)

A c?t?

for x € R3.

Proof:

We define the spherical means

1
0.t) .= — Oz t) dz.
w(e,0.1) = - / /.z”Fl“(“ 2, 1) dz

For each continuous function u, it holds

élgéw(x 0,t) = u(x,t).

We show that the spherical means satisfy the wave equation (fw)y; = c*(0w),, of the
one-dimensional case. It holds

// :U—i-Hztdz—// lix—i—&zt)dz iw
A lello=1 Iella=1 € OFF e

The formula of Darboux for the spherical means yields (6%wg)g = A, (0*w). Tt follows
Owy = 0 A,w = 1 (AL (07w)) = L% (0Pwy)g = *(Bw)gg

For the one-dimensional wave equation, we obtain the solution (4.3), i.e

O+ct

1
Ow(z,0,t) =3 ((9 + ct)w(x,0 + ct,0) + (6 — ct)w(z,0 — ct,0) + - / sw(z, s,0) ds) :
0

—ct
Applying the symmetry w(z, 0 — ct,0) = w(x, ct — 0), it follows
O+ct
w(z,0,t) = 55 [(ct + O)w(x,0 + ct,0) — (¢t — O)w(x,ct — 0,0)] + 555 / swy(z, s,0) ds.
o

—ct

For a general function f € C*, it holds
hm 129 [flct+0) — f(ct —0)] = f'(ct) =L Lf(ct).
It follows

hII(l] [(ct + O)w(z, 0 + ct,0) — (ct — O)w(z,ct — 0,0)] = - & et - w(z,ct,0)] = A.
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The function w and thus w; are symmetric with respect to 6. It follows

0+-ct ct+0 ct—0
/ sw(x,s,0)ds = / swi(z,s,0) ds +/ swi(x,s,0) ds
0 c

—ct t—0 O0—ct

ct+0
= / swy(z, s,0) ds.
ct—0
We obtain
ct+6
él_r)%@/ swi(z, s,0) ds = twy(z, ct,0) =: B.
It follows

u(x,t)=A+B=— ( // o(z + ctz) dz) // uy(z + ctz) dz.
dt \ 4w llzll2= 1 ||z]|2= 1

We calculate using the product rule of differentiation

d [t
& (E //|Z|2 ) UO<$ + CtZ) dZ)

= // o(x + ctz) dz+— / (c2)"Vug(z + ctz) dz.
l[zll2=1 l[2ll2=1

The substitution
y:=1x+ctz, dy = (ct)*dz

yields the formula (4.5). The area of the surface of the sphere {y : ||y — x|z = ct} is just
47(ct)?. Thus it holds y — 2 = O(t). For ¢t ~ 0, the formula (4.5) implies

u(z,t) & ug(x) + tuy ().

Hence the initial conditions are satisfied. O

We encounter again the finite speed c¢ for the transport of information.
Given a point (7,f) with Z € R? and ¢ > 0, the solution u(Z,?) depends on
the initial values in the set {x € R?: ||z — Z||s = ct}.
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4.2 Finite difference methods

Firstly, we discuss finite difference methods in the case of one space dimen-
sion. Secondly, we generalise the strategy to the multidimensional case.

One space dimension

We apply finite difference methods to a wave equation with source term

Pu  , Ou
= — T, t,u 4.6
5z = ¢ g2 T /@t u) (4.6)
including a single space dimension. The step sizes k,h > 0 are introduced
in time and space, respectively. Let the grid points be x; = jh and t,, = nh.

Typically, the partial derivatives are replaced by the difference formulas

0u u(x + h,t) —2u(x,t) + ulx — h,t h? 0*u
C ) = (o ht) = 2ule. 1) ol )+126x4(x+19h 0
0u w(x, t+ k) —2u(x,t) +u(ze,t — k) k*>0%
atz(a: t) = ( ) ;2 ) ( )+128t4(53t+77k:)

with —1 < 9,7 < 1. It follows the finite difference method
w (U =207 + U] = & (UL = 207 + U] + f (@1, UF)
or, equivalently,

Ut = U 2 (1= @) U+ s (U7 + U]

(4.7)
+ k2 f(z),t0,U}).

Hence we achieve an explicit two-stage method. The discretisation applies
a five-point star. The local discretisation error of this scheme reads

7(k, h) == B0zt + k) — LT (g 4 9D, ).

For u € C*, the consistency of order two follows from the uniform estimate

9ty

4
i7(k,h)| < k*L  max |2 o

2 2
51| Th'5  max
x€la,bl,t€[0,T)

2 velad),tel0,T]
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for z € (a,b) and t € (0,7T) for arbitrary a,b € R and T > 0.

We consider the Cauchy problem (4.2). For the given finite difference
method (4.7), we require the initial values UJQ and Uj1 for each 7. The
predetermined initial values imply

U) = uo(x;), U} = ug(z;) + kuy ().

However, this discretisation is just consistent of order one. To achieve an
overall method of second order, we apply the discretisation

splu(z), tr) — u(zj,t )] = w(zj, to) + O(kK?)
using the auxiliary time layer ¢t 1 = —k. It follows
Ujl = Ujil + Qkul(xj)
The finite difference method (4.7) yields for n =0
Ul = -U"+2(1 - A5)U) + A5 (U + Uy | + K f(5,0,U7).
and thus

Ul = U " +20

j —C /li—) o(z;) + 2 [UO(% 1) + uo(wj41)]
+ k2 f (x4, 0, up(x

i)

It follows the approximation

Ul = kun(y) + (1= s )uoly) + oz (ol 1) + up(w41)]
+ 5 F(2, 0,u0(xy)),

where all terms on the right-hand side are predetermined.

We discuss the Cauchy problem (4.1), (4.2), i.e., no boundary conditions
appear. The finite difference method (4.7) is applied (with f = 0). Let
r := £ be constant. We choose a finite interval z € [a,b] and h = %% for
some integer M. Let x; = a + jh. If R grid points are given in the time
layer t,, then just R — 2 new grid points can be used in the calculations
within the time layer t,.;. This proceeding is sketched in Figure 15. It
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Figure 15: Grid in finite difference method for pure initial value problem.

follows that M time steps can be done. We achieve an approximation in
the final point

&= atb f::Mk::Mrh:rb_T“,

which is independent of M assuming constant r > 0. The interval [a, b]
represents the domain of dependence for the numerical method (dependence
on initial values).

According to (4.3), the exact solution u(#, #) depends on the initial values for
T € [T — ct, &+ cﬂ, cf. Figure 14. Hence the method can only be convergent
if it holds
D(&,t) := [# — ct, & + ct] C [a,b] =: Dy(,1).
Otherwise, we can change the initial values for x ¢ [a, b] such that u(Z, ) be-
comes different, whereas the numerical approximation remains the same. In
this context, D and D, are called the analytical domain of dependence and
the numerical domain of dependence, respectively. It follows the necessary
condition
ct < b’Ta = r < %

If the step size h is given in space, then we obtain a restriction on the step
size k in time due to r = % However, this restriction is not as severe as in
explicit methods for parabolic problems, where r = % holds.

Furthermore, boundary conditions can be applied at © = a and/or x = b
for t > 0, see (3.4) and (3.5).
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We analyse the stability of the method via the concept of von-Neumann.
Typical solutions of uy = c*u,, read

u(x,t) = efAT=wt) — gmiwteite for \,w e R.

We obtain the factor o := —iw in this exact solution. It holds Re(a) = 0
and thus |e*| = 1. Perturbations in initial values are neither amplified nor
damped, since they are transported in time. In contrast, the heat equation
Uy = Uy, With solution u = e*e*? yields o = —\? < 0. It follows [e®*| < 1
for each \ # 0.

Now we apply the ansatz UJ' = e®""e%" in the finite difference method (4.7)
without source term (f = 0). It follows

_ea(n—l)kzei/\jh + 2 (1 _ 627“2) eomk;ei/\jh

+ 2r2? [eankjei/\(j—l)h + eankei)\(j+1)h] .

ea(n+l)kei/\jh —
We divide by e®*e%" and obtain
ek — ook 4 o (1 _ c27°2) 1 [ei)\(—h) I ei)\h} .
For ¢ := e®* it follows the quadratic equation
§+(4rcsm (Ah) )f—l—lz().
We use the abbreviation b := 4r%c? sin ( ) 2. Tt holds b € [—2,4r%c* —2].

The roots are
£1/p =1 [—bi N= 4} .

We assume the necessary condition 7 < 1. It follows b € [~2,2] due to
2¢2 < 1. Thus the roots become

Gip =% [-bxiVA- P
with 4 — b% > 0. It follows
2
1o =1 [(—b)2 + V4 — 12 } = 1.

Since |&| = 1 and || = 1 holds, the finite difference method (4.7) is
stable with respect to the criterion of von-Neumann provided that r < %

ol
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is satisfied. Moreover, the magnitude of the terms ¢ = e** agrees to the
structure of the exact solutions of uy = c?u,,. Due to the consistency
of the method, it follows the convergence of order two for r < % The
technique (4.7) is not convergent in case of r > 1.

Furthermore, the speed of the transport of information is finite in an explicit
method — both for parabolic and hyperbolic PDEs. In contrast, the speed
of the transport of information is unbounded in an implicit technique —
both for parabolic and hyperbolic PDEs. Thus explicit methods fit better
to the structure of hyperbolic PDEs, whereas implicit methods are more
appropriate for parabolic PDEs.

Multidimensional space

We consider the Cauchy problem (4.2) of the three-dimensional wave equa-
tion

0u Pu  0u  Ou

i 2 (agﬂ + 7 + 3Z2> + f(z,y, 2, t,u) (4.8)
including a source term f. The derivative in time is discretised by the sym-
metric difference formula using the step size k again. We use identical step
sizes h for the discretisations in the space variables. However, the difference
formulas may be different. Let the grid points be z; = jh, y, = ph, 2, = ¢h,
t, =nk and U? = u(xj,yp, 24, tn) the corresponding approximations. We

J:p:
apply discretisations of the form

N
82u . 1 TN
ax2(xjvypazqvtn) - 2 E:wu JH+v.p.a
v=—N

N

82'11/ . 1 yrmn
8—y2(:cj,yp,zq,tn) T2 Z WyUj pivg
v=—N

0*u 1l & J—
@(xj,yp,zq,tn) -2 Z quj,p,q—H/
v=—N
with the coefficients w?, w¥,w>; € R. The symmetric difference formula

of second order exhibits the coefficients wy = —2, w; = w_1 = 1. The
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symmetric difference formula of fourth order yields the set of coefficients

_ 30 _ _ 16 _ _ 1
Wy = —79, W1 = W-1 = 75, W2 =W-2 = —15-

The resulting finite difference method reads

urtt _our Ul

2:p,q J1-P,q 1-P,q
N N N
_ 2.2 TrINn yrimn ZTTN
= cr Z Wy j+v7p,q+ Z vaj7p+v,q+ Z vaj,p,qw
v=—N v=—N v=—N
2 n
+ k f('rjv ypa an tn7 Uj,pg)
with r := %

We analyse the stability criterion of von-Neumann in case of the wave equa-
tion (4.8) without source term (f = 0). The ansatz

noo_ eankei(/\xjh+)\yph+/\zqh)
YE2U

with arbitrary constants A;, Ay, A\, € R is inserted in the formula of the

finite difference method. A division by U, vyields with the abbreviation
£ = ek

N
5_ 2 4+ 5—1 _ 027"2 ( Z wgei)\muh + ,wgyyei)\yl/h + wlZ,eiAZ’/h> .
v=—N
We obtain the quadratic equation &2+ b€ +1 = 0 with b := —2 — ¢?r?A and

N
A= 3" wieh et g apzehh,
v=—N

We assume A € R and A < 0 in the following, which is satisfied by the
symmetric difference formulas. The roots &, & of the quadratic equation
satisfy [£12| = 1 in case of b* —4 < 0. It follows the demand

(-2 —c*?A)P <4 & 4A+FIPAT<0 & 4+FPA>0
and thus (using A = —|A| due to A < 0)

2
r <

SN
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We determine an upper bound for |A|. The triangle inequality yields suc-
cessively

N
Al < Y lwp] + [wl] + Jwj| =: B. (4.9)
v=—N
Thus the stability criterion of von-Neumann is satisfied in the case

2 2
< < .
VB c/|A]

We recover the one-dimensional and two-dimensional case of the wave equa-

tion by omitting the coefficients w? or w’. Assuming ¢ = 1, the following
table illustrates the restrictions \/LE on the step sizes in the symmetric finite

difference schemes of order 2 and order 4 (in space):

one-dim. two-dim.  three-dim.
- 1 -
order 2 1 = 0.707 B 0.577
order 4 Y2 = 0.866 \[—0612 L_05

A more detailed analysis shows that these bounds on r are also necessary
for the stability concept of von-Neumann. It follows a restriction on the
selection of the step size k in time for given step size h in space.
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4.3 Methods of Characteristics

We introduce the characteristic curves of a general PDE of second order
now. In case of hyperbolic PDEs, we construct a corresponding numerical
method.

Motivation

We consider a semi-linear PDE of second order
Augy + 2Bugy, + Cuyy = f(2,y, u, uy, uy) (4.10)

with solution u : R?> — R and constant coefficients A, B, C' € R. According
to the classification given in Chapter 1, the PDE (4.10) is

elliptic for AC — B? >0,

parabolic for AC — B%? =0,
hyperbolic for AC — B? < 0.

We are looking for a coordinate transformation £ = £(x,y), n = n(x,y) with
w(&,n) = u(z,y) such that the tranformed equation

A*wff + QB*w&? —l_ C*wm? - f(f? 777 ’UJ, wfa ’U)n)

satisfies A* = C* = 0. Consequently, we assume A # 0 or C' # 0 in (4.10).
Without loss of generality, let A # 0. The transformation is bijective, if
and only if it holds

det (gx gy) = &y — &§ynw # 0. (4.11)
Nz Ty
We obtain
Uy = We&p + Wy,

Ugpy = (wfffx + w{nnx)fx + w{&cw + (wn{&c + wnnnm)nx + wnnxx
= wé‘égi + 2wn§€x77x + wnnni + wf&xm + WyNaa

etc.
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It follows the transformed system

(A& +2B&&, + C&) wee
+2 (Afxna: + B(&xny + gynx) + ngny) Wen
+ (Ang + 2B77x77y + 07733) w7777 = f(€7 777 w7 w§7 w??)'

We want to achieve
A* = Aﬁg +2B&,&, + ng = 0,
C* = An’+2Bn.n, + C'77§ = 0.

We obtain two quadratic equations for g—’y” and ”—z, respectively. However,
the two quadratic equations are identical. To ensure that the coordinate
transformation is bijective, we need g—‘” # 1= due to (4.11), i.e., two differ-
ent solutions of the quadratic equation. For A # 0, the solutions of the

quadratic equation Au? 4+ 2Bu + C = 0 are

—B++vB? - AC
H1/2 = A :

The condition B> — AC' > 0 is equivalent to the existence of two different
solutions uq, o € R. Only for hyperbolic PDEs, we achieve a transformed
equation i

2B wey = f(§,n,w, we, wy).

The involved coefficient satisfies
B* = A&Em, + B(fmny + fynx) + ngny == _%<BQ - Ac)gyny #0

for &,,n, # 0.

Since A, B, C are constant, the relations §, = 1§, and n, = psn, yield the
transformation

=mr+y,  n=ppr+y.
For & = const. or n = const., we obtain straight lines in the domain of

dependence (z,y). These straight lines are the characterisitic curves. Due
to py # o, we obtain two families of characteristic curves.

103



Characteristic curves
We consider the semi-linear PDE

with non-constant coefficients A, B,C. We want to obtain a well-posed
initial value problem. In the domain of dependence, let a curve

K = {(z(1),y(1)) : T € [70, Tena] }

be given with z,y € C! and @(7)? + y(7)*> > 0 for all 7. In a Cauchy
problem, initial values are specified on the curve, i.e.,

u(x (), y(7)) = uo(7), g_ﬂx:x(ﬂ,y:y(ﬂ = u1(7) (4.13)
with predetermined functions wug, uy : 79, Tend] — R. Thereby, n = (ny,n9) is
a vector perpendicular to the curve K with ||n|l; = 1. Let ug € C*. The
derivative of u in tangential direction s = (s, s2) is given by

0| o = (), y())E() + g (@ (7), y(P)(T) = o).
Since s and n are linearly independent, the Cauchy problem specifies all
first-order derivatives u,,u, along the curve K. A further differentiation
yields second-order derivatives

. d L . . . d . . .
Uy = F-Uy = Uga® + UgyY, Uy = T-Uy = Uy T + Uyyl). (4.14)

For u € C?, it holds ., = .. Let f(7) := f(2(7),y(7),u(7), ue(7), u,(7)).
We write the relations (4.14) together with the PDE (4.12) as a linear system

A 2B C Uy f
 y 0 Uy | = [ s | - (4.15)
0 & 5/ \uy, i,

We want that the data w,u,,u, on K specifies a unique solution of the
PDE (4.12). It can be shown that each Cauchy problem (4.13) has a unique
solution if and only if the linear system (4.15) is uniquely solvable. Equiva-
lently, we demand that the determinant of the matrix in (4.15) is non-zero,
ie.,

Ay* — 2Biy + Ci* # 0.
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dy:

For simplicity, we assume & # 0. Due to y’ = 3 %, the opposite condition

yields the quadratic equation
A(y')? —2By +C = 0.

It follows the definition of characteristic curves.

Definition 15 (characteristics) The characteristic curves (or: charac-
teristics) of a second-order PDE (4.12) are the real-valued solutions y(x) of
the ordinary differential equation

/() = B(z,y) + /B(x,y)? — A(x,y)C(x,y)
e Az, y)

(4.16)

assuming A(zx,y) # 0.

It follows that the existence and uniqueness of a solution of the PDE (4.12) is
not fulfilled in the Cauchy problem (4.13), if the initial curve K is tangential
to a characteristic curve in some point. Vice versa, a unique solution exists,
if the initial curve K is never tangential to a characterstic curve. The
ODE (4.16) describes a family of characteristic curves.

For an elliptic PDE, it holds B2 — AC' < 0. Consequently, characteristic
curves do not exist. A unique solution of the Cauchy problem exists for an
arbitrary curve C. However, the initial value problem of an elliptic PDE is
not well-posed, since the solutions do not depend continuously on the initial
data.

For a parabolic PDE, it holds B?> — AC = 0 and thus ¢/ = % A family of
characteristic curves exists. However, Cauchy problems of the form (4.13)
are often not considered. For example, a pure initial value problem of the
heat equation demands just the specification of the initial values u at t =0
and not of the normal derivative wu;.

For a hyperbolic PDE, it holds B2 — AC > 0. Hence two families of charac-
tersistic curves exist. The initial curve K must never be tangential to one
of these characteristics. For example, this demand is satisfied for the wave
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equation uy = c*u,, in case of initial values u, u; specified at ¢ = 0. Char-
acterisitic curves are only interesting in case of hyperbolic PDEs, since the
Cauchy problems (4.13) are irrelevant for elliptic PDEs or parabolic PDEs.

Definition 15 remains the same in the quasi-linear case A = A(x, y, u, uy, uy),
B = B(x,y,u,uz,uy), C = C(x,y,u,uy, u,). However, the characteristic
curves depend on the a priori unknown solution in this case.

Numerical method

We consider a Cauchy problem (4.13) for a hyperbolic PDE (4.12). Two
families of characteristic curves exist, see Definition 15. The transport of
information proceeds along the characteristic curves. We can use this prop-
erty to construct a numerical method for the determination of the solution.

Along a characteristic curve, the linear system (4.15) does not exhibit a
unique solution, since the involved matrix is singular. In particular, it holds

A 2B C
rank |z gy 0| =2
0 =z vy

for £ # 0. Nevertheless, we assume that a unique solution of some Cauchy
problem exists, where the initial curve K is not tangential to some charac-
teristic curve. It follows that the linear system (4.15) has a solution along
the characteristic curve, which implies

A2B C f
rank | 2 vy 0 wu, | =2
0 = 9y u,
If we choose three out of the four column vectors, the corresponding deter-
minant is zero. In particular, it holds

AC f
det { £ 0 wu, | =0,
0 v
which is equivalent to
Aty + Cuyd — fiy = 0. (4.17)
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Another equivalent formulation is
AL o F o for a0 (4.18)
x Y

Hence we obtain an information on the change of w,,u, along the charac-
teristic curves. We introduce the abbreviations

_ B+VB*—AC B—B?— AC
N A A !

(07

) 6::

where a and (8 depend on x,y. It holds a # (3 for hyperbolic PDEs. The
relation (4.16) implies § = a4 and y = (4. The two families of characteristic
curves can be written as

Ko ={(z(1),y(1)) : §y = ai}, Ks={(z(r),y(r)) : y = Bi}.
The equation (4.17) yields

(4.19)

Aat, + Cu, = fiy = afi,
ABi, +Cu, = fy = Bfi.

These two equations can be used to determine u, and wu,.

(4.20)

Example: For the hyperbolic PDE wu,, — u,, = 2(y* — 2%), we solve the initial value
problem u(0,y) = y?, u,(0,y) = 0 analytically using the characteristic curves.

It holds A =1, B=0,C = —1. It follows ¥ = +1 in (4.16), i.e., « = 1, 3 = —1. The
characteristic curves can be written as

Ko:y=0C,+u, Ksg:y=0Cs—x
with constants C,, Cz € R. The equation (4.18) yields
Y e Ot ) — %(x, Cota) = 2((Cata)?—22) = 4C.x + 202,

—(z,Cs —x) — %(m, Cs—1x) = 2((Cs—2)*—2*) = —4Czr+ 2C3.

The initial values imply u,(0,y) = 0, u,(0,y) = 2y. It holds

w duy v du, du, dr du, 1
- = 2Ty _ T Yy -

dz’ ¢ dy de dy dz oy
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Integration with respect to x yields

Uy (2, Co + 1) —uy(z,Cy + ) = 2C,a% 4 2C2x — 2C,,
Uy (2,05 — ) + uy(z,Cy —x) = —2Cs2* 4 205 4 2C5.

Two characteristic curves (for fixed C,, Cjs) intersect in a point with the coordinates
:Z':%(Cg—ca), g:%<ca+05).
We obtain the equations

U (T,7) —uy(7,9) = 2(§—1)7*+2(§ — )°T — 2(§ — 7),
(T, 7) +uy(Z,9) = —2y+2)7%+2(y+ 2)*c + 2§ + ).

We can solve this linear system for u,, u, directly and obtain
ue(,y) = 20(L+ ), uy(a,y) = 2y(1 +2?).

We achieve the solution u via the integration

u(z,y) = u(zo, yo) + / Uy do + u, dy
J

along an arbitrary curve J interconnecting (zo,yo) and (z,y). We apply
o) = u(0.9)+ [ unlsp)ds
L Jo
= y? +/ 2s(1 +y?) ds
0

= v+ +yY).

We have chosen a particular curve 7, which yields simple calculation. Remark that also a

curve IC, or Kz can be applied. It is straightforward to verify that the function u satisfies

the Cauchy problem of the PDE.

Now we construct a numerical method to achieve an approximative solution
automatically. We consider a curve K, where a Cauchy problem (4.13) is
specified. We assume that the curve K is never tangential to a character-
istic curve of the PDE (4.12). On the initial curve, we choose the points
Py, ..., P,. Let z(P;),y(P;) be the coordinates of the points. The values

w(Pj), uy(P}), u,(P;) are also predetermined for all j =1,...,n.
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Figure 16: Grid in method of characteristics for PDE with constant coefficients.

In case of constant coefficients A, B, C', each family of characteristic curves
is a continuum of parallel straight lines, see Figure 16. For non-constant co-
efficients A, B, C, the characteristics represent general curves, see Figure 17.
Let ICg ) be the characteristic curve of the first family and IC(ﬂj) be the char-
acteristic curve of the second family, which are both running through the
point P;. The intersection of Ky through P; and ICgH) through Pj4
yields a new point @), for j = 1,...,n—1. We describe how the data z(Q1),
y(Q1), u(Q1), uz(Q1), uy(Q1) can be computed by the corresponding data
in P; and P,. Successively, the other points of the characteristic grid are
determined.

We discretise the corresponding ODEs y = az and y = [z of the two
families of the characteristic curves, see (4.19). According to the explicit
Euler method, it follows

y(Q1) —y(P) = a(P)(z(Q1) —z(P1)),

(4.21)
y(Q1) —y(Pr) = B(P2)(x(Q1) — z(P)).
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Figure 17: Grid in method of characteristics for PDE with non-constant coefficients.
Due to a = a(A, B, (), it holds

a(P) = a(A(z(P1), y(P)), B(x(Py), y(P)), Clz(P), y(P1)))

or, in a shorter form, a(P;) = a(z(P1),y(P;)) and likewise for 5. Hence
we can evaluate a(Py), 5(P,) directly. We obtain a linear system (4.21) for
z(Q1),y(Q1), which can be solved directly
_ YD) —y(P)to(Pr)x(Pr)—B(Ps)x(Ps)
1’(@1) —  YuUn)—ylun a(Pl)l—ﬁ(Plg) 2 2 :
_ a(P)y(Po)—B(P)y(Pr)+a(P)B(Py) (x(Pr)—2(P))
y(Ql) — yirs 2 ya(Pl)—ﬂ(PQ) 2 2)
It holds a(FP;) # B(P;) for all j. Hence a(Py) # [((F») is satisfied for P» suf-
ficiently close to P; due to the continuity of the functions. We achieve u(Q1)
by a first-order approximation according to a Taylor expansion

u(@Q1) = u(Pr) + ua(P1)(2(Q1) — (P1)) + uy(P1) (y(Q1) — y(P))-

To be able to continue the method in other grid points, we also require
approximations of u,(Q1),u,(Q1). The equations (4.20) allow for the de-
termination of u,,y,. We apply a discretisation like in the explicit Euler
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scheme again

( 1)a(Pr)(ue(Qr) = ua(Pr)) + C(P)(uy(Qr) — uy(F1))
FP)(y(Q1) —y(F)),

A(Py) B(P2)(uz(Q1) — up(P2)) + C(FP2)(uy(Q1) — uy(F))
= [(P2)(y(Q1) — y(F2)),

(4.22)

@

where

F(By) = [ (Py), y(Py), w(Py), ue(Fy), wy (Fy))-

A linear system appears for the unknowns u,(@Q1), u,(Q1), whose coefficient
matrix is
G (A(Pl)@( 1) (Pl))
- \A(R)B(P) C(P)
If holds

det G = A(P)C(R)a(Pr) — A(R)C(FP)B(Ps).

Thus det G # 0 is guaranteed for P;, P, sufficiently close to each other.
Hence we obtain u,(Q1), u,((1) from the linear system (4.22).

In the quasi-linear case A = A(x,y,u,uz,uy), B = ---, C = ---, this
method is feasible using the same formulas, since the data

A(PJ) - A(x(Pj)7 y(Pj)7 U(Pj)7 ux(Pj)7 uy(Pj))7 ete.
is directly available.

Now we want to achieve a method of characteristics, which is consistent of
order two. Therefore we discretise the ODEs via trapezoidal rule, i.e., an

implicit scheme. For the family of characteristic curves given by y = ax, it
holds

7(Q1) ) 7(Q1) ) z(Q1)
y(Q1) —y(P) = / ydr = / a(t)z dr = / a(z) dx
T(Py) T(Py) z(Pp)

and for y = B2 analogously. A discretisation by trapezoidal rule yields

y(Q1) —y(P) = 3(a(P1) 4+ a(Q1))(z(Q1) — z(P1)),
y(Q1) —y(P2) = 3(B(P2) + B(Q1))(x(Q1) — x(P)).
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Since a(Q1) = a(x(Q1), 5(Q1)) and B(Q1) = Bx(Q1), ¥(Q)), we obtain a
nonlinear system (4.23) for the unknowns x(Q1),y(Q1). Newton’s method

yields an approximative solution. Given the solution z(Q1),y(Q1) of the
system (4.23), the terms «a(Q1), 3(Q1) can be evaluated.

We apply the equations (4.20) to determine u,, y, again. The discretisation
of second order yields

(AP )a(Pr) + A(Q1)a(Q)) (ux(Q1) — ux(P1))
+(C(P1) + C(Q1))(uy(Qr) — uy(F1))
= (f(P) + f(Q1)(y(Q1) — y(F)),

A(Q1)

(A(R)B(R) + B(Q1)) (uz(Q1) — uz(F2))
+ (C(R2) + C(Q1)) (uy(Q1) — uy(F2))
= (f(P2) + f(Q1)(y(Q1) — y(12)).

For f = f(x,y), the evaluation f(@;) can be obtained from the solu-
tion x(Q1),y(Q1) of nonlinear system (4.23). Accordingly, a(Q1), 5(Q1)
are also known from z(Q1),y(Q1). We obtain a linear system (4.24) for
the unknowns u,(Q1),u,(Q1) again. It can be shown that the coefficient
matrix is regular for P, sufficiently close to P;. A formula for the unknowns
Uz (Q1), uy(Q1) can be derived by Cramer’s rule. Finally, the exact solution
satisfies

(4.24)

u(@1) :u(Pl)—i—/()iLdT:u(Pl)—I—/()uxdx—i—uydy
KS Kl

using the part of the characteristic curve IC(()}) from P; to (1, since it holds
u = u,T + uyy. Trapezoidal rule yields the approximation

w(@1) = u(Py) + 5(u(Pr) +ua(Q1)(2(Q1) — 2(P))
+ 5 (uy(P1) + u,(Q1)) (y(Q1) — y(P1)),

which is consistent of second order.

(4.25)

In the semi-linear case f = f(z,y,u, us, u,), we solve the equations (4.24)
together with (4.25) for the unknowns u(Q1), u.(Q1), u,(Q1), which repre-
sents a nonlinear system in general.
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In the quasi-linear case A = A(z,y,u, uy,uy), B=---, C =---, we solve
a nonlinear system consisting of (4.23), (4.24), (4.25) for the five unknowns

2(Q1), y(Q1), u(Q1), ux(Q1), uy(Qn)-

In the linear case (also with non-constant coefficients), all grid points can
be calculated a priori without the determination of u, u,, u,. However, this
is not a significant advantage. In the quasi-linear case, the grid points have
to be computed successively together with u,u,, u,.
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Chapter b

Hyperbolic Systems of First Order

We consider systems of PDEs of first order now. Hyperbolic systems exhibit
similar properties as hyperbolic PDEs of second order. For example, the
speed of the transport of information is finite again.

5.1 Systems of two equations

A semi-linear PDE of second order
A($, y)wm: + QB(x7 y)wxy + C(I‘, y)wyy = f(xa Y, Wy, wy)

can be transformed into a system of two PDEs of first order via u := w,,
v := w, using the compatibility condition w,, = wy,
Ay + 2B 0y + Oy = flaun)
vy —u, = 0.
More general, we discuss a system of PDEs of first order in the form
a1ty + biuy + vy + divy, = fi(z,y,u,v)
agty + bouy + covy + dovy, = folx, y, u,v)

with coefficients depending on x and y. Equivalently, we write the system

as
a; 1\ 0 (u by di\ O (u\ [ fi(z,y,u,v)
(o )z () G w)ay () = Gein) - oo
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We consider a curve K := {(z(7),y(7) : 7 € [70, Tena]} again. A Cauchy
problem is specified by initial conditions

w(@(7),y(7)) = uo(7r),  w(x(7),y(7)) = vo(7) (5.3)

with predetermined functions ug, vg : [79, Tena) — R. Thereby, we also obtain
the information % = 1y, v = vy along the curve K. Furthermore, it holds

. du o u . dv S
U= — = u,d + u, v, V= — = U, T + v,9.
dr vy dr vy

Together with the PDEs (5.2), we obtain the linear system

ai by ¢ dy (" J1
as b2 Co d2 Uy | f2
iy 0 0 fw] |u (54)
00 & 5/ \u 0

The determinant D of the involved coefficient matrix reads
D = y2(a102 — Clag) — Z.Uy'(aldg — dlag + blcg — Clbg) + LtQ(bldQ — dlbg).

We introduce the abbreviations

A=det [ . O :=det b dy :
as Co b? d?

(5.5)
— _1 al d1 bl C1
B oo () aa ()]

It follows D = Ay — 28B4y + Cd?. Again characteristic curves are defined
by the property D = 0, i.e., the linear system is not uniquely solvable.

Definition 16 (characteristics) The characteristic curves (or: charac-
teristics) of a system (5.2) of PDEs of first order are the real-valued solu-
tions y(x) of the ordinary differential equation

Jiw) = Bay)® w(%)zy; Az,y)Clz.y) (5.6)

with the functions from (5.5) assuming A(z,y) # 0.
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A curve including initial conditions (5.3) of a Cauchy problem must not
be tangential to a characteristic curve. We use the definition of the char-
acteristic curves to classify the systems (5.2) according to PDEs of second
order.

Definition 17 The system (5.2) of first order is called
elliptic if AC — B> >0,
parabolic if AC — B> =0,
hyperbolic if AC — B2 <0 .

A hyperbolic system exhibits two different families of characteristics, a
parabolic system has one family of characteristics and an elliptic system
does not include characteristics at all.

For the system (5.1), it holds a1 = A, by = 2B, d; = C, by = =1, ¢ = 1
and the other coefficients are zero. It follows A = A, B = B and C' = C.
Hence Definition 17 is in agreement to the classification of PDEs of second
order.

We can apply the characteristic curves to construct a numerical method for
solving the systems (5.2). Along a characteristic curve, it holds

a1b101d1
a26202d2<3
g 0 0] ="
0 0 & g

rank

since the matrix is singular. Nevertheless, we assume that the PDE system
has a solution of a Cauchy problem, where the initial curve is not a char-
acteristics. Consequently, the solution satisfies the linear system (5.4) also
along the characteristics. It follows

ap by ¢ dy f1
az by co do f2 <3
vy 0 0 a ]|~
0 0 =z y v

rank
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If we choose four columns of this extended matrix, then the corresponding
determinant results to zero. For example, it holds

ap by o f1
det a? b.2 ©2 f.2

z vy 0 u
0O 0 = o
= — Z(a1batt + ba fo + ax f1y — baf1T — a1 foy — asbi 1)
+ @(blcziif + CLQCly — Clbgjf — alcgy) = 0.

This relation can be used in a method of characteristics to determine the
solution of a Cauchy problem.

We consider the special case of a system (5.2)

0 (u by di\ 0 [u filx,y,u,v)

Y —~ — A 5.7

()G ()= Gion) e
ie.,a; =cy =1, a2 =c; =0. The system (5.2) is equivalent to a PDE of
the form (5.7) provided that the first matrix is regular. It follows A = 1,
B = %(bl +dy), C = bydy—bady. The characteristic curves of the system (5.2)

are defined by

/(1) = 3oy + do) % /L (b1 + d)? — (bida — body).
The system (5.7) is hyperbolic if and only if
L(b1 + d2)? > bidy — bads. (5.8)

We investigate the eigenvalues A of the matrix in (5.7). The characteristic
polynomial reads

det (U172 D) 2l A(by + do) + bidy — bady
by dy— A

and thus

A2 = 2(b1 + do) £ /(b1 + d2)? — 4(bidy — bads ).
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Hence two different eigenvalues \; and A exist if the condition (5.8) holds.
Consequently, the matrix in (5.7) is real diagonalisable (matrix is diagonal-
isable and all eigenvalues are real).

This property motivates the definition of hyperbolic systems of PDEs in-
cluding n > 2 unknowns.

Definition 18 (linear hyperbolic systems) A linear system of PDFEs

ou ou

—+A— = t :

oA = [t (5.9
with solution u : (xg,x1) X (to,t1) — R™ and a constant matriz A € R™"
15 called hyperbolic if and only if the matriz A is real diagonalisable.

In the case n = 2, a hyperbolic system (5.9) w.r.t. Definition 17 is also
hyperbolic w.r.t. Definition 18. Vice versa, a hyperbolic system (5.9) w.r.t.
Definition 18 is hyperbolic or parabolic w.r.t. Definition 17 for n = 2. A cor-
responding definition of elliptic and parabolic PDEs with n > 2 unknowns
does not exist. The special case n = 1 is always hyperbolic.

A hyperbolic system (5.9) can be decoupled in the following sense. Let
A = SDS™! with a regular matrix S € R™" and a diagonal matrix
D = diag(\y,...,\,) € R™". Using v := S~ tu, it follows
%JrA% = flx,t,u)
%—? +SDS1 % = f(z,t,u)
ST DS = S f(2,t,u)
858; v D 8%;u — Silf(l’,t,u)
Z+DP = S7f(x,t,50).

Defining g := S~ f, we obtain the equations
8vj ov;
it AT W)
ot | Vou
where the left-hand side is decoupled. In case of f = 0 (no source term),
the system (5.9) can be decoupled completely into n separate PDEs.

= gj(z,t,v1,...,v,) for j=1,...,n,
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5.2 Conservation laws

We introduce an example of a conservation law based on the conservation
of mass. Assume that a long tube is given, which is filled with gas. The
(mass) density p and the velocity v of the molecules shall be the same in
each cross section of the tube. Consequently, these values depend just on a
single space dimension along the tube and on the time. Let the velocity v
be a predetermined function, whereas the density is unknown a priori.

The mass of the gas within the space domain [z, 23] (21 < 29) in the tube
at time t is v
M (1, 29,t) := / p(x,t) de.
T

The flux of mass across a point x at time ¢ reads

f(p(a:,t),v(x,t)) = p(x,t) ’ U(:C,t).

In contrast to the density p > 0, the velocity v € R can be negative. The
conservation of mass implies that the amount of gas in [z1, 9] can change
only by the inflow or the outflow of gas at the boundaries. It follows a first
formulation of a conservation law

€2

T p(x,t) de = p(xy, t)v(x, t) — p(as, t)v(xe, t), (5.10)

where an integral in space and a time derivative is involved. We obtain a
pure integral form of the conservation law by an integration of (5.10) in the
time interval [t1,to] (0 < t1 < o)

To T2 12
/ plx,ty) de = / p(x,ty) da:+/ p(xy, t)v(xy, t) dt

1 1 ty

§ (5.11)
—/ p(xa, t)v(ze, t) dt.

tq

Assuming p,v € C', an equivalent partial differential equation can be ob-
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tained. It holds
t2 6
plavts) = plot) = [ ol )
tq

plassulenst) = plonsetont) = [ oot o) e

Inserting these equalities in (5.11) yields

/:2 /x [%P(l“»t) + %(p(x,t)v(x,t))] dz dt = 0. (5.12)

The integrand is continuous due to the assumption p,v € C!. Since the
equation (5.12) holds for arbitrary intervals [z1,x9] and [t, o], the funda-
mental theorem of variational calculus implies

Pt + (,OU)x = 0. (5'13)

We have achieved a pure differential equation of the conservation law. Re-
mark that (5.11) and (5.13) are equivalent for smooth solutions only. The
integral form (5.11) may have non-smooth or even discontinuous solutions,
which cannot satisfy the differential equation (5.13).

If the velocity v is not predetermined but a function in dependence on the
density v = g(p), then the PDE (5.13) exhibits the more general form of a
scalar nonlinear conservation law

pr+ f(p)e =0, (5.14)

where f is a given flux function. If v does not depend on the (mass) density
only, then other conserved quantities have to be added to obtain a system
with as many unknowns as equations. For example, we arrange

(pv)i + (pv*+p)y = 0 conservation of momentum
Ei+(wE+Dp), = 0 conservation of energy

with the momentum density pv, the energy E and the pressure p. The
pressure has to be specified as a function of p, pv, E according to the physical
laws of gas dynamics. For example, an ideal gas satisfies

p=(y—1)(E—3p0%) (5.15)
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with a constant v € R like v = %

We obtain the Euler equations of gas dynamics, which represent a system
of three conservation laws. The conserved quantities are

uy(z,t) p(x,t)
u(z,t) = [ uz(x,t) | = | pla, t)v(zx,t)
ug(x,t) E(x,t)

and the corresponding flux function reads

pv U2
fluy=| p*+p | = ud/uy + p(uy, us, us)
v(E +p) (ua/ur)(us + p(ur, ug, usz))

For the pressure, it holds p(u1, us, uz) = (y—1)(uz—3u3/w1) in case of (5.15).

In general, a system of conservation laws for m quantities v : R x R§ — R™
with corresponding flux function f : R™ — R™ exhibits the differential
equations

ur + f(u), = 0. (5.16)

An integral form like (5.10) is given by

—/ u(z,t) de = f(u(z,t)) — flu(zg, t)). (5.17)

A (pure) integral form of the conservation law (5.16) like (5.11) reads

/:QU(x,tg) de = /:QU(%tl) dz
[ty [ sty a

where the integration is done in each component separately.

(5.18)
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Hyperbolic systems

In the following, we assume that the flux function satisfies f € C'. This
assumption is given in most of the practical cases.

Definition 19 (hyperbolic system) A conservation law (5.16) is called
hyperbolic, if the Jacobian matrix % is real diagonalisable for all (rele-
vant) u. The conservation law (5.16) is called strictly hyperbolic, if the

system is hyperbolic and all eigenvalues of % are pairwise different.

In the linear case f(u) = Au, this definition is in agreement with Defini-
tion 18. In particular, each linearisation of a nonlinear system (5.16) is a
hyperbolic system, which can be decoupled. Most of the conservation laws
applied in practice are hyperbolic.

In case of several space dimensions, each space coordinate requires an own
flux function. Given three space dimensions (z, ¥, z), the conserved quanti-
ties u : R? x Ry — R™ satisfy the system

ug + fu)e + g(u)y + h(u). =0 (5.19)

with the flux functions f,g,h : R™ — R™. The system (5.19) is called
hyperbolic, if all linear combinations ozg—{t + ﬁ% + ’y% of the Jacobian ma-
trices are real diagonalisable for each «, 3,7 € R and all (relevant) values w.
Furthermore, a general conservation law with source term reads

U + f(u)x + g(u)y + h(u)z = q(:c, Y, 2, t, u)

with a function ¢ : R* x R§ x R™ — R™.

Example: Shallow water equations

We consider a single space dimension first. Let h(z,t) be the water level (height) of a river
and u(z,t) the mean velocity. Let the bottom of the river be planar. The one-dimensional
shallow water equations are given by the conservation law

D (RN, O ( wh Y _ (0
ot \uh oz \u*h+3gh?) — \0)"
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where ¢ is the gravitation constant. This system reflects the conservation of mass and
momentum written in dependence on the water level. If the bottom of the river exhibits
a profile given by a smooth function S(z), then it follows a conservation law with source

term
9 (h _|_2 uh B 0
ot \uh ox \u*h+ 1gh?) — \—ghS'(z))"

For a planar river bottom, it holds S(x) = const. and thus the above conservation law is
recovered.

In case of two space dimensions, the river bottom is specified by a profile S(z,y) and
h(x,y,t) represents the water level. Let u(x,y,t) and v(x,y,t) be the mean velocities in
the directions x and y, respectively. We obtain a conservation law with source term

9 h 9 uh 9 vh 0
5 uh | + B u?h+ gh? | + E" uvh = —gh%—s(x, y) |,
vh . uvh Y \v2h + Tgh? —gh%, (z,y)

where two flux functions are included. The system is symmetric in z and y. For a planar
river bottom S(z,y) = const., it follows a system of conservation laws. It can be shown
that the systems are hyperbolic. Remark that no three-dimensional shallow water equations
exist, since the third space dimension is given by the dependent variable h(z,y,t).

Weak solutions

Given a conservation law in the PDE form (5.16), a corresponding solution u
has to be smooth to satisfy the system per definition. However, non-smooth
or even discontinuous solutions are often physically reasonable. Hence we
will define weak solutions of conservation laws now.

We consider the initial value problem

ut+f(u)x = 0
u(z,t) = wug(z) for z € R

with solution v : R X Rf — R. If u € C' holds, then u is called a classical
solution. We always assume f € C'. We define the set of test functions

Cy:={¢:R* =R, ¢ € C*, supp(¢) is compact}.
The equation u; + f(u), = 0 implies that it holds
our + o f(u), =0 for each ¢ € C;
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in each point (z,t) € R x Ry. It follows

/ /+00 [pus + ¢f (u),] dvdt =0  for each ¢ € C. (5.20)

Remark that the integrand is continuous due to the above assumptions.
Integration by parts yields

/¢utdt: Jize /gbtudt o(z,0)u(x,0) /(btudt
+ooO +

—+00

of (s de = [of @IS — [ iy de=— [ 6uf(u) da

since the support of ¢ is bounded. Inserting these equations in (5.20) results

0o 00 +o0
[ wurosw) awa=— [ swoueoe G2
0 —00 —00
for each ¢ € C}. The partial derivatives have been shifted to the smooth
test functions. Now we can define a broader class of solutions.

Definition 20 (weak solution) Given a conservation law u;+ f(u), = 0,

a locally integrable function u : R x Ry — R is a weak solution if the
condition (5.21) holds for all test functions ¢ € C}.

On the one hand, a weak solution u satisfying u € C! is also a classical
solution. On the other hand, weak solutions may exist with u ¢ C'. Remark
that the condition (5.21) can be verified for locally integrable functions.
Whereas classical solutions of initial value problems are unique, many weak
solutions of a conservation law often exist. The generalisation to systems
of conservation laws is straightforward by components.

Moreover, the integral form (5.18) represents the conservation law, where
also just integrable functions are required. The condition (5.18) can be
evaluated for functions v € U with

= {u:R x Rf — R :u(-,t) piecewise continuous for each ¢t > 0,
0
f(u(z,-)) piecewise continuous for each x € R},
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for example. The condition (5.21) requires functions from the space
V:={u:R x Rj — R : ulocally integrable in R x Ry }.

Assuming v € U NV, it can be shown that u satisfies (5.21) for all test
functions ¢ € C} if and only if u fulfills (5.18) for arbitrary boundaries
5131<£E2,0§t1<t2.

Characteristic curves

As a motivation, we consider an initial value problem of the linear advection
equation
u +auy, = 0 (a constant)

u(x,t) = wug(x) for z € R.

The corresponding solution is
u(z,t) = up(x — at).

For uy € C! a classical solution results, whereas uy ¢ C! yields a weak
solution provided that wug is integrable. We define the characteristic curves
of the advection equation as a family of parallel straight lines

x(t) =&+ at
with the parameter £ € R. In particular, it holds
La(t) = a.
We obtain
u(z(t),t) = up(z(t) — at) = up(§ + at — at) = uy(§),

i.e., the solution u is constant along each characteristic curve.

Now we investigate a scalar nonlinear conservation law. Assuming u € C1,
it holds the equivalence

w—+ flu), =0 < w+ f(u)u, =0,

where the right-hand equation represents the quasilinear form of the con-
servation law. Let initial conditions u(x,0) = ug(z) be given. According to
the linear advection, we define characteristic curves.
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Definition 21 Considering a scalar conservation law u; + f(u), = 0, the
corresponding characteristic curves are the solutions of the ordinary differ-
ential equation

g (t) = f'(u(z(t), 1) (5.22)

for a given classical or weak solution w.

Assuming a classical solution v € C*, we conclude
gula@),t) = Gu((t),t) + (Fu(x(t), 1) G ()
= gu(z(t),t) + (Ful(t),t) f (u(z(t),1))
= gru(z(t),t) + g5 f(u(z(t),t)) = 0.
It follows that the solution is constant along each characteristic curve, i.e.,
u(z(t),t) = u(x(0),0) = ug(x(0)) for all ¢ > 0.

Consequently, the ODE (5.22) can be written as

() = f(u((0),0)) = f (uo((0))).

Since the right-hand side of the ODE is constant, the characteristic curves
are straight lines again. However, the straight lines are not parallel in gen-
eral. The information from the initial values u(z,0) = ug(x) is transported
along the characteristic curves with finite speed.

In case of linear hyperbolic systems u; + Au, = 0, it holds A = SDS™ !
Thus system can be decoupled into the the separate scalar equations

av]+)\3(96?—0 for j=1,...,m

with v := S~ 'u. Hence m families of characteristic curves exist, i.e.,
de(t)y=x = zt)=&+ Mt for j=1,...,m

with parameters £ € R. The transport of information proceeds along these
m families of characteristic curves in case of hyperbolic systems.
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Burgers’ equation

The Burgers’ equation represents a benchmark problem for scalar nonlinear
conservation laws, namely

u + (3u*) =0 (5.23)

X

Thus the flux function f(u) = %uQ is chosen relatively simple. The equiva-

lent quasilinear formulation for v € C" reads
uy + uu, = 0.
Hence the corresponding characteristic curves are
z(t) =&+ u(x(0),0)t for £ € R

We investigate a Cauchy problem u(z,0) = ug(z). If uy € C! holds, then
a classical solution u (u € C') exists in each space interval I := [a, b] for
0 <t < T;. However, the final time 77 may be small.

For example, we consider £; < & and the corresponding characteristic curves

r1(t) = & +uo(§1)t,  wa(t) = &2 + uo(§2)t.
Assuming ug(&1) # up(&2), these straight lines intersect at the time

& —&
(&) — uo(&1)

If up(&) > wo(&2) holds, then it follows 77 > 0. A classical solution is
constant along each characteristic curve, which implies u(z1(7T"),T) = uo(&)
and u(xo(T),T) = up(&2) in contrast to up(&1) # wp(&) Consequently, a
classical solution of (5.23) does not exist for ¢ > T or earlier. Nevertheless,
weak solutions of the Cauchy problem exist, see Definition 20.

T —

(5.24)

Since weak solutions typically exhibit discontinuities, we consider a corre-
sponding benchmark problem: the Riemann problem. A Riemann problem
consists of some conservation law together with initial conditions

et =0) = {

u;, <0

6, >0 (5.25)



Uk td x=st.

I =

o
<y

Figure 18: Shock wave for Burgers’ equation with u; > w,.

for constants u;,u, € R satisfying u; # u,. Hence a single discontinuity
appears at x = 0. Depending on the choice of the constants, two cases have
to be discussed.

Case 1: u; > u,
A unique weak solution exists given by

t .
u(z,t) = { Zl’ i i jt with s = 2(w + uy). (5.26)

Solutions of this type a called shock waves. The discontinuity from the initial
values at x = 0 is transported in time with the shock speed s. The value of
the shock speed will be derived in the next subsection. The corresponding
characteristic curves are illustrated in Fig. 18. The characteristics enter the
shock, which indicates a physically reasonable solution.

Case 2: wu; <u,

The shock wave (5.26) represents a weak solution of (5.23) again. The char-
acteristic curves are shown in Fig. 19. This weak solution is not physically
reasonable, since the characteristics leave the shock now. Nevertheless, an
infinite number of weak solutions exists in this case. The physically reason-
able solution is a rarefaction wave given by

uy, T < upt,
%7 Ult S X S u?“tv
Up, T > Upt.

u(z,t) =
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U [ x=st.

Us [

Figure 20: Rarefaction wave for Burgers’ equation with u; < .

Moreover, this weak solution is not smooth but continuous. Fig. 20 illus-
trates the corresponding characteristic curves.

In case of nonlinear systems of conservation laws, a Riemann problem (5.25)
typically implies shock waves as well as rarefaction waves in each component.

Shock speed

For systems of conservation laws u; + f(u), = 0, shock waves

u;, x < st

Up, T > st (5.27)

ute.0) = {

with u;, u, € R"™ often represent a weak solution. The corresponding shock
speed s € R has to be determined appropriately. For fixed t > 0, we can
choose M > 0 sufficiently large such that u(z,t) = w; holds for all x < —M
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and u(x,t) = u, holds for all x > M, since the transport of information is
finite in hyperbolic equations. On the one hand, the general relation (5.17)
yields

%/M u(z,t) de = f(u(=M,1)) = f(u(M, 1)) = f(u) = f(ur).

On the other hand, the specific solution (5.27) implies

/M u(z,t) de = (M + st)u; + (M — st)u,

and thus

d M

T /_Mu(:n,t) dz = s(u; — u,).
It follows the Rankine-Hugoniot condition

flu) = flur) = s(u — uy). (5.28)
For systems of conservation laws, the condition (5.28) represents m equa-
tions for the scalar shock speed s. Hence this condition will not be satisfied

for arbitrary w;,u, in general. For linear systems with f(u) = Au with
A € R™™ the condition (5.28) is equivalent to

A(up — uy) = s(u; — uy).

Thus u; — u, has to be an eigenvector of A and the shock speed s results to
the corresponding eigenvalue.

In case of the Riemann problem (5.25) for scalar conservation laws, the
shock wave (5.27) always represents a weak solution provided that

. f(ul) — f(ur)

ul_u'r

Strictly speaking, we have just shown that the criterion (5.28) of Rankine-
Hugoniot represents a necessary condition. It can be shown that the con-
dition is also sufficient. In case of the Burgers’ equation (5.23), the shock
speed reads

1,2 1,2 1
sUT — 35U slu+up)(u —u
S = 2 277" 2( : r)( l T) :%(Ul‘{‘uT))

Uy — Uy u; — Uy
which has been already used in (5.26).
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5.3 Numerical methods for linear systems

In this section, we discuss finite difference methods for linear hyperbolic
systems. The linear case illustrates the typical behaviour of the numerical
techniques, which are generalised to the nonlinear case in Section 5.4. The
solution of initial value problems of linear hyperbolic systems can be de-
termined exactly by decoupling the equations, i.e., without using numerical
methods.

Preliminaries

We consider a linear system of conservation laws

ou ou
5 + I 0 (5.29)

with solution u : R x R§ — R™ and a constant matrix A € R™*™. As
initial conditions, let a Cauchy problem

u(z,t =0) = up(x) for x € R (5.30)
be given with a predetermined function uy : R — R™.

To construct finite difference methods, we introduce a grid in the domain
of dependence. Let h = Az and k£ = At be the step sizes in space and time,
respectively. We consider the grid points

(xj,t,) = (jh,nk) for jeZ, neN,.
We also apply the intermediate points
._ h (1
Tpri=ai+y = +g)h

Let uj := u(z;,t,) be the evaluations of a classical solution in the grid
points. We want to determine approximations U;' € R™ for . In case of
a weak solution, the pointwise evaluation u} is not well-defined in general.
Alternatively, the value U} can be seen as an approximation of the cell

average
1

1 z3+§
u; = —/ u(x,t,) dx. (5.31)



The integral form of the conservation law describes the evolution of the
cell averages in time. The initial values U jQ are defined either pointwise by
up(x;) or as cell averages ﬂ?. A comparison to the exact solution is feasible
by using the function

U(z,t) == U} for (x,1) € [w;_1, 1) X [tn, tns1). (5.32)

This piecewise constant function exhibits just the subscript k, since the ratio

% of the step sizes is assumed to be constant. Thus & — 0 is equivalent to
h — 0.

A finite difference method determines the approximation U jl in the first time
layer by using the initial values U jQ. Successively, a one-stage method applies
the data U}" to obtain the approximations U ;‘H. In a multi-stage method
with [+1 stages, the data U;H, e U}l_l, U;' yield the approximations U;‘H.
However, we consider only one-stage methods in the following, since multi-
stage methods are not used in practice for conservation laws.

The Cauchy problem (5.29), (5.30) defines a solution in the complete domain
of dependence R x R*. In a numerical method, we have to choose a bounded
domain. Let the interval a < x < b be given in space. Boundary conditions
are required at the boundaries of this finite interval. In case of periodic
initial conditions uy with period b — a, periodic boundary conditions

u(a,t) = u(b,t) forall t>0

are reasonable. However, this situation is rather seldom in practice. Alter-
natively, a Riemann problem (5.25) implies the conditions

u(a,t) =u;, u(b,t)=wu, for 0<t<T (5.33)

provided that the boundaries are sufficiently far away from the initial dis-
continuity at x = 0, since the information travels with finite speed. In
particular, the boundary conditions (5.33) are feasible with u; = u, = 0 in
case of initial data ug with compact support.
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Construction of finite difference methods

Many finite difference methods are feasible for solving linear hyperbolic sys-
tems (5.29). Often the methods result from replacing the partial derivatives
by difference formulas. For example, using the explicit Euler scheme in time
and a symmetric discretisation in space yields

PO = Up) + Agy (U = Upy) =0 (5.34)

and thus
1 k
Ut =07 — 5= AU, = U ) (5.35)
However, the method (5.35) is unstable, which can be shown by the concept
of von-Neumann. In contrast, a discretisation via the implicit Euler scheme

results in a stable method, i.e.,

LUt - Up) + A (U - U =0, (5.36)

If N grid points are given in space, it follows a linear system with m/N alge-
braic equations for the unknown approximations. Thus a significant com-
putational effort appears in comparison to an explicit method like (5.34).

For parabolic PDEs (like the heat equation), we obtain significant restric-
tions on the step sizes in explicit methods by the stability. In case of implicit
methods, these restrictions are not given. For hyperbolic systems, the same
situation appears qualitatively. However, the conditions on the step sizes
are less strong in the explicit techniques. It follows that explicit methods are
more efficient than implicit methods in case of hyperbolic PDEs. Moreover,
explicit methods mimic the finite speed of the transport of information in
hyperbolic systems. Consequently, we consider just explicit techniques in
the following.

The explicit finite difference method (5.35) can be modified into a stable
method via a substitution of the central approximation U} by the arithmetic
mean of the neighbouring approximations. It follows the Lax-Friedrichs
method

U7t =5 (U + Uly) = 57 A (U — ULy - (5.37)
A simpler choice of the difference formula for the space derivative yields

B -0 A U - U) =0
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and thus
n+1 n k n n
Ut =ur —ka(ur - ur ). (5.38)

Alternatively, a similar scheme is obtained by
n+1 n n n
P (U =Uf) + Az (U - UF) =0
and thus
n+1 n k n n

The methods (5.38) and (5.39) are called the upwind methods due to the ap-
plications in gas dynamics. However, a necessary condition for the stability
of the technique (5.38) is that all eigenvalues of A are non-negative. Like-
wise, the scheme (5.39) requires that all eigenvalues of A are non-positive.

Furthermore, methods of higher order can be constructed via a Taylor ex-
pansion. Assuming a classical solution u € C? in time, we obtain

u(z,t+ k) =u(z,t) + ku(z,t) + $k2uy(z, t) + O(k?). (5.40)
The linear conservation law (5.29) allows for the substitutions
Uy = — Ay, Uy = —Auy = —Augy = —A(—=Auy), = Auy,. (5.41)
It follows
u(z,t+k) = u(z,t) — kAug(z,t) + 3k? A%ug,(z,t) + O(KP).

We replace the derivatives in space by symmetric difference formulas of
second order, which results in the Lax- Wendroff method

U = U = S AU = Up) + AU — 207 + UL (542

A one-sided discretisation of the space derivatives yields the Beam- Warming
method
UMt = U — 3- AU — AU + U ) + 35 A2(UP — 207, + UT,). (5.43)

Likewise, methods of higher order can be derived.
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Table 1: Finite difference methods for linear systems u; + Au, = 0.

name formula
expl. Euler UT‘H =Ur - & L AUr, - U
impl. Euler U"Jrl Ur — k A(an_:'ll U]”_J’ll)

upwind (left-hand) U = Up — EA(UF — U )

J

h
upwind (right-hand) U”Jrl ur — %A(U}Erl - U

J J

Lax-Friedrichs U"Jrl (U" + UJ”H) k A(UJ"Jrl — Uj’{l)

Lax-Wendroff U”Jrl U]"— "“A(U]’”grl ur,)
+2h2A2(Ugn+1 — 207+ U},)

. n+1 n k n n n
Beam-Warming Urtt =U; - s ABUR —4UT | + U )
+WA2(U]” —2U}, + U}l_Q)

The above techniques are constructed using the differential equations. How-
ever, we are also interested in weak solutions, which satisfy the correspond-
ing integral formulation. It is surprising that methods based on the differ-
ential equations are often suitable also for weak solutions, which are neither
smooth nor continuous.

Consistency, Stability and Convergence

We analyse the convergence of explicit finite difference methods now. This
analysis is similar to the case of ordinary differential equations.

We require a specific notation. Let the application of a one-stage method
be given by a operator Hy, i.e.,

Un+1 — Hk(Un>, U]n—l—l — Hk(Unyj)a

where U" is the vector including all approximations U;" € R™. For example,
the method (5.35) implies the operator

HL (U™ j) =U — 3 A (Ul — U Y) (5.44)

J
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The difference operator H; can also be applied to a function v : R — R™.
Thereby, the difference formula is centered around an arbitrary point z € R.
In case of (5.35), the evaluation Hj(v) is defined by

Hi(v;2) = (Hi(v))(2) = v(2) = ;A (v(@ + h) = v(z — 1))

In particular, the difference operator can be applied to the piecewise con-
stant function (5.32). It holds

Uk(x,t—l—k:) :Hk(Uk(-,t);x), (5.45)

where the evaluation of the operator coincides for the discrete data and the
constructed function. Due to this identity, we apply the same symbol in
our notation.

We consider just linear methods in this chapter, i.e., the operators H; are
linear. Hence it holds

Hy (U™ + V") = aHp (U") + PHE (V") (o, B € R).

The operator is also well-defined in case of an infinite number of grid points,
where U" € R*® holds. In case of a grid with IV points, it follows U" € R™.
Thus the operator is given by a matrix of size mN x mN. The method can
be written as U""! = H,. U™ using the same symbol for the operator as well
as the matrix.

We are interested in the error of the approximations with respect to the
exact solution. In case of classical solutions, the global error is defined by

no.__ [N _ N
Ej .—Uj u; .

In case of weak solutions, we consider the errors with respect to the cell
averages, 1i.e.,

Ej" = U]n — ﬂ?
We define the error function
Er(z,t) .= Ug(x,t) — u(x,t) (5.46)

using (5.32). It follows the pointwise evaluations ET in (z;,t,) and the
corresponding cell averages E;L The convergence of the method is defined
via the global error.
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Definition 22 A method U™ = Hi(U") with the global error (5.46),
where Ug(x,t) is computed recursively using Hy and the initial data wuy,

is called convergent with respect to a norm || - ||, if it holds
lim [| B (-, £)[| = 0 (5.47)

for each t > 0 and all initial values uy (in some class).

The convergence of a method depends on the choice of the norm. For
simplicity, we consider a scalar function v : R — R. In case of a classical
(or at least continuous) solution, the convergence is optimal in the maximum
norm

[0]loe = sup{Jv(z)| : € R}.
In case of weak solutions, the integral form of the conservation law suggests
the integral norm

loll = /_m ()| da. (5.48)

0
We apply the norm || -||; and write simply ||-|| in the following. The integral
norm can be applied to the discrete data via

400
10"l = Uk ta)ll =2 YU (U} €R). (5.49)

j=—o0

The convergence (5.47) is defined for a vector-valued error function (5.46).
The method is convergent if and only if the global error converges to zero
in each component. Hence we consider the norm component-wise. A cor-
responding vector norm can be applied. For example, the maximum norm
yields

lim || Bx( ) =0 e lmmax{|[(Bi( t)li:p=1,...,m} =0.

Since the global error cannot be estimated directly, we require further con-
cepts to analyse the convergence. We insert the exact solution of the con-
servation law into the formula of a finite difference method. For example,
the Lax-Friedrichs method (5.37) can be written in the form

LU (U L) ¢ BAW - U ) =0 (550)
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The local error follows from an evaluation at an exact solution, i.e.,

Li(x,t) = % (u(a:,t+ k) — % (u(x — h,t) + u(z + h,t)))
- A (u(z + h,t) — u(z — h,t)).

If the solution is sufficiently smooth, a Taylor expansion yields (u = u(x,t))

Li(x,t) = 1 ((u+ku + 5k uy + O(K)) — (u+ 3h%uz + O(R)))
+5-A (2hu, + O(R?))
= u; + Au, + 1 (kzutt — %Zum) + O(k?),
(5.51)

where r := * is assumed to be constant. Since u satisfies the differential
equations (5.29), we apply the substitutions (5.41) and obtain

>

Li(z,t) = Lk (A2 - ;;—31) Uge(, 1) + O(K2). (5.52)
It follows the pointwise convergence

llgir% Li(x,t) =0 for each x € R and each t > 0.

The partial derivatives of the solution can be bounded by the derivatives
of the initial values uy. For each component p = 1,....m, we obtain an

estimate
|(Li(z,t)),| < Cpk  for all k < ko

and arbitrary z, i.e., also in the maximum norm. The constants C), depend
just on the initial data wug of the solution. If the support of the initial values
is compact, then it follows a finite integral norm for each ¢ > 0 and it holds

[(Li(-,)|l1 < Cpk for all k < ky,

where the constants C’p depend on the initial data.

Likewise, the consistency of a general one-stage method can be defined.
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Definition 23 A finite difference method U™ = H(U™) with the local
error

Li(x,t) = 1 [u(z, t + k) — Hi(u(-,); 2)] (5.53)

15 called consistent, if it holds

lim || Lg(- =
lim | Li(-, 1) = 0

for each t > 0 and all initial values uy (in same class). A finite differ-
ence method is consistent of order q, if for each initial values with compact
support and each T' > 0 some constants C;, > 0 and ky > 0 exist such that

ILi(, )| < Crk? for all k < ko, t <T. (5.54)

Again the consistency depends on the choice of the norm. We consider the
integral norm || - ||;. The application to vector-valued functions is done as
for the global error.

For a consistent method, the local error can be reduced by choosing suffi-
ciently small step sizes. However, the consistency alone is not sufficient for
the convergence of the method, i.e., a reduction of the global error.

To guarantee the convergence of a method, we require the stability of the
finite difference scheme. The local error (5.53) implies

u(z,t + k) = Hg(u(-,t);x) + kLi(x, t). (5.55)

Using (5.45), the linearity of the operator yields a recursion for the global
error

Ep(r,t+ k) = Hp(ER(-,t);x) — kLg(x,t). (5.56)

The global error at time t + k consists to two parts: a contribution of the
global error in the previous time layer and a new contribution from the
current local error. We solve the recursion and obtain at time ¢,

Ey(- tn) = H(Ei(-, kZH’”Lk i), (5.57)

where H! denotes the i-fold application of the operator Hy.
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The global error (5.57) includes an error from the initial values, which results
from changing the initial function uy into discrete data. However, this
error vanishes in the limit case h — 0. The global error is bounded at
time ¢, provided that the local errors in (5.57) are not accumulated by the
evaluations of the operators Hj. It follows the concept of stability.

Definition 24 The finite difference method U™ = H(U™) is called stable
(according to Lax-Richtmyer), if for each T > 0 it exist constants Cs > 0
and ko > 0 satisfying

[HE < Cs for all nk < T, k < k. (5.58)

The definition of the stability involves the norm of the operators H}. For a
linear operator G : R® — IR, the operator norm is given by

IG(W)I
IV

1G]l := sup (V e R¥),
VA0

where we apply the norm (5.49) on R*>. This norm is generalised to a
system of equations by considering the maximum again. In case of N grid
points in space, an arbitrary vector norm can be used on R™V.

Since it holds ||H}|| < ||[Hk||", the condition ||Hy|| < 1 is sufficient for the
stability of the method. Some growth of the operator norm is allowed. For
example, the condition

|Hi|| <1+ ak forall k< kg
implies
IHE < [[Hel™ € (14 ak)" < e < e for all nk < T,
i.e., the stability property (5.58).

We reconsider the Lax-Friedrichs method (5.37) in case of the linear advec-
tion equation u; 4+ au, = 0, 1.e.,

Ut =5 (Ufy + Uly) = 5 (U = UFy)

140



The corresponding norm (5.49) on R* becomes

400
\Umy = ny st

j=—00

+00 +00
< 4|3 -l 3 e gdonl]
——00 j=—00
The condition .
<1 (5.59)

guarantees that the coefficients are not negative. We estimate

[0 < 5[ (0= ) 35Ul + (14 5) 35 (U7
= L1 =) U™+ (1 + L) o] = (U

Thus the condition (5.59) implies ||Hy|| < 1 and the method is stable. The
derivation of the stability condition uses the same strategy as in the direct
estimation for parabolic equations in Sect. 3.3.

A linear hyperbolic system (5.29) can be decoupled into m linear advection
equations by a linear transformation. It follows that the Lax-Friedrichs
method is stable in case of

Aok
% <1 foral p=1,...,m, (5.60)

where )\, € R represent the eigenvalues of the matrix A.

The stability concept of Lax-Richtmyer agrees to the Lipschitz-continuous
dependence of the numerical solution with respect to the initial values. Let
U™, V" be the approximations computed from Uy, V), respectively. It follows

lum =vell = [[HE(UY) = He(VOl = [HE(U° = VO]
< IHE- U0 = VO < Cs|U7 = VOl

Alternatively, the stability concept of von-Neumann can be carried over to
the case of linear hyperbolic equations.
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As for ordinary differential equations, the convergence is equivalent to the
stability in case of consistent methods. This result is given by the equiva-
lence theorem of Lax.

Theorem 15 (Lax) Considering the linear hyperbolic system (5.29), let
the linear method U™ = H,(U™) be consistent. It follows that stability
(according to Lazx-Richtmyer) and convergence of the method are equivalent.

The proof can be found in, for example, J.C. Strikwerda: Finite Difference
Schemes and Partial Differential Equations. Wadsworth & Brooks/Cole,
1989.

We just show the more important part, namely that the stability implies
the convergence. The equation (5.57) implies

FER G o) | < IHEN - 1B H+kZHH” ULkt

The stability condition (5.58) allows for the estimate

IR ta) |l < Cs (Ek 0)] +kZHLk tia I)

If the method is consistent of order ¢, then the property (5.54) yields the
estimate

1Ex(-, )|l < Cs(|1 B (-, 0)|| + TCLE?)  for all k < ky

and each time nk = t, < T. If the error vanishes in the initial data, then
we obtain the convergence immediately. Otherwise, we demand that the
errors in the initial values exhibit the magnitude O(h?). We assume that
r= % is constant. It follows for t = ¢,

|Ek(-,t)]| < Cpk? forall t <T and k < k.

In particular, the order of consistency coincides with the order of conver-
gence.
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CFL condition

A linear hyperbolic system (5.29) can be decoupled into m separate linear
advection equations vy + Ajv, = 0, where A1, ..., A, € R are the eigenvalues
of the matrix A. It follows that the solution u in a point (z*,¢*) depends
on the initial values (5.30) at ¢ = 0 just in the space points

D", t"):={a" =M\t :j=1,...,m}. (5.61)
The set (5.61) is called the analytical domain of dependence of the solution.

A natural requirement for a numerical method is that the approximation
in a grid point (z;,t,) is computed using initial data close to the space
points (5.61) for #* = z;, t* = t,. Otherwise, we could modify the initial
data such that the exact solution changes in (z;,,), whereas the numerical
approximation remains constant.

For example, we discuss the important case of an explicit method, where
the approximation U}" depends on the three previous approximations U, l"_l
for | =j—1,7,j+ 1. Successively, the approximation U}" is calculated by a
finite set of initial values U, see Fig. 21. It follows the numerical domain
of dependence

Dy(xj,t,) C{z: |z —x;] < nh}

at time t = 0. More general, a point (z*,t*) with t* = nk exhibits the
numerical domain of dependence

Di(z*,t") C {w: |x —2*| < b}
For constant r = %, the limit £ — 0 yields
Do(z*,t") == {z: |z — 2" < %}, (5.62)

since the grid points become dense in the limit. The numerical domain of de-
pendence (5.62) has to include the analytical domain of dependence (5.61),
1.e.,

D(z*,t*) C Do(x*,t"). (5.63)
The requirement (5.63) is called the CFL condition due to Courant, Fried-
richs and Lewy. We have shown that the CFL condition is necessary for the
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Figure 21: Numerical domain of dependence.

convergence of a numerical method. According to Theorem 15, the CFL
condition is also necessary for the stability in case of a consistent method.
Hence a consistent technique violating the CFL condition cannot be stable.

In our example, the CFL condition (5.63) results to the equivalent require-

ment
Aok
h

(" =\t —2*| <L & <1 (5.64)

forallp=1,...,m. On the one hand, the CFL condition coincides with the
stability condition (5.60) of the Lax-Friedrichs method (5.37). On the other
hand, the explicit Euler method (5.35) satisfies the CFL condition (5.64)
for sufficiently small step size k. However, the explicit Euler method is un-
stable for all step sizes. Hence the CFL property represents just a necessary
condition for stability.

In particular, a CFL condition has to be satisfied for one-sided methods like

the upwind schemes. Considering the linear advection equation u;+au, = 0,
the left-sided method (5.38) reads

n+1 n k n n
whereas the right-sided scheme (5.39) results to
n+l _ 7t k n n

Both techniques are consistent of first order. A corresponding CFL condi-
tion can be constructed, which depends on the sign of the velocity a. In
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case of a > 0, the CFL condition is never satisfied by the method (5.66),
whereas the method (5.65) fulfills the CFL condition for sufficiently small
time step size k. In case of a < 0, the properties are vice versa. Moreover,
the upwind methods are stable if and only if their CFL condition is satisfied.

Simulation of weak solutions

In the above analysis of consistency and convergence, we have assumed suf-
ficiently smooth solutions, i.e., classical solutions. However, weak solutions
appear in practice. We expect a corresponding critical behaviour for non-
smooth solutions. Typically, discontinuities appear at isolated locations. To
investigate the performance of the methods, we consider a Riemann problem
of the scalar linear advection equation

up + au, = 0, u:]Rx]Rg—ﬂR,

() = 1 for <0 (5.67)
0 1 0 for z>0.

with constant velocity a # 0. The unique solution is u(z,t) = uo(x — at).
Due to the discontinuity, a difference formula for u, becomes unbounded in
case of h — 0. The local error of the method does not converge to zero.
Thus Theorem 15 cannot be applied.

Alternatively, the initial data wug can be approximated by smooth func-
tions ug, where the limit ¢ — 0 recovers ug. Given a method, which is
consistent and stable for smooth solutions, it follows the convergence again.
However, the order of convergence can be reduced significantly. In particu-
lar, a numerical solution includes obvious errors using some finite grid.

The simulation of the Riemann problem (5.67) for a = 1 illustrates the
critical behaviour. We apply the Lax-Friedrichs method (5.37), the upwind
scheme (5.65), the Lax-Wendroff method (5.42) and the Beam-Warming
technique (5.43). Fig. 22 illustrates the results. The corresponding be-
haviour is typical:
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Figure 22: Numerical solutions using step sizes h = 0.01, £ = 0.005 (solid line) and exact
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solution (dashed line) of Riemann problem for a = 1 at time ¢ = 0.5.
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e Methods of first order yield smeared solutions, i.e., an incorrect nu-
merical diffusion appears. The shape of the discontinuity is not re-
produced. Nevertheless, the decay of the numerical approximations is
centered around the correct location of the discontinuity.

e Methods of second order reproduce the shape of the discontinuity sig-
nificantly better. The position of the discontinuity is resolved correctly
again. However, incorrect oscillations appear close to the discontinuity.

This qualitative behaviour of the finite difference methods can be explained
by the concept of modified partial differential equations.

Furthermore, the global error can be estimated with respect to the integral
norm (5.48) in case of the Riemann problem (5.67). Considering h — 0 and

% constant, it follows

|u(-,t) — Uk(-, )]s = Cth?  for each t >0

with ¢ = § in case of the Lax-Friedrichs method (5.37) and ¢ = £ in case of
the Lax-Wendroff scheme (5.42). Hence the classical order of consistency is
reduced significantly.
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5.4 Conservative methods for nonlinear systems

Now we construct numerical methods for general nonlinear systems of con-
servation laws

ur + f(u), =0 (5.68)

with an unknown solution u : R x Ry — R™ and a smooth flux function
f: R™ — R™ We assume that the system (5.68) is hyperbolic. A grid
xj = jh and t, := nk is applied again with step sizes h and % in space
and time, respectively. In particular, we want to determine approximations
of weak solutions of the system (5.68). Accordingly, corresponding cells
are considered in the domain of dependence, see Figure 23. The integral
form (5.18) of the conservation law (5.68) yields the equations

Ti+} Ti+}
/ u(z, tyy1) doe = / u(z, t,) do
X . X .

]7% tn—i—l ]7% tn-{-l

tn t'll

(5.69)

for each j € Z and n € Ny. Dividing (5.69) by h, we obtain an equation for
the evolution of the cell averages (5.31)

1 tn+1 1 tn+1

flule ) dt— [ flufey,p0) . (5.70)

n t’IL

Wt =4 4+~
hJi

Numerical methods are constructed using the equation (5.70) now.

Definition 25 (conservative method) A finite difference method is
called conservative, if it can be written in the form

n+l __ n n n iy
(]‘7 + = UJ I:F(Uj —p? U —p+1s - U]+q) (571)
—F(U"p LU J+q—1)}

with a fived function F : RPT — R™ and some integers p,q > 0.

The most important case is p = 0 and ¢ = 1 in (5.71), where the method
reads
urtt =Up = £ [F(U}, U}, — F(U-, U (5.72)

J
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Figure 23: Cells in grid for finite difference method.

For the formula (5.71), we apply the short notation
Uit =U} = 5 [F(U ) = F(U"j = 1)), (5.73)
where U™ represents the complete data at time ¢,. A comparison of (5.70)
and (5.73) shows that we want to achieve an approximation
1 tnt1
FU"j) ~ i flu(zjya,t)) dt. (5.74)

Thus the function F' is called the numerical flux function of the method.

n

To achieve a reasonable approximation in (5.74), a natural requirement is
that a constant flux function is approximated exactly, i.e.,

F(u,u,...,u) = f(u) for each (relevant) u € R™. (5.75)

Yet the condition (5.75) is not sufficient to obtain a convergent method. We
demand a slightly stronger property.

Definition 26 (consistency of conservative method)
A conservative method (5.71) is called consistent, if the local Lipschitz con-
dition

|FU,, U iy, USy) — fw)]| < C max ||Uj — ] (5.76)

It —p<i<q

holds for each relevant u € R™ with a constant C' (which may depend on u)
i an arbitrary vector norm.
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Sufficient for the Lipschitz condition (5.76) is the elementary property (5.75)
and F' € C'. Often f € C! implies also F' € C'. Obviously, the condi-
tion (5.76) implies (5.75).

Remark that we do not define an order of consistency in case of weak so-
lutions. A consistency of higher order typically requires sufficiently smooth
solutions. Smooth solutions are classical solutions, where the usual concept
of consistency applies. In contrast, weak solutions are not smooth.

Discrete conservation

Consistent conservative methods according to Definition 25 have an ad-
vantageous property in solving conservation laws, namely the principle of
discrete conservation. Let initial values u(z,0) = wug(z) be given with
up(xr) = u_o for © < a and ug(r) = uys for x > [. In particular, these
assumptions are fulfilled for initial values with compact support. We choose
a < band T > 0 such that

u(a,t) = u_oo, w(b,t) =uin forall 0 <t<T

holds. On the one hand, the integral form (5.18) yields

/ u(z,ty) de = / u(z,0) de —tn [f(Usoo) — f(t—00)] (5.77)

for ty = Nk < T. On the other hand, we sum up the formulas of the
conservative method (5.73)

L L L
j=J j=J j=J
L
= hY U} —k[F(U" L) - F(U";J —1)]
i=J

- hZU;? — k[ f(uso0) = fu-oo)]

using some J, L satisfying Jh < o and Lh > 3. We have applied the con-
sistency (5.75) of the conservative method in the last equality. Recursively,
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we obtain . .
WY UN =hY U} —tn[f(urs) = fuo)].
j=J j=J

We assume that the initial values are the exact cell averages, i.e., U jQ = .

j
It follows

L . 1
Ry U9 = / " u(z, 0) da.
j=J Ty
and thus
L . 1
Wy UN = / @, 0) A — tn[f (i) — Flus)l. (5.78)
j=J Ty

hy UN = / T w(z, ty) da, (5.79)
The finite difference method defines an approximating function (5.32) sat-

isfying
LL‘L+% CL'L_‘_%
/ Ur(z,ty) doe = / u(z,ty) de

=3 I3
due to (5.79). Hence the integral of the approximation U}, coincides with the
integral of the exact solution in case of a consistent conservative method.
No errors occur in the relation (5.79). The integral form (5.18) represents
a conservation law. In view of (5.79), the conservative method exhibits a
discrete conservation of the same quantities.

Construction of conservative methods

Now we want to obtain conservative methods of the form (5.72). Thereby,
we construct approximations according to (5.74), i.e., the time integral at
the intermediate space point is approximated by the data of the two neigh-
bouring grid points.
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A simple choice of the numerical flux function is given by

F(Uj,Uj) == f(U;) or F(Uj, Upa) := f(Ujs).

The consistency (5.75) follows straightforward in both cases. A correspond-
ing CFL condition determines the choice of either I] or F} in case of scalar
conservation laws (m = 1).

Alternatively, we approximate the integral (5.74) by the arithmetic mean
of the data in the two neighbouring grid points, i.e.,

F(UJ7UJ+1) (f( )+f( J+1))

Again the consistency (5.75) is obvious. It follows the finite difference
scheme

Uttt = U = £ [3f(U) + 5f(Uja) — 3£ (Uj1) — 5.5 (U;)]
— U — (AU - FU)].
This method is just the explicit Euler method (5.35) in the nonlinear case,
which represents an unstable scheme. Again the method can be stabilised by

replacing the central approximation U} by the arithmetic mean of the neigh-
bouring approximations. It follows the Lax-Friedrichs method, cf. (5.37),

Ut =5 (U + Uf) = o5 [f(U70) = FU)] -
The method can be written in the form (5.72) with the numerical flux
function

FU;,Ujp) = 55 (Uj = Uja) + 5 (f(U;) + f(Uj11))- (5.80)

Hence the method is conservative and the consistency (5.75) is satisfied.
The first term in (5.80) does not imply a reasonable approximation for the
integral (5.74). However, this term becomes tiny for U; ~ Uj;;. Thus the
first term just causes the desired stabilisation of the method. Furthermore,
the method (5.80) is convergent of order one in case of classical solutions.

Nonlinear generalisations of the Lax-Wendroff method (5.42) are also feasi-
ble. Considering sufficiently smooth solutions, the Taylor expansion (5.40)
exists. The conservation law (5.68) yields

up == f(We, wn = —f(W)ar = = f(W)w = —(Alw)ur)e = (A(u) f(U)2)e,
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where A(u) € R™ ™ represents the Jacobian matrix of the flux function f
assuming f € C'. We replace the time derivatives in the Taylor expan-
sion (5.40) and obtain

ule,t+ k) = ulw, 1) — kf(u), + (AW (),)s + OR).

Now we substitute the space derivatives by centered difference formulas of
second order. An inner as well as outer approximation is applied to the
term (A(u)f(u);).. It follows the scheme

Uit = U = 45 [F(U}) = F(U})]
AL (FUR) — FU) — A (F07) — F(U)

with A1 0= A(u(a:ji%)). Since the intermediate values u(;cji%) are un-
known, we replace them using a linear interpolation with the two neigh-
bouring values, which also represents an approximation of second order. It
follows

Uit = U = 35 [f(U) = F(UL)]
+ 5 [AGWUE + UZ D)) (F(UR) — FUT)) (5.81)
— AU, + UMW) = FU7)].
The corresponding numerical flux function reads
F(Uj,Uja) = 5 (f(U;) + f(Us1)) = 55 AGU; + Uj)) (f(Uja) — F(U)).

The consistency (5.75) follows from the first term, whereas the second term
cancels out. Thus the first term is crucial for approximating weak solutions.

(SIS

The second term can be seen as a correction, which causes a consistent
approximation of second order in case of sufficiently smooth solutions.

A drawback of the finite difference method (5.81) is that the Jacobian ma-
trices of the flux function have to be evaluated, which increases the compu-
tational effort. Similar finite difference methods can be constructed, which
avoid evaluations of the Jacobians. The Richtmyer two-step Lax-Wendroft
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method reads

U = (U UL~ (AU — P

y o (5.82)
= oy =g () - (U]
MacCormack’s method is given by
Ur = UP =5 [f(Up,) — F(UD)]
(5.83)

U = LU UY) 4 [F(U7) £ (U7)]

All three techniques (5.81), (5.82), (5.83) reduce to the original Lax-Wend-
roff method (5.42) in case of linear conservation laws (f(u) = Au). The
three methods are convergent of order two in case of sufficiently smooth
functions. Moreover, each method can be written in the form (5.71) with
a numerical flux function. Hence the methods are conservative. It can
be shown that the schemes are consistent according to Definition 26. In
conclusion, the three methods are also appropriate for the determination of
weak solutions.

The method (5.81) has been constructed based on a Taylor expansion as-
suming a sufficiently smooth solution. It is surprising that such methods
are also appropriate in case of weak solutions. Moreover, they have the ad-
vantageous property to achieve reasonable approximations in non-smooth
parts of the solution, whereas they switch automatically to approximations
of second order in smooth parts of the solution.

Considering discontinuous solutions like in a Riemann problem, the non-
linear generalisations of the Lax-Friedrichs method and the Lax-Wendroff
scheme exhibit the same behaviour as in the linear case, cf. Section 5.3. In
particular, the discrete conservation (5.79) can be observed in Figure 22.
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