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THE LSE WITH PERIODIC POTENTIALS AT INFINITY

Time-d problem reads:

iUt + Uxx = V(X)U, Wave packet
u(x,0) = up(x). /

V(x): periodic at infinity; N

up(x): locally supported.

Mathieu model

Kronig—Penney model

Bound state problem:

_UXX + V(X)U - EU,

E: real energy;
u: real L2 wave function.

July 24, 2007

ABC for Periodic Schrédinger’s Equation

C. Zheng (Math Tsinghua)



METHOD

t=T

Whole definition domain

t=0
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METHOD

t=T

Initial wave packet

t=0 X=X X=X
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ARTIFICIAL BOUNDARY METHOD

Limit the computational domain by artificial boundaries!

t=T Artificial Boundaries

t=0 X=X X
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ARTIFICIAL BOUNDARY METHOD

Limit the computational domain by artificial boundaries!

t=T Artificial Boundaries

?

—

t=0 X=X g

Key point: how to design the absorbing boundary condition?
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LSE IN THE FREQUENCY DOMAIN

Performing the Laplace transformation on
ius + uxxy = V(x)u, x >0

yields
_EIXX + V(X)EI - Zi.\l,

with z = is. Here s is the Laplace variable.

Suppose i, is a nontrivial L? solution. We need to compute

I(2): the impedance. iy (0) = I(z)1(0): exact ABC.
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OUTLINE

@ PERIODIC SECOND ORDER ODE

© COMPUTING THE BOUND STATES FOR THE SCHRODINGER
OPERATOR

e TIME-D LSE WITH PERIODIC POTENTIALS AT INFINITY

@ ConcLUsION
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OUTLINE

@ PERIODIC SECOND ORDER ODE
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PERIODIC SECOND ORDER ODE

We consider a more general problem

g (it a0+ V0w = pl)zy, x>0,

where m, V and p are S-periodic, and

0 <My <m(x) <My < o0, V(x) > Vo, p(x) > po > 0.

Two questions:
© For what value of z, the ODE has a non-trivial L2 solution;
@ |In this case, what is the impedance? Notice that I(z) = I(Z).
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FIRST ORDER ODE SYSTEM

By introducing w = (X) dx, the equation

d<1dy

o (ot o)+ V0w = plizy, x>0,

is transformed into

d/w\_ (0 V-pz w

dax\ y /) \m 0 y )’
Given any vector (wy, y1)" at x4, a unique (ws, y»)7 at xo.
Transformation matrix: T(x, y) € C2*2.

T(x,x) =1, det T(xy,x2) =1,
T(x2,x3) T(X1,%2) = T(x1, X3),
T(x1 + S, x20 + S) = T(x1, X2).
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TRANSFORMATION MATRIX

Notice that

;(T(x1,x) = < m?x) V) Bp(x)z ) T(xq, X).

But
g 0 VO—p0)z ),
1\ m(x) 0
T(x1,x2) # €
except when m= mg, V = Vy and p = pg. In this case

Vo — poZ )

(X2X1)( 0 0
T(X1 s X2) =e Mo
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FLOQUET SOLUTION

Consider T(0, S). It has two eigenvalues e with R < 0 since

det T(x,y) = 1. If Ru < 0, then two eigenvalues are distinct. Suppose
(cs,dy)T are the associated eigenvectors.

T(0,x)(ce, ds)”
are two linearly independent solutions. Besides,
e T (0, x)(cx, ds)
are periodic functions. Thus
T(0,x)(cy,dy)" = e ™™ T(0,x)(cy,dy)”
is an L2 solution. L2 solution « Ry < 0« e < 1.

C+
dy

I(z) = = m(0)
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EXAMPLE: m(x) = mgp, V(x) = Vo AND p(X) = po

In this case,
( 0 Vo—poz )
S 0
T(0,S)=e \ M0

is constant. The eigenvalues are e*#S with

Vi
;L:—\+/m0(V0—poz) if SZ#OOF?RZ< 70

Po

The eigenvector associated with e~ is

(cy,dy) = (1, mo) "

/(Z) =u=—3/Mypo \ E — Z.
\/ Po

Thus
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EXAMPLE: m(x) = p(x) = 1 AND V(x) = 2cos(2x)

Imaginary part of z

e -1 0 1 2 3 4 5
Real part of z

Modulus of &S with respect to z.
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EXAMPLE: m(x) = p(x) = 1 4+ cos(2x)/5 AND

V(x) = sin(2x)

Imaginary part of z

i) -1 0 1 2 3 4 5
Real part of z

Modulus part of eS with respect to z.
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STOP BANDS

It turns out that those ending points of real intervals are nothing but the
eigenvalues of the periodic characteristic problem:

Find A € Rand y € C},,[0,25], such that

d ( 1 dy

— o

= dx) V()Y = )Ny

Those real points at which the Floquet'’s factor has a modulus less than
1 constitute a series of intervals

(=00, x1), (X2, X3), -

They are called stop bands.
Conclusion: for all z with 3z # 0 or in the stop bands, periodic 2nd
ODE has a nontrivial L? solution.
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EXAMPLE: V(x)=0.2cos(2x), m=p =1

15

:
¢ Real part of K
x  Imaginary part of K

*

-10} < o

5
-10 -5 0 5 10
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EXAMPLE: V(x)=0.2cos(2x), m=p =1

¢ Real part of K
* Imaginary part of K
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EXAMPLE: V(x)=0.2cos(2x), m=p =1
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EXAMPLE: V(x)=0.2cos(2x), m=p =1

4 T T
M o Real part of K
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MAIN RESULT: A CONJECTURE

A careful observation reveals that

e Both turning points a; and singular points b; are eigenvalues of the
characteristic problem;

e g, is associated with an even eigenfunction;

e b;is associated with an odd eigenfunction;

e The singularity behaves like 1/ V/b; — z;

e The solution around turning points behaves like {/a; — z.
We conjecture that

.
— —/m(0)p(0) /~Z T & H hvzjj

for all symmetric m, V and p.
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EXAMPLE: PERIODIC GAUSSIAN

V=352, e 2y m=p =1

Potential
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EXAMPLE: PERIODIC GAUSSIAN PULSE

V=352, e 2y m=p =1

T T E: 5
¢ Real part of impedance
4H_* Imaginary part of impedance - ]
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EXAMPLE: PERIODIC GAUSSIAN PULSE

V= 35, e 1002 = =

n=—oc

—/m(0)p(0) /~=z + ag H \/7”21_2:.

—— Segment One
—o— Segment Two
—— Segment Three

Maximum Error

107
0 2 4 6 8 10 12
R

Seg. One: [-10,10] + 10~ '3/, Seg. Two: [-10,10] + i. Seg. Three: [-10,10] + 10i.
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EXAMPLE: V=0, m=1,p=1+cos(2x)/5

¢ Real part of impedance
44 * Imaginary part of impedance

R B K Ok

SO OIS O
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EXAMPLE: V=0, m=1,p=1+cos(2x)/5

R
V—z+Fa,
Ia(2) = —/m(0)p(0) /=2 + a0 [ | Yot
R p =,

—— Segment One
—e~ Segment Two
—6— Segment Three

Maximum Error
=
S

0 2 4 6 8 10
R

Seg. One: [-10,10] + 10— 13/, Seg. Two: [-10, 10] + i. Seg. Three: [—-10, 10] 4 10i.
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MAXIMUM GENERALIZATION

Numerical evidences have already shown that

.
—/m(0)p(0) Y~z T a rH %ZL&;

when Sz # 0. This result can be further generalized for those real z in
the stop bands. In this case

I(z)= lim [I(z+te).

real e—0
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OUTLINE

© COMPUTING THE BOUND STATES FOR THE SCHRODINGER
OPERATOR
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COMPUTING THE BOUND STATES FOR THE

SCHRODINGER OPERATOR

Suppose
Vier, X < X,
V(x) = Vint, XL < X < Xg,
VR, x> xg

Vier and V2, are periodic. Given E, we solve

—Uxx + V(X)u=d(E)u, x < X < Xp,
—uy = IL(E)u, x = xq,
ux = Ig(E)u, x = Xg.

E lies in one of the stop bands. The energy associated with bound
state satisfies E = ®(E). Algorithm: Newton-Steffenson iterations
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AN EXAMPLE

Consider
2 +2cos(mx), |x|>1,

V(x) = { 0. x| < 1.

Potential
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AN EXAMPLE
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AN EXAMPLE

0.15 T
— Eg Ground state
- El: First excited bound state
o1l T Second excited bound state |
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Eo = 6.42647(—1). E; = 4.88649. E, = 1.20164(1).

C. Zheng (Math Tsinghua) ABC for Periodic Schrodinger’s Equation July 24,



OUTLINE

e TIME-D LSE WITH PERIODIC POTENTIALS AT INFINITY
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TIME-D LSE WITH PERIODIC POTENTIALS AT INFINITY

The equation reads
iut + UXX — V(X)U
We have z = is. The right ABC reads

(Xm, ) = — I/—is + ag H \/7'_;::: U(xg, s), Rs > 0.
- r

Introduce a sequence of auxiliary functions

+00
N def V—is+ar .
wi(s) = H — T b, U(xp

Then the exact ABC is rewritten as

S)u k:1727"'7

Ux(xg, S) + 3/ —is + ag wy(s) =0,

\/—is + b Wy = \*/—is+ak|?vk+1, k=1,2,---
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TIME-D LSE WITH PERIODIC POTENTIALS AT INFINITY

In the physical space, it becomes
, . 1 ,
Ux(XR, t) + &~ ™4 g0l g2 (e’aotw1(t)) =0,
. 1. ; L
e P9 (6P wy) = e OF (6P Wyeyq), k=12,

Two questions:
e The sequence of wj should be truncated;

1
e 0/ should be evaluated efficiently.
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ACCURACY TEST

The potential is
V =2cos(2x), x € R,

and the initial function is
Up(x) = e X2,

The computational domain is [-27, 27].
Algorithm: Crank-Nicolson+2nd central difference+2nd discretization

1
of 97 +Fast evaluation
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ACCURACY TEST

i 4
-6 -6
g -df

\.og2 Err

ERE Y

0008 0.004 0.002 0.001 B2 1024 2048 4096
At M

Here, NL and NR stand for the numbers of auxiliary functions at the
left and right boundary points, respectively.
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INTERACTION OF A WAVE PACKET WITH PERIODIC

POTENTIALS

The potential is set as

2qLcos%f2”), X e —oo,—27r+%>,
V(x) = 0, xe —27T+%,27r—s4ﬁ>,
2chosLR2”) xe(2r—%n +oo>

The initial function is ,
Up(x) = e X 18X,
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St=Spr=m7, qu=Qqr=>5.
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S.=Sgp=m, qu=qr = 20.
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St =Sgp=m, Q.= qr = 50.

N
11 s
g ,A\\\\\\\\'\ \\‘
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S.=Sgr=m, q.=5, gg = 100.
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™

C. Zheng (Math Tsinghua) ABC for Periodic Schrédinger’s Equation



stsﬁzz%, 9. = gr = 1000.

1

1

Wiz
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OUTLINE

@ ConcLUsION
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CONCLUSION

e Periodic second order ODE problem has been studied;

e The impedance is explicitly given when the coefficients are
symmetric;

e A method for computing bound states of the Schrddinger operator
has been proposed;

e Exact ABC for the time-d Schrédinger equation with periodic
potentials has been presented and implemented;

e Currently under working: more general periodic structure
problems;

e Unsolved task: prove the proposed conjecture theoretically;
e More challenging: high-dimensional periodic structure problems.
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