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ABC for linear variable 
oe�
ients equations(Engquist-Majda)1D wave equation : ∂2
t − ∂2

x = −(∂x + ∂t)(∂x − ∂t).We annihilate the re�e
ted wave : (∂x − ∂t)u = 0.PSfrag repla
ements
x=0

u0(t+x) u0(t−x)

∂2
t − ∂2

x + α(t, x) + β(t, x)∂t + γ(t, x)∂x

= −(∂x − a(x, t, Dt))(∂x − b(x, t, Dt)) + S−∞where a(x, t, Dt) and b(x, t, Dt) are pseudodi�erential operatorsTransparent boundary 
ondition : (∂x − b(x, t, Dt))u = 0
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ABC for linear variable 
oe�
ients equations(Engquist-Majda)

a(x, t, τ) =
∑

j≥0 a1−j(x, t, τ) and b(x, t, τ) =
∑

j≥0 b1−j(x, t, τ)



























b1 = iτ and a1 = −iτ,

b0 =
γ − β

2

and a0 =
β + γ

2
,

b−1 =
−α + (β2 − γ2)/4 + (∂x − ∂t)(γ − β)/2

2iτ
= −a−1.

The k-th order absorbing boundary 
ondition is


∂x −
k

∑

j=0

b1−j(0, t, Dt)



u|x=0 = 0.
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Fig. 1 � ∂
2

t u− ∂
2

xu + ∂tu = 0. Relative error in L
2 in fun
tion of time. ab


−− order 0, −− order 1 and · − · order 2
4



Short-time behaviour of ABC

High frequen
y asymptoti
 expansions

Numeri
al frequen
ies = [π/T , π/∆t]

T ≪ 1 ⇒ only high frequen
ies

Thus, ABC always good for small times

Goal : We would like to re
over the properties of the Engquist-Majdamethod in the nonlinear 
ase
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Potential strategy

Linearization strategy

Numeri
al results
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Potential strategy

(i∂t + ∂2
x)u + |u|2u = 0

V (t, x) = |u(t, x)|2

(i∂t + ∂2
x)u + V u = 0

We 
an see this as a linear equation with a potential term and applythe Engquist-Majda method
⇒ We obtain BC involving V

ABC of order 0 : ∂xu +
√
−i∂tu = 0
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Potential strategy

(i∂t + ∂2
x)u + |u|2u = 0ABC order 1 : ∂xu +

√
−i∂tu = 0ABC order 2 : ∂xu +

√
−i∂tu + |u|2/2

√
−i∂t

−1
u = 0ABC order 3 :

∂xu +
√
−i∂tu + |u|2/2

√
−i∂t

−1
u + i∂x(|u|2)/4∂−1

t u = 0

√
−i∂t and √

−i∂t
−1 are approximated using quadrature formulas

Other models : rea
tion-di�usion, semi-linear wave equation
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Linearization strategy

(i∂t + ∂2
x)u + u∂xu = 0Linearize around u : (i∂t + ∂2

x)v + u∂xv + ∂xuv = 0This is a linear equation for v with 
oe�
ients u(t, x) and ∂xu(t, x)We may apply the Engquist-Majda method

⇒ We obtain BC for v involving u and ∂xuWe have then to 'unlinearize'For example, (∂x +
√
−i∂t)v + uv/2 = 0is unlinearized to give the �rst order ABC :

(∂x +
√
−i∂t)u + u2/4 = 0

9



Linearization strategy

(i∂t + ∂2
x)u + u∂xu = 0ABC order 0 : ∂xu +

√
−i∂tu = 0ABC order 1 : ∂xu +

√
−i∂tu + u2/4 = 0ABC order 2 : ∂xu +

√
−i∂tu + u2/8 −

√
−i∂t

−1
(u∂xu/4) = 0Problem of the linearization strategy :It is not always 
lear how to 'unlinearize'Other model : semi-linear wave equation
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Numeri
al results
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(i∂t + ∂2

x
)u + |u|2u = 0 : relative error
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Fig. 2 � Potential strategy −− order 0, −− order 2 and · · · order 3.
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(i∂t + ∂2

x
)u + u∂xu = 0 : relative error
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Fig. 3 � Linearization strategy −− order 0, −− order 1 and · · · order2.
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(i∂t + ∂2

x
)u + u∂xu = 0 : relative error
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Fig. 4 � Linearization strategy −− order 1, and potential strategy −−order 1.
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(i∂t + ∂2

x
)u + u∂xu = 0 : relative error
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Fig. 5 � Linearization strategy −− order 2, and potential strategy −−order 2. 15



Optimality of the ABC



















(i∂t + ∂2
x)u + u∂xu = 0 in ]0, T [×]0, 2[

∂xu −
√
−i∂tu − α u2 = 0 at x = 0

∂xu +
√
−i∂tu + α u2 = 0 at x = 2order zero : α = 0, order 1 with potential strategy : α = 1/2, andorder 1 with linearization strategy : α = 1/4

α = 0 α = 1
8 α = 1

4 α = 1
2 α = 1 α = 2 α = 5 α = − 1

40.0231 0.0136 0.0042 0.0155 0.0551 0.1390 0.3463 0.0601Tab. 1 � Maximum of the relative error for 0 ≤ t ≤ 10 and for various
hoi
es of α.
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Con
lusions and perspe
tives

• We have extended the method of B. Engquist and A. Majda tononlinear problems in two ways : the potential strategy and thelinearization strategy
• The linearization strategy behaves better
• Improve the method for long-time 
omputations
• Extend the results to dimension d and 
urved boundaries
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