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Exercise Sheet 8- Friedrichs Inequality, Poincare and Sobolev Inequality
Return of Exercise Sheet: June 28, 2012 (before the lecture)

Homework 21: (4 Points)

1. Prove the following inequality of Wirtinger: Let u € C1([0,2x]), w(0) = wu(27) und

027r u(t) dt = 0. Then
2 2
/ u(t)?dt < / o/ (t)% dt.
0 0

Hint: Use for u a Fourier expansion
a o0
u(t) = ?0 + Z ay, cos kt + by sin kt
k=1
and the Parseval equation.

2. Further show that from this inequality for f € C([a,b]), assuming that f(a) = f(b) = 0,
the classical Friedrichs inequality

[ wrar < (b;“)zfabfwdx.

follows.

Homework 22: (4 Points)
Let © C R™ be a bounded domain. Show that:

1. A norm on V = H{(Q) is defined by

2
lulloe = ( [ 190+ ey dx> |
Q

if ¢ € L*°(Q) and ¢ > 0 almost everywhere.

2. The Laplace operator is coercive on (V, |[ullq.c), i.e. it exists a constant ¢z > 0 with
[ 1vul? do = uly
Q

3. How does the coercivity constant depend on the used norm?
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Homework 23: (3 Points)
Let Q = {(z,y) €R2:z=rcosp, y=rsing, r € (0,1), p € (0,w)}.
The function u(z,y) = re sin(Z) is the classical solution of the Dirichlet problem
—Au=0 €
u=0 xel'1Uly

u = sin(ﬁw) x € T's.
w

1. For which w is u € H?(2)?

2. Does €2 have a Lipschitz boundary?

L'y



