HYDRODYNAMICAL MODELING OF CHARGE CARRIER TRANSPORT IN SEMICONDUCTORS

Angelo Marcello Anile^1 Dipartimento di Matematica, Università di Catania viale A. Doria 6 - 95125 Catania, Italy Vittorio Romano^2 Dipartimento Interuniversitario di Matematica, Via E. Orabona 4- 70125 Bari, Italy SUMMER SCHOOL ON INDUSTRIAL MATHEMATICS IST LISBOA, PORTUGAL JUNE 1999

April 26, 1999

1e-mail anile@dipmat.unict.it 2e-mail romano@dipmat.unict.it

Preface

Enhanced functional integration in modern electron devices requires an accurate modeling of energy transport in semiconductors in order to describe high-field phenomena such as hot electron propagation, impact ionization and heat generation in the bulk material. The standard drift-diffusion models cannot cope with high-field phenomena because they do not comprise energy as a dynamical variable.

Furthermore for many applications in optoelectronics one needs to describe the transient interaction of electromagnetic radiation with carriers in complex semiconductor materials and since the characteristic times are of order of the electron momentum or energy flux relaxation times, some higher moments of the distribution function are necessarily involved. Therefore these phenomena cannot be described within the framework of the drift-diffusion equations (which are valid only in the quasi-stationary limit) Therefore generalizations of the drift-diffusion equations have been sought which would incorporate energy as a dynamical variable and also would not be restricted to quasistationary situations. These models are loosely speaking called hydrodynamical models. Hydrodynamical models are obtained from the infinite hierarchy of the moment equations of the Boltzmann transport equation by a suitable truncation procedure. This requires making suitable assumptions on: i) closing the hierarchy by finding appropriate expressions for the N + 1 order moment in terms of the previous ones; ii)modeling the production terms on the right hand side of the moment equations which arise from the moments of the collision terms in the Boltzmann transport equation.

One of the earliest hydrodynamical models currently used in applications was originally put forward by Blotekjaer [23] and subsequently investigated by Baccarani and Wordeman [19] and by other authors (see references in [73]). This model is implemented in simulation codes currently used in the microelectronics industry. It consists of a set of balance equations for carrier density, momentum and energy obtained from the Boltzmann transport equation in the parabolic band approximation, closed by a postulated Fourier law as constitutive equation for the heat flux. The production terms for momentum and energy are assumed to be of the relaxation type and the relaxation times are obtained by phenomenological arguments. Other models have also been investigated, some including also non parabolic effects [43, 79, 75, 25, 50, 78, 84, 11, 8, 3, 14, 15, 12, 13].

Most implemented hydrodynamical models suffer from serious theoretical drawbacks due to the ad hoc treatment of the closure problem (lacking a physically convincing motivation) and the modeling of the production terms (usually assumed to be of the relaxation type and this, as we shall see, leads to serious inconsistencies with the Onsager reciprocity relations). Also most numerical methods which have been used to solve the equations are simply an adaptation of methods used for the drift-diffusion equations, e.g. methods appropriate for parabolic systems. However, unless some special (and usually unwarranted) approximations are made, the evolution equations of hydrodynamical models form a hyperbolic system. Therefore their numerical solution requires using schemes which can cope well with the special features of hyperbolic systems. In these lectures we present a general overview of the theory underlying hydrodynamical models. In particular we investigate in depth both the closure problem and the modeling of the production terms and present a recently introduced approach based on the maximum entropy principle (physically set in the framework of extended thermodynamics [63, 49]).

The plan of these lecture notes is the following. In chapter 2 we briefly recall the main concepts of semiconductor physics (energy band structure in semiconductors and Bloch’s theorem), introduce the semiclassical Liouville equation, discuss the most relevant scattering processes and introduce phenomenologically the semiclassical Boltzmann equation. Moreover we present some important mathematical questions related to the semiclassical Boltzmann equation, in particular the H theorem, the null space of the collision operator and the existence and uniqueness for the initial value problem.

In chapter 3 we review the general framework in which the macroscopical models of charge transport in semiconductors are set. The diffusion limit and the hydrodynamical limit of the Boltzmann transport equation will be investigated, recovering the celebrated drift-diffusion model and the Blotekjaer-Baccarani-Wordeman model. Some important properties of these models are highlighted and their deficiencies are discussed.

In chapter 4 the extended hydrodynamical models based on moment equations closed with the maximum entropy principle of extended thermodynamics are treated. First the general theory (without restriction on the form of the energy band) will be discussed, then some recent results in the case of parabolic band and in the case of the Kane dispersion relation will be considered.

In chapter 5 some recently introduced numerical methods for solving hyperbolic systems of conservation laws are discussed. These methods are then employed for solving numerically the extended hydrodynamical models previously introduced in the 1D case, for simple benchmark problems. The results are then compared with those obtained by a direct numerical solution of the Boltzmann transport equation via Monte Carlo methods.

4

Chapter 1

Carriers transport in semiconductors

In this chapter a general review of fundamental features of semiconductor physics which are essential for describing carrier transport is presented. Charge carriers in semiconductors move under the effect of a periodic crystal potential, due to the periodically spaced atomic nuclei, and to the self-consistent potential due to the charged carriers themselves. First we introduce briefly the concept of Bravais lattices and of the Brillouin zone. Then we recall the Bloch theorem for the dynamics of an electron inside a perfect crystal lattice, the band structure, and a heuristic derivation of the Boltzmann-Poisson system for the one-electron distribution function. Finally some important results concerning the H-theorem and null space problem of the collision operator are critically reviewed.

1.1 Energy Band structure in semiconductors

Crystals can be described in terms of Bravais lattices [17], which are the set of vectors of the form L = {ia_1 + ja_2 + la_3, i, j, l ∈ Z} where a_1, a_2, a_3 are primitive lattice vectors, Z being the set of relative integers. The reciprocal lattice L̂ of the Bravais lattice L is defined by L̂ = {ia^1 + ja^2 + la^3, i, j, l ∈ Z} with the reciprocal lattice vectors a^1, a^2, a^3 defined by a_i · a^j = 2πδ^j_i A connected subset B ⊆ R^3 is called a primitive cell of the lattice if:

1. The volume of B equals |a_1 · (a_2 × a_3)|

2. The whole space R^3 is covered by the union of translates of B by the lattice vectors.

The first Brillouin zone B is the primitive cell of the reciprocal lattice L̂ consisting of those points which are closer to the origin than to any other point of L̂.

The quantum mechanical dynamics of an electron in the periodic potential of the crystal lattice is governed by Bloch’s Theorem.

Theorem. Consider an electron whose motion is governed by the potential V_L generated by the ions located at the points of the crystal lattice L. The Schrödinger equation is Hψ = Eψ with the Hamiltonian H given by H = − h̄^2 2m △ −qV_L The bounded eigenstates have the form:

ψ(x) = exp (ik · x)u_k(x) with x ∈ R^3 and u_k(x + X) = u_k(x) with x ∈ L.

Therefore one obtains a second order self-adjoint elliptic problem posed on a primitive cell of the crystal lattice L. It is possible to prove [17] the existence of an infinite sequence of eigenpairs of solutions E_l(k), u_{k,l}(x), l ∈ N , N being the set of non negative integers. From the periodicity condition

ψ(x + X) = exp (ik · X)ψ(x)

with x ∈ R^3, X ∈ L, it follows that the set of eigenfunctions ψ and the energies E(k) are identical for any two wavevectors which differ by a reciprocal lattice vector. Therefore one can constrain the wavevector k to the Brillouin zone B.

The function E_l = E_l(k) on the Brillouin zone describes the l-th energy band of the crystal.

Semiconductors are characterized by a sizable energy gap between the valence and the conduction bands, which are almost fully filled at thermal equilibrium. Upon thermal excitation electrons from the valence band can jump to the conduction band leaving behind holes (in the language of quasi-particles). Therefore the transport of charge is achieved through both negatively charged (electrons) and positively charged (holes) carriers.

The energy band structure of crystals can be obtained at the cost of intensive numerical calculations (and also semiphenomenologically) by the quantum theory of solids [17]. However, in order to describe electron transport, for most applications, a simplified description is adopted which is based on a simple analytical model. This is the so called parabolic band and effective mass approximation, where the energy curve corresponding to a given energy band is approximated by a parabola near its minimum. In the sequel for the sake of simplicity only one conduction band will be considered.

In the parabolic approximation, if we denote by E the energy of the considered conduction band measured from the band minimum, we have that the first Brillouin zone, B, coincides with R^3 and E = h̄^2|k|^2 2m^∗ , (1.1)

with m^∗ the effective electron mass (for silicon m^∗=0.32 m_e, with m_e the electron mass in vacuum), h̄k the crystal momentum and h̄ the Planck constant h divided by 2π.

In the approximation of the Kane dispersion relation, which takes into account the non-parabolicity at high energy, E still depends only on k, the modulus of k, B = R^3, but E(k) [1 + αE(k)] = h̄^2k^2 2m^∗ , k ∈ B, (1.2)

where α is the non parabolicity parameter ( for Silicon α=0.5 eV^{−1}).

In the Monte Carlo simulations the anisotropic version of (1.1) and (1.2) are used E = h̄^2 2 [ k^2_l m^∗_l + k^2_t m^∗_t ] , E(k) [1 + αE(k)] = h̄^2 2 [ k^2_l m^∗_l + k^2_t m^∗_t ] , where m^∗_l and m^∗_t are the longitudinal and the transverse effective electron masses.

However it is always possible to recover the isotropic cases from the anisotropic ones by means of the Herring-Vogt [45] transformation, with m^∗ = ( (m^∗_t )^2m^∗_l )_{1/3} . The electron velocity v(k) in a generic band depends on the energy E measured from the conduction band minimum by the relation

v(k) = 1 h̄ ∇_kE. Explicitly we get for parabolic band

v^i = h̄k^i m^∗ , (1.3)

while in the approximation of the Kane dispersion relation

v^i = h̄k^i m^∗ [1 + 2αE(k)]

. (1.4)

1.2 The semiclassical Liouville equation

Under the assumption that external forces (electric field E^{ext}) are almost constant over a length comparable to the physical dimensions of the wave packet describing the motion of an electron for an ensemble of M electrons belonging to the same energy band with wavevectors k_i, i = 1, ...M, one obtains the following equation for the joint probability density f(x_i, k_i, t), with e the absolute value of the electron charge, ∂f ∂t + ∑ v(k_i) · ∇_{xi} f − 1 h̄ e E^{ext} · ∇_{ki} f = 0.

By proceeding as in the classical theory one obtains the hierarchy BBGKY of equations. Then under the usual assumptions [62] (low correlations, separation between long range and short range forces, etc.) one obtains formally the semiclassical Vlasov equation ∂f ∂t + v(k) · ∇f − 1 h̄ e E · ∇_kf = 0

for the one particle distribution function f(x, k, t). Here the electric field E(x, t) is the sum of the external electric field and the self-consistent one due to the long range electrostatic interactions.

1.3 Scattering processes

The above description of electron motion is valid for an ideal perfectly periodic crystal. Real semiconductors cannot be considered as ideal periodic crystals for several reasons. In fact strict periodicity is destroyed by:

• doping with impurities (which is done in order to control the electrical conductivity);

• thermal vibrations of the ions off their equilibrium positions in the lattice.

These effects can be taken into account in a perturbative way, by describing the interaction of the electrons with the lattice of ions as being only approximately periodic. The weak deviations from periodicity are treated as small perturbations of the background periodic ion potential. In particular the effect of the thermal vibrations of the ions on the electron dynamics can be described quantum mechanically as scattering with quasi-particles (phonons) representing the thermal lattice vibrations.

The perturbations from the strict periodicity (which can be interpreted as scattering effects) will obviously affect the semiclassical Liouville equation. Formally these effects are taken into account by introducing a non zero right hand side in the semiclassical Vlasov equation, i.e. it is assumed that the influence of the scattering can be described by a non vanishing RHS of the transport equation. In this way one obtains the semiclassical Boltzmann equation for electrons in the conduction band in semiconductors ∂f ∂t + v^i(k) ∂f ∂x^i − eE^i h̄ ∂f ∂k^i = C[f], (1.5)

where C[f] represents the effects due to scattering with phonons, impurities and with other electrons.

The electric field which is calculated by solving the Poisson equation for the electric potential ϕ

E_i = − ∂ϕ ∂x_i , (1.6) ϵΔϕ = −e(N_D − N_A − n), (1.7) N_D and N_A being the donor and acceptor density respectively (which are fixed ions implanted in the semiconductors and depending only on the position) and n the electron number density n = ∫ B fd^3k.

The expression of the collision term has been investigated in the quantum theory of scattering.

The main scattering mechanisms in a semiconductor are the electron-phonon interaction, the interaction with impurities, electron-electron scatterings and interaction with stationary imperfections of the crystal as vacancies, external and internal crystal boundaries. In many situations the electron-electron collision term can be neglected since the electron density is not too high. However in the case of high doping electronelectron collisions must be taken into account because they might produce sizable effects. Retaining the electron-electron collision term greatly increases the complexity of the collision operator on the RHS of the semiclassical Boltzmann equation. In fact the collision operator for the electron-electron scattering is a highly nonlinear one, being quartic in the distribution function.

For each type of interaction mechanism, the collision operator can be schematically written as C[f] = ∫ B [ P (k^′, k)f(k^′) − P (k, k^′)f(k) ] d^3k (1.8)

with P (k, k^′) the scattering probability per unit time from a state k to a state k^′. The first term in (1.8) represents the gain and the second one the loss.

From the principle of detailed balance [62] it follows that

P (k^′, k) = P (k, k^′) exp ( − E − E^′ k_B T_L ) , (1.9)

where E = E(k) and E^′ = E(k^′), k_B being the Boltzmannn constant and T_L being the lattice temperature which will be taken as constant.

In the case of acoustic phonon scattering in the elastic approximation we have

P (k, k^′) = k_B T_LΞ^2_d 4π^2h̄ρv^2_s δ(E − E^′)G(k, k^′) (1.10)

where δ is the Dirac delta function, Ξ_d is the deformation potential of acoustic phonons, ρ the mass density of the material and v_s the sound velocity of the longitudinal acoustic mode.

G(k, k’) represents the overlap factor which depends on the band structure. For parabolic bands it is nearly equal to unity. If the Kane dispersion relation is considered one has [32]

G(k, k^′) = (aa^′ + cc^′ l · l^′)^2 (1.11)

where l and l^′ are the unit vectors of direction k and k^′ respectively and a = √ 1 + αE 1 + 2αE

, a^′ = √ 1 + αE^′ 1 + 2αE^′ , c = √ αE 1 + 2αE

, c^′ = √ αE^′ 1 + 2αE^′ . In the case of non-polar optical phonon interaction the scattering rate reads

P (k, k^′) =

(D_tK)^2 8π^2ρω ( n_B + 1 2 ∓ 1 2 ) δ(E^′ − E ∓ h̄ω)G(k, k^′), (1.12) where D_tK is the deformation potential for non polar optical phonons, h̄ω is the longitudinal optical phonon energy and n_B is the phonon equilibrium distribution according to the Bose-Einstein statistics

n_B = 1 exp(h̄ω/k_B T_L) − 1 . The double choice of sign means that we must consider the sum of the two cases with the upper and lower sign.

At last for the scattering with impurities we shall adopt the Grinberg-Luryi approximation [41], which is well suited for a quasi isotropic distribution function C_{imp}[f] = − f(k) − f_0(k) τ_{imp} (1.13)

where f_0 is the isotropic part of the distribution function and 1/τ_{imp} is the scattering rate due to the interaction with impurities of charge Ze, 1 τ_{imp} = πh̄ke^4Z^2N_{imp} 2m^∗E^2_0 E^2 [ ln ( 1 + γ γ ) + 1 1 + γ ] , with N_{imp} concentration of impurities and γ screening parameter γ = h̄^2b^2 8m^∗E , b being the inverse screening length. We observe that the nonparabolicity will enter only in the calculation of the moments of the impurity scattering through the elementary volume in the integrals.

1.4 H-Theorem and the null space of the collision opera- tor H-theorems were obtained in [69, 70] under the same assumption that the transition probability are bounded functions. In [57, 58, 59] an H-theorem has been derived for the physical electron-phonon operator in the homogeneous case without electric field. The same problem has also been discussed in [53] in the parabolic case.

Here we give a new proof in the case of an arbitrary form of the energy band and in the presence of an electric field, neglecting the electron-electron interaction and assuming the electron gas sufficiently dilute to neglect the degeneracy effects.

As showed in the previous section the typical form of the collision operator C[f] is C[f] = ∫ B [ P (k^′, k)f(k^′) (1 − f(k)) − P (k, k^′)f(k) ( 1 − f(k^′) )] d^3k. (1.14)

The terms 1 − f(k) account for the Pauli exclusion principle. P (k, k^′) is the transition probability from the state k to the state k^′. It can be written as [45]

P (k, k^′) = G(k, k^′) [ (n_B + 1)δ(E^′ − E + h̄ω_q) + n_Bδ(E^′ − E − h̄ω_q) ] (1.15) where δ(x) is the Dirac distribution and G(k, k^′) is the so-called overlap factor which depends on the band structure and the particular type of interaction [45] and enjoys the properties G(k, k^′) = G(k^′, k) and G(k, k^′) ≥ 0.

h̄ω_q stands for the phonon energy. In the case of acoustic phonons it can be neglected.

Under the assumption that the electron gas is dilute the collision operator can be linearized with respect to f and becomes C[f] = ∫ B [ P (k^′, k)f(k^′) − P (k, k^′)f(k) ] d^3k. (1.16)

For the moments of the collision term with respect to the weight function ψ(k) the following chain of identities can be proved ∫ B C[f]ψ(k)d^3k = ∫ B [ P (k^′, k)f(k^′) − P (k, k^′)f(k) ] ψ(k)d^3kd^3k^′ = ∫ B P (k, k^′)f(k) ( ψ(k^′) − ψ(k) ) d^3kd^3k^′ = ∫ B G(k, k^′) [ (n_q + 1)δ(E^′ − E + h̄ω_q) + n_qδ(E^′ − E − h̄ω_q) ] × f(k) ( ψ(k^′) − ψ(k) ) d^3kd^3k^′ = ∫ B G(k, k^′)δ(E^′ − E − h̄ω_q) [ (n_q + 1)f(k^′) − n_qf(k) ] ( ψ(k) − ψ(k^′) ) d^3kd^3k^′.

If we set without loss of generality

f(k) = h(k) exp ( − E k_BT_L ) , and in analogy with the case of a simple gas we take

ψ(k) = k_B log h(k),

then by using the definition of δ(x) one has k_B ∫ B C[f] log h(k)d^3k = k_B ∫ B×B G(k, k^′)δ(E^′ − E − h̄ω_q)n_q exp ( − E k_B T_L )

(h(k^′) − h(k)) ( log h(k) − log h(k^′) ) d^3kd^3k^′ ≤ 0. (1.17)

Therefore along the characteristics of eq. (1.5) − ∫ B log h(k) df dt d^3k = − ∫ B C[f] log h(k)d^3k ≥ 0

holds. This implies that

Ψ = − ∫ B (∫ log h(k) df ) d^3k = −k_B ∫ B ( f log f − f + E k_B T_L f ) d^3k. (1.18)

can be considered as a Liapunov function for the Boltzmann-Poisson system (1.5)-(1.7). The first two terms are equal to the expression of the entropy arising in the classical limit of a Fermi gas, while the last term is due to the presence of the phonons. Indeed Ψ represent the nonequilibrium counterpart of the equilibrium Helmholtz free energy with reversed sign, divided by the lattice temperature. It is well known in thermostatics that for a body kept at constant temperature and mechanically insulated, the equilibrium states are minima for Ψ and this fact is related to determining the null space of the collision operator as explained below.

The problem of the null space of the collision operator consists of determining the solutions of the equation C(f) = 0. The resulting distribution functions represent the equilibrium solutions. Physically one expects that, asymptotically in time, the solution to a given initial value problem will tend to such a solution.

In [69, 70] it has been proved that the solutions of C(f) = 0 are the Fermi-Dirac distributions under the assumption that the scattering probabilities are bounded functions. However this hypothesis is not satisfied by some scattering mechanism (as with phonons, etc.).

The problem of determining the null space for the physical electron-phonon operator was tackled and solved in [60] where it is proved that the equilibrium solutions form an infinite sequence of functions of the kind f(k) = 1 1 + h(k) exp E(k)/K_B T_L

(1.19)

where h(E) = h(E + h̄ω_q) is a periodic function of period h̄ω_q/n, n ∈ N . This property implies a numerable set of collisional invariants and hence of conservation laws. The physical meaning is that the density of electrons whose energy E differs from a given value u by a multiple of h̄ω_q is constant.

Chapter 2

Macroscopic models

Hydrodynamical models are obtained from the moment equations of the Boltzmann transport equation suitably truncated at a certain order N. The truncation procedure requires solving the following two important problems:

i) the closure for higher order fluxes; ii) the closure for the production terms.

The closure problem consists in finding an appropriate expression for the (N+1)-th moment which appears under the divergence operator of the N-th moment equation. Likewise, modeling the production terms consists in expressing them as suitable functions of the first N moments.

In this chapter we will present the general form of the balance equations, discuss some simple closure relations for the higher order moments as well as for the production terms and show that as limit one recovers the celebrated drift-diffusion model. We also treat the simple hydrodynamical models constructed by analogy with the theory of classical nonviscous heat-conducting monatomic gases, which lately has received a considerable attention by engineers and applied mathematicians. For these models the compatibility with the Onsager reciprocity relations of linear irreversible thermodynamics is investigated.

2.1 Moment equations

The macroscopic balance equations are deduced as moment equations of the Boltzmann transport equation as in gasdynamics [27]. By multiplying eq. (1.5) by a function ψ(k) and integrating over B, one finds the moment equation ∂M_ψ ∂t + ∫ B ψ(k)v^i(k) ∂f ∂x^i d^3k − eE^j ∫ B ψ(k) ∂ ∂k_j fd^3k = ∫ B ψ(k)C[f]d^3k, (2.1)

with M_ψ = ∫ B ψ(k)fd^3k,

the moment relative to the weight function ψ.

Since ∫ B ψ(k) ∂f ∂k^j d^3k = ∫ ∂B ψ(k)fndσ − ∫ B f ∂ψ(k) ∂k^j d^3k, with n outward unit normal field on the boundary ∂B of the domain B and dσ surface element of ∂B, eq. (2.1) becomes ∂M_ψ ∂t + ∂ ∂x^i ∫ B fψ(k)v^i(k)d^3k + eE^j [∫ B f ∂ψ(k) ∂k_j d^3k − ∫ ∂B ψ(k)fn_j dσ ] = ∫ B ψ(k)C(f)d^3k. (2.2)

The term ∫ ∂B ψ(k)fndσ vanishes either when B is expanded to R^3 ( because in order to guarantee the integrability condition f must tend to zero sufficiently fast as k → ∞ ) or when B is compact and ψ(k) is periodic and continuous on ∂B. This latter condition is a conseguence of the periodicity of f on B and the symmetry of B with respect to the origin.

In the applications several choices of the weight function ψ can be made and they lead to different balance equations for macroscopic quantities. In [12] ψ was chosen equal to 1, h̄k, E and E h̄k in order to make a comparison with the results obtained in [50] by means of Monte Carlo simulations. However for time dependent simulation it is more useful to consider a slight different set of weight functions [13], 1, h̄k, E and E V because it allows an easier implementation in numerical codes (the two choices are practically equivalent for stationary problems or for nonstationary problems in the parabolic band approximation).

By considering such expressions for ψ one obtains the continuity equation (indeed a term due to the generation-recombination mechanism should appear in the right hand side, but this effect is relevant for times of order 10^{−9} second and in most applications can be neglected because the characteristic times are of order of a fraction of picosecond), the balance equation for the crystal momentum, the balance equation for the electron energy, and the balance equation for the electron energy flux. For the sake of simplicity hereafter we neglect the boundary integral terms because only the Kane dispersion relation or the parabolic case will be considered in the sequel and then the explicit form of the macroscopic balance equations reads ∂n ∂t + ∂(nV^i) ∂x^i = 0, (2.3) ∂(nP^i) ∂t + ∂(nU^{ij}) ∂x^j + neE^i = nC^i_P , (2.4) ∂(nW ) ∂t + ∂(nS^j ) ∂x^j + neV_kE^k = nC_W , (2.5) ∂(nS^i) ∂t + ∂(nF^{ij} ) ∂x^j + neE_jG^{ij} = nC^i_W , (2.6)

where n = ∫ B fd^3k is the electron density,

V^i = 1 n ∫ B fv^id^3k is the average electron velocity, W = 1 n ∫ B E(k)fd^3k is the average electron energy,

S^i = 1 n ∫ B fv^iE(k)d^3k is the energy flux,

P^i = 1 n ∫ B fh̄k^id^3k is the average crystal momentum,

U^{ij} = 1 n ∫ B fv^ik^j d^3k is the flow of crystal momentum, G^{ij} = 1 n ∫ B 1 h̄ f ∂ ∂k_j (Ev_i)d^3k,

F^{ij} = 1 n ∫ B fv^iv^j E(k)d^3k is the flux of energy flux,

C^i_P = 1 n ∫ B C[f]h̄k^id^3k is the production of the crystal momentum balance equation,

C_W = 1 n ∫ B C[f]E(k)d^3k is the production of the energy balance equation,

C^i_W = 1 n ∫ B C[f]v^iE(k)d^3k is the production of the energy flux balance equation.

Analogous equations can be written for holes if a two component charge carrier model is employed.

The moment equations do not constitute a set of closed relations because of the fluxes and production terms.

In the following sections of this chapter we will discuss some of the simplest closure relations and point out their deficiencies.

2.2 The relaxation time approximation

A simplistic model approximately valid under non degenerate conditions (f ≪ 1) and for elastic scattering [43] gives for the collision term C a relaxation type expression C(f) = − f − f̂ τ(E(k))

(2.7)

where f̂ can be written in the following more convenient form f̂ = exp(−E(k) − eϕ + qE^F k_B T ) (2.8)

corresponding to the local maxwellian distribution, T is the local electron temperature (at global equilibrium T = T_L), ϕ the electrostatic potential and E_F the Fermi energy.

At global thermal equilibrium T =const and E_F =const in space and time. We consider time scales longer than the collision times τ(E(k)) and therefore we can neglect^{∂f}_{∂t} in the Boltzmann equation (1.5). By iterating we then obtain [43] in the usual way to first order

f = f_{eq} − τ(E(k))[v(k) · ∇f_{eq} − eE · ∇_kf_{eq}] (2.9)

which,using eq.(2.8) gives f = f_{eq} − τ(E(k)) f_{eq} k_B T [ E(k) − eϕ + eE_F K_B T v(k) · ∇T − qv(k) · ∇E_F ] (2.10)

Let J = nV denote the particle flux. Then by substituting eq.(2.10) into the definition of V, one obtains

J = − 4π 3m^⋆k_B T { [A + Bq(E_F − ϕ)] ∇T k_B T − eB∇E_F } (2.11)

where A = 4π ∫ d^3kf_{eq}k^4τ(E(k))E(k)

B = 4π ∫ d^3kf_{eq}k^4τ(E(k))

Now the particle density is given by n = ∫ d^3kf = (π2m^⋆k_B T )^{3/2} exp − eE_F − eϕ k_B T (2.12)

whence E_F = ϕ − k_B T e log( n aT^{3/2} ) + const (2.13)

∇E_F = ∇ϕ + ∇[ k_B T e log( aT^{3/2} n )] with a = (π2m^⋆k_B )^{3/2} From q.(2.13) we see that E_F plays the role of electrochemical potential (usually called, in this context, quasi-Fermi potential).

It is convenient to introduce the intrinsic concentration of electrons n_i = aT^{3/2} (2.14) and then E_F = ϕ − U_T log( n n_i ) where U_T is the thermal potential

U_T = k_B T e Also, it is convenient to introduce the mobility

μ_n = 4πeB 3m^⋆k_B T n (2.15)

and the thermoelectric power

P_n = A + Be(E_F − ϕ) eBk_B T (2.16)

Eq.(2.11) then rewrites

J = μ_nn(∇E_F − P_n∇T ) (2.17)

Under isothermal conditions, T = T_L=const, we have ∇E_F = ∇ϕ − U_T ∇n n whence

J = μ_nn∇ϕ − D_n∇n (2.18)

where

D_n = μ_nU_T (2.19)

is the diffusion coefficient and eq.(2.19) expresses the equilibrium statistical mechanics Einstein relations.

Under isothermal conditions therefore the electron system can be described by the particle continuity equation (2.3), the constitutive equation (2.18) and the Poisson equation for the self-consistent potential. Allowing for two bands (valence and conduction band) and including holes we obtain the celebrated drift-diffusion equations ∂n ∂t + ∇ · J_n = G − R (2.20) ∂p ∂t + ∇ · J_p = G − R (2.21) J_n = μ_nn∇ϕ − D_n∇n (2.22) J_p = −μ_pp∇ϕ − D_p∇p (2.23) ∇ · (ϵ∇ϕ) = e(N_A − N_D + n − p) (2.24)

where n, p, J_n, J_p are the particle number densities of electrons and holes and their respective fluxes, μ_n, μ_p, D_n, D_p are their mobilities and diffusivities (related by the Einstein relations ), N_A, N_D the concentration of acceptors and donors and ϵ the dielectric constant. The quantities G, R are functions of n, p and represent the rates of generation and recombination respectively.

In the general case, when the temperature is not uniforn, the drift- diffusion equations must be suitably modified.

In linear non-equilibrium thermodynamics it is customary to define the thermodynamic heat flux (note that it is different from the kinetic definition of heat flux) as follows H = ∫ dk(E(k) − eϕ + eE_F )v(k)f (2.25)

i.e. we subtract from the total energy the Fermi energy −eE_F and the potential energy eϕ. Hence

H = S + e(E_F − ϕ)J (2.26)

It follows

H = − 4π 3m^⋆k_B T { C ∇T k_B T − e[A + Bq(E_F − ϕ)]∇E_F } (2.27) where C = 4π ∫ dkf_{eq}k^4τ(E(k))(E(k) − eϕ + eE_F )^2

Eq.(2.27) can be rewritten in the form H = n[eμ_nP_nk_B T ∇E_F − λ_n k_B T ∇T ] (2.28)

where

λ_n = 4πC 3m^⋆k_B T n . Equations (2.11),(2.28) form the basis of the energy transport model [83]. By comparing eq.(2.28) to eq.(2.11) we see that the Onsager reciprocity principle [28] holds for the energy transport model [43, 3].

2.3 Hydrodynamical models

The drift-diffusion equations do not comprise the energy-density as a dynamical variable, hence they are not capable of describing phenomena where energy plays an important role, as hot electrons. Energy can be taken into account by including the energy equation (2.5) and the energy-flux equation (2.6). This approach dates back to the pionereeing work of Blotekjaer [23]. We shall first introduce a simplified model originally due to Baccarani and Wordeman [19] and extensively investigated by several authors. Because of its widespread popularity we denote this model by BBW ( Blotekjaer-Baccarani-Wordeman ).

We suppose the energy band of parabolic type and introduce the random component m^⋆c and the mean value m^⋆u of k,

k = m^⋆(V + c),

and then decompose the tensor U^{ij} as

nU^{ij} = nV^iV^j + ∫ d^3kfc^ic^j The tensor

θ̂^{ij} = ∫ d^3kc^ic^jf

is then split into an isotropic and traceless part

θ̂^{ij} = 1 3 θ̂^k δ^{ij} + θ̂^{<ij>} where

θ̂^k = ∫ d^3kfc^2.

Then U^{ij} = nV^iV^j + 1 3 θ̂^k δ^{ij} + θ̂^{<ij>} (2.29)

In the model of Baccarani and Wordeman the anisotropic tensor θ̂^{<ij>} is neglected θ̂^{<ij>} = 0 (2.30) For the energy density one has nW = m^⋆ 2 (nV^2 + θ̂^k ).

Now we define the electron temperature T ( distinct from the lattice temperature T_L) by 3nk_B T 2 = nW − nm^⋆V^2 2 (2.31) whence θ̂^k_k = 3nk^B T m^⋆ and θ̂^{ij} = nk^BT m^⋆ δ^{ij} . Then the momentum rate of change is assumed to be of the relaxation time type Q = − J τ_p (2.32)

hence the momentum equation (2.4) rewrites ∂(nV^i) ∂t + ∂ ∂x^j [ nV^iV^j + nk_BT m^⋆ δ^{ij} ] + nqE^i m^⋆ = − nV^i τ_p (2.33)

Furthermore we can always decompose the energy flow S as S = W V + k_B T V + q (2.34) where q is the heat flow vector

nq = m^⋆ 2 ∫ d^3kfc^2c (2.35) In the BBW model it is assumed that the heat flow vector is given by the Fourier law (closure assumption) q = −κ∇T (2.36) In the original Baccarani and Wordeman model the Fourier law is simply assumed as a phenomenological law. A better justification (which however leads to a more complicated expression) has been given by several authors [43, 8, 9]. The argument runs as follows. Assume the distribution function to be very nearly isotropic, hence F_{<ij>} = 0 and θ_{<ij>} = 0. Furthermore assume Q̃ to be represented as relaxation term

Q̃ = − S τ_q with τ_q the energy flux relaxation time. Then under stationary conditions eq.(2.6) yields S_i = −τ_q [ 1 3 ∂F_{rr} ∂x^i + 5qnk_B T 2m^⋆ E_i ]

Now let us assume (closure assumption) that F_{rr} can be calculated as it were due to a maxwellian with temperature T ( thereby neglecting the convective terms ), then F_{rr} = 15n(k_B T )^2 2m^⋆ Now the momentum equation (2.4) with the assumption

Q = − J τ_p and neglecting the convective terms yields

J = − τ_p m^⋆ [∇(nk_BT ) + neE] Then, from the definition of heat flow vector and still neglecting the kinetic energy contribution, one obtains nq_i = − 5τ_hnk_B T 2m^⋆ ∂(k_B T ) ∂x^i + 5nk_B T V_i 2 ( 1 τ_p − 1 τ_q ) τ_q (2.37)

By assuming τ_p = τ_q ( also required for consistency with the Onsager reciprocity relations ) one recovers the standard Fourier law.

The closure assumptions made by Baccarani and Wordeman are open to criticism. In particular the assumption that the heat flow is described by the Fourier law is rather questionable, as will be discussed in the sequel.

Modeling the relaxation times requires more care. In the original Baccarani and Wordeman formulation τ_p is determined by the following consideration. The electron mobility μ_n is defined by

μ_n = eτ_p m^⋆ Then it is assumed that the Einstein relations relating mobility to diffusivity hold also outside thermal equilibrium.

D_n = k_B T e μ_n and that D_n is constant and equal to the low field diffusivity D_0. Hence

D_0 = k_B T_L e μ_{n0} = k_B T e μ_n where μ_{n0} is the low field mobility, whence

τ_p = m^⋆μ_{n0}T_L eT The relaxation time τ_w is obtained by approximating it with the corresponding expression which holds in the stationary and homogeneous case

τ_w = W − W_0 e | E | V and by expressing the electric field | E | as a function of temperature by using the Caughey-Thomas formula for the high-field mobility [74]

μ_n = μ_{n0} [ 1 + ( μ_{n0} | E | v_s )_2]−1/2

where v_s = 1.0 × 10^7 cm/s is the saturation velocity. Then

τ_w = m^⋆μ_{n0}T_L 2eT + 3μ_{n0}T T_L 2ev^2_s (T + T_L)

The modeling of the thermal conductivity coefficient is a crucial step. In the original Baccarani and Wordeman model the thermal conductivity is obtained from the Wiedemann-Franz law (which holds near thermal equilibrium)

κ = ( 5 2 + c)( k_B e )^2nqμ_nT (2.38)

where the constant c is related to the exponent in the expression for the relaxation time

τ(E) = τ_0 ( E E_0 )_c

In the original model of Baccarani and Wordeman c = −1 and therefore κ = 3 2 ( k_B e )^2neμ_nT The BBW hydrodynamical model for electrons consists then of the following equations.

- continuity equation ∂n ∂t + ∇ · (nV) = 0 (2.39)

- momentum equation ∂(nV^i) ∂t + ∂ ∂x^j ( nV^iV^j + nk_BT m^⋆ δ^{ij} ) + nqE^i m^⋆ = − nV^i τ_p (2.40)

-energy equation ∂ ∂t ( 1 2 nm^⋆V^2 + 3 2 nk_B T ) + ∇ · [ ( 1 2 nm^⋆V^2 + 5 2 nk_BT )V −κ∇T ] + neE · V = − W − W_0 τ_w (2.41)

-Poisson’s equation

∇ · (ϵ∇ϕ) = e(N_A − N_D + n − p) (2.42)

with κ the heat conduction coefficient. These equations, were not for the collision terms, would be the same as the balance equations for a charged heat conducting fluid coupled to Poisson’s equation.

Gardner,Jerome and Rose [40] and Gardner [38] numerically integrated the BBW model for the ballistic diode in the stationary case. In [38] the system of equations was discretized by using central differences (if the flow is everywhere subsonic) or the second upwind method (for transonic flow). The discretized system is then linearized by using Newton’s method with a damping factor. In this way Gardner was able to show evidence for an electron shock wave in the diode. In [2] Gardner’s results have been recovered by using a viscosity method.

Numerical solutions in the nonstationary case have been obtained in [31] by using an ENO scheme. The same results have been obtained in [71] by using a central scheme.

Now we pass to investigate the Onsager conditions for the BBW model. Now let us go back to the momentum balance equation (2.40). In the stationary case it yields to the first order approximation (that is by neglecting the second order terms in the velocity) Q = 1 m^⋆ ∇(nk_B T ) − ne m^⋆ ∇ϕ (2.43)

and from eq.(2.13) Q = n m^⋆ { −e∇E_F + [ 5 2 + log( aT^{3/2} n )]∇(k_B T ) } (2.44)

Now we consider the energy flux equation (2.6) in the stationary case. Also in this case F_{<ij>} = 0 approximately, hence

Q̃ = 1 3 ∇F_{rr} − 5qnk_B T m^⋆ ∇ϕ F_{rr} 3 = 5n(k_B T )^2 2m^⋆ according to the equilibrium f_{eq}, whence

Q̃ = 5 2m^⋆ { ∇[n(k_B T )^2] − enk_B T ∇ϕ } which gives, by using eq.(2.13)

Q̃ = 5 2m^⋆ { −qnk_BT ∇E_F + [ 7 2 + log( aT^{3/2} n )]nk_B T ∇(k_B T ) } (2.45)

Now, in the BBW model one assumes the following relaxation type forms for the collision terms

Q = − J τ_p (2.46)

Q̃ = − S τ_q . (2.47)

Then we have

J = − nτ_p m^⋆ { −e∇E_F + [ 5 2 + log( aT^{3/2} n )]∇(k_B T ) } (2.48) H = enτ_p m^⋆ { k_B T [ 5τ_q 2τ_p + log( aT^{3/2} n )]∇E_F + Λ∇T } (2.49)

with Λ = 1 eτ_p { − 5τ_q 2 [ 7 2 + log( aT^{3/2} n )]k_B T − τ_pk_B T log( n aT^{3/2} )[ 5 2 + log( aT^{3/2} n )] }

Let I denote the coefficient of ∇(k_B T ) in the expression for J and II the coefficient of ∇E_F in the expression for H. The Onsager reciprocity principle requires that [28] qk_B T I = −II (2.50) Therefore the Onsager reciprocity relations are satisfied if and only if τ_p = τ_q, but Monte Carlo simulations show that this relationship does not hold near thermal equilibrium. [3]. This implies that the production terms must have a more general form.

A more suitable form is given by

Q = −(aJ + bS) (2.51) Q̃ = −(ãJ + b̃S) (2.52) Now J = 1 Δ (bQ̃ − b̃Q), S = 1 Δ (ãQ − aQ̃), with Δ = ab̃ − ãb and therefore eq.(64) gives 1 k_B { ã − 5ak_N T 2 + k_B T log( n n_i )[b̃ − 5bk_N T 2 ] } = = 5bk_B T 2 [ 7 2 − log( n n_i )] − b̃[ 5 2 − log( n n_i )], which can be rewritten as

ã + 5 2 b̃k_B T = 5 2 k_B T (a + 7 2 bk_B T ). (2.53)

This last relation has been compared with Monte Carlo simulation in [4].

24

Chapter 3

The extended hydrodynamical model

In a series of articles [11, 8, 3, 14, 15, 12, 13] a general framework in which to construct solutions to the closure problem is proposed which, contrary to previous treatments, is not ad hoc but is based on the application of the entropy principle within the framework of Extended Thermodynamics [63, 49] or equivalently the maximum entropy principle. Apart from the usual balance equations for carriers density, momentum and energy, this class of models comprises evolution equations for the heat flux and shear stress.

The resulting system is hyperbolic in a suitable domain of the space of variables. In the stationary case, by linearizing the heat flux equation for small temperature gradients (Maxwellian iteration) one obtains an extension of the Fourier law which includes also a convective term. With the addition of this term, the Onsager relations for small deviations from thermodynamical equilibrium are verified (at variance with the BBW model). Furthermore the heat conductivity turns out to be directly related to the energy-flux relaxation time and does not contain any undetermined free parameters (at variance with the BBW model).

In this section we show how to get a hydrodyamical model, based on a consistent theory of non-equilibrium thermodynamics, the so-called extended thermodynamics [63, 49]. First we illustrate the guideline upon which to construct the model for the case of a general energy band structure. Then specific results will be presented in the case of the Kane dispersion relation and, as limiting case, in the parabolic band approximation. The obtained constitutive equations will be compared with those derived by a fitting of Monte Carlo data in [50]

3.1 The maximum entropy principle

In this section a general energy band will be considered.

As seen in the previous sections, the set of moment equations (2.3)-(2.6) is not closed. If we assume as fundamental variables n, V^i, W and S^i, which have a direct physical interpretation, the closure problem consists in expressing P^i, U^{ij}, F^{ij} and G^{ij} and the moments of the collision term C^i_P , C_W and C^i_W as functions of n, V^i, W and S^i.

We stress that the role of the mean velocity V^i here is radically different from that played in gas dynamics. In fact, for a simple gas the explicit dependence of fluxes on the velocity can be predicted by requiring galilean invariance of the constitutive functions. Instead eqs (2.3)-(2.6) are not valid in an arbitrary galilean reference frame, but they hold only in a frame where the crystal is at rest (in the applications it can be considered as inertial and it is possible to neglect the inertial forces). Therefore V^i is the velocity relative to the crystal and the dependence on it in the constitutive functions cannot be removed by a galilean transformation.

The maximum entropy principle (hereafter MEP) leads to a systematic way for obtaining constitutive relations on the basis of information theory (see [63, 49, 53, 29] for a review).

According to the MEP if a given number of moments M_A are known, the distribution function f_{ME} which can be used to evaluate the unknown moments of f, corresponds to the extremal of the entropy functional under the constraints that it yields exactly the known moments M_A ∫ B ψ_Af_{ME}d^3k = M_A. (3.1)

Since the electrons interact with the phonons describing the thermal vibrations of the ions placed at the points of the crystal lattice, in principle we should deal with a two component system (electrons and phonons). However, if one consider the phonon gas as a thermal bath at constant temperature T_L, only the electron component of the entropy must be maximized. Moreover, by considering the electron gas as sufficiently dilute, one can take for the electron gas the expression of the entropy obtained as limiting case of that arising in the Fermi statistics s = −k_B ∫ B (f log f − f) d^3k. (3.2)

If we introduce the lagrangian multipliers Λ_A, the problem to maximize s under the constraints (3.1) is equivalent to maximize

s^′ = Λ^AM_A − s,

the Legendre transform of s, without constraints, δs^′ = 0. This gives [

log f +

Λ_Aψ^A k_B ] δf = 0 Since the latter relation must hold for arbitrary δf, it follows

f_{ME} = exp [ − 1 k_B Λ_Aψ^A ] . (3.3)

If n, V^i, W and S^i are assumed as fundamental variables,then

ψ^A = (1, v, E, Ev) and Λ_A = (λ, k_B λ_i, k_B λ^W , k_B λ^W_i ) with λ lagrangian multiplier relative to the density n, λ^W lagrangian multiplier relative to the energy W , λ_i lagrangian multiplier relative to the velocity V^j and λ^W_i lagrangian multiplier relative to the energy flux S^j. Therefore the maximum entropy distribution function reads

f_{ME} = exp [ − ( 1 k_B λ + λ^W E + λ_iv^i + λ^W_i v^iE )] , (3.4)

with Λ_A functions of the moments M_A. We want to stress that at variance with the monatomic gas, the problem of the integrability due to the fact that the sign of the argument of the exponential is not defined, does not arise here because the moments are obtained by integrating over the first Brillouin zone, which is a compact set of R^3.

In order to get the dependence of the Λ_A’s from the M_A, one has to invert the constraints (3.1). Then by taking the moments of f_{ME} and C[f_{ME}] one finds the closure relations for the fluxes and the production terms of the system (2.3)-(2.6) . On account of the analytical difficulties this can be achieved only with a numerical procedure. However, apart from the computational problems, the balance equations are now a closed set of partial differential equations and with standard considerations in extended thermodynamics [63] it is easy to show that they form a quasilinear hyperbolic system.

Let us set η(f) = −k_B (f log f − f) . The entropy balance equations is obtained multiply the equation (1.5) by η^′(f) = ∂_f η(f) and after integrating with respect to k one has ∂ ∂t ∫ B η(f)d^3k + ∂ ∂x^i ∫ B η(f)v^id^3k − eE^i ∫ B η^′(f) ∂ ∂k^j fd^3k = ∫ B η(f)C[f]d^3k. By taking into account the periodicity condition of f on the first Brilluin zone, the integral ∫ B η^′(f) ∂ ∂k^j fd^3k = ∫ B ∂η(f) ∂k^j d^3k = ∫ ∂B η(f)n^id^3k

vanishes and the entropy balance equations assumes the usual form ∂s ∂t + ∂φ^i ∂x^i = g, with φ^i = ∫ B η(f)v^id^3k entropy flux and g = ∫ B η(f)C[f]d^3k entropy production.

The electric field does not contribute neither to the entropy production nor to the entropy flux.

Let us now rewrite the balance equations (2.3)-(2.6) in the form ∂M^A ∂t + ∂F^{iA} ∂x^i = G^A(M_B , E_j ). (3.5)

In [63] it is proved that the field equations and the entropy balance equations are related by the condition that ∂s ∂t + ∂φ^i ∂x^i − g − Λ_A [ ∂M^A ∂t + ∂F^{iA} ∂x^i − G^A(M_B , E_j ) ] = 0, (3.6)

holds for arbitrary values of the field M_A with the lagrangian multipliers Λ_A being the same as those arising by employing the maximum entropy principle. This implies [63] that

M_A = ∂s^′ ∂Λ_A , (3.7)

F^{iA} = ∂φ^{′i} ∂Λ_A , (3.8)

with ϕ^{′i} = Λ_AM^A − ϕ. If ∂s^′ ∂Λ_A∂Λ_B is defined in sign, one can globally invert [22] and express the moment M_A as function of the lagrangian multipliers Λ_B . As shown in [24] the previous condition is equivalent to require that f^′_{ME} = ∂ ∂χ f_{ME}(χ) is defined in sign, with χ = Λ_Aψ^A/k_B . One trivally gets f^′_{ME} < 0 and therefore the balance equations (2.3)-(2.6) can be rewritten in terms of the lagrangian multipliers as

∂^2s^′ ∂Λ_A∂Λ_B ∂Λ_B ∂t + ∂^2φ^{′i} ∂Λ_AΛ_B ∂B ∂x^i = G^A ( ∂s^′ ∂Λ_C , E_j ) . (3.9)

In this form it is immediate to recognize that the balance equations form a symmetric quasilinear hyperbolic system [47]. The main consequence of this property is that according to a theorem due to Fisher and Marsden [34] the Cauchy problem is wellposed for the system (3.9) at least in the simple case when the electric field is considered as an external field.

3.2 Closure relations for Kane’s dispersion relation

As a first attempt, in order to get explicit forms of the constitutive equations and improve over the parabolic band approximation (and also to obtain a first guess for future numerical work), we shall consider hereafter the Kane dispersion relation. The price to pay for this choice is that the integrability condition is no longer guaranteed because now B is not a compact set but B = R^3.

However this difficulty can be circumvented and we show how to get, under reasonable assumptions, an asymptotic form of f_{ME} which enjoys the property of integrabilty also in R^3.

At equilibrium the distribution function is isotropic

f_{EQ} = exp [ − ( 1 k_B λ_E + E k_B T_0 )] , (3.10)

that is at equilibrium λ^W_E = 1 k_B T_0

, λ^i_E = 0 λ^{i W}_E = 0.

Monte Carlo simulations for electron transport in Si show that the anisotropy of f is small [4, 50, 75] even far from equilibrium. The physical reason is that in Si the main scattering mechanisms, the interactions of electrons with acoustic and non-polar optical phonons, are both isotropic.

Upon such a consideration we make the ansatz of small anisotropy for f_{ME}. Formally we introduce a small anisotropy parameter δ, assume that the multipliers are analytic in δ and expand them around δ = 0 up to second order by taking into account the representation theorems for isotropic functions,

λ = λ^{(0)} + δ^2 λ^{(2)}, (3.11) λ^W = λ^{W (0)} + δ^2 λ^{W (2)}, (3.12) λ_i = δ λ^{(1)}_i , (3.13) λ^W_i = δ λ^{W (1)}_i . (3.14)

Therefore f_{ME} can be written as

f_{ME} = exp ( − λ^{(0)} k_B − λ^{W (0)}E ) [ 1 − δx + δ^2 ( x^2 2 − λ^{(2)} k_B − λ^{W (2)}E )] , (3.15)

with x = λ^{(1)}_i v^i + λ^{W (1)}_i v^iE.

We remark that λ^{(0)} and λ^{W (0)} are not the equilibrium part of λ and λ^W , but the part arising when f_{ME} is isotropic.

In order to get the expressions of the Λ’s in terms of the M_A we have to invert the following equations: n = ∫ B f_{ME} d^3k, (3.16) nW = ∫ B Ef_{ME} d^3k, (3.17)

nV^i = ∫ B v^if_{ME} d^3k, (3.18) nS^i = ∫ B v^iEf_{ME} d^3k. (3.19)

By retaining only the terms up to second order in δ, from the constraints (3.16)- (3.19), we get the following algebraic system (V_i and S_i are consistently considered as terms of order δ)

n = exp [ − ( 1 k_B λ^{(0)} )] ∫ B exp [ − ( λ^{W (0)}E )] d^3k, (3.20)

W = exp [ − ( 1 k_B λ^{(0)} )] ∫ B E exp [ − ( λ^{W (0)}E )] d^3k, (3.21)

0 = ∫ B exp ( λ^{W (0)}E ) [ 1 k_B λ^{(2)} + λ^{W (2)}E − x^2 2 ] , (3.22) 0 = ∫ B E exp ( λ^{W (0)}E ) [ 1 k_B λ^{(2)} + λ^{W (2)}E − x^2 2 ] , (3.23) nV^i = − ∫ B v^i exp ( λ^{W (0)}E ) x d^3k, (3.24) nS^i = − ∫ B v^i E exp ( λ^{W (0)}E ) x d^3k. (3.25)

Since E is a isotropic function of k, in order to solve the system for the multipliers it is computationally convenient to express d^3k in terms of E and the elementary volume of solid angle dΩ,

d^3k = k^2 dk dΩ = m^∗ h̄^3 √ 2m^∗E (1 + αE) (1 + 2αE) dE dΩ.

Eqs. (3.20), (3.21) decouple from the other equations and explicitly read

n = 4 π h̄^3 exp ( − λ^{(0)} k_B ) ∫_∞ 0 exp ( −λ^{W (0)}E ) m^∗ √ 2m^∗E (1 + αE) ×

× (1 + 2αE) dE, (3.26) W = ∫_∞ 0 E √ E (1 + αE) (1 + 2αE) exp ( −λ^{W (0)}E ) dE ∫_∞ 0 √ E (1 + αE) (1 + 2αE) exp ( −λ^{W (0)}E ) dE . (3.27)

Relation (3.27) shows that λ^{W (0)} depends only on W . The analytical inversion of equation (3.27) is rather involved and we have resorted to a numerical inversion. The results are showed in fig. 1. Near global thermal equilibrium the value of λ^{W (0)} is the same for both the parabolic and Kane dispersion relation. When W increases, the value of λ^{W (0)} in the Kane case is greater.

The knowledge of λ^{W (0)} allows us to get the constitutive functions for the other lagrangian multipliers.

Relation (3.26) gives λ^{(0)}, which essentially plays the role of a normalization factor

λ^{(0)} k_B = − log ( h̄^3n 4πm^∗ √ 2m^∗d_0 ) , with d_0 = ∫_∞ 0 √ E (1 + αE) (1 + 2αE) exp ( −λ^{W (0)}E ) dE. The lagrangian multipliers λ^v_i and λ^W_i can be obtained by inverting the linear system represented by eq.s (3.24)-(3.25).

By taking into account the following formula^1 valid for l belonging to S^2, the unit sphere of R^3, ∫ S^2 l^{i1} · · · l^{ik} dΩ = { 0 if k is odd 4π k+1 δ^{(i1 i2} · · · δ^{ik−1 ik)} if k is even

1round brackets mean symmetrization, e.g. A_{(ij)} = 1/2(Aij + Aji).

Figure 3.1: Inverse of the Lagrangian multipliers λ^{W (0)} vs. the energy W

one finds λ_i = b_{11}V_i + b_{12}S_i, λ^W_i = b_{12}V_i + b_{22}S_i.

The coefficients b_{ij} are given by

b_{11} = a_{22} Δ , b_{12} = − a_{12} Δ , b_{22} = a_{11} Δ with

a_{11} = −

2p_0 3m^∗d_0

, a_{12} = −

2p_1 3m^∗d_0

, a_{22} = −

2p_2 3m^∗d_0 , and Δ = a_{11}a_{22} − a^2_{12}, d_k and p_k being

d_k = ∫_∞ 0 E^k √ E (1 + αE) (1 + 2αE) exp ( −λ^{W (0)}E ) dE, p_k = ∫_∞ 0 [E(1 + αE)]^{3/2} E^k 1 + 2αE exp(−λ^{W (0)}E) dE.

Finally, the second order corrections to λ and λ^W , are obtained by solving the linear system (3.22)-(3.23).

The following expressions are found λ^{(2)} k_B = α_1 V · V + 2α_2 S · V + α_3 S · S, (3.28) λ^{W (2)} = α_4 V · V + 2α_5 S · V + α_6 S · S, (3.29) where

α_1 = 3 4 m^∗d^2_0 [ d_1p_1(p^2 − p_3p_1) − d_2p_2(p^2_1 − p_0p_2) ] D̂ , (3.30) α_2 = 3 4 m^∗d^2_0 [ d_2p_1(p^2_1 − p_0p_2) − d_1p_0(p^2 − p_1p_3) ] D̂ , (3.31) α_3 = 3 4 m^∗d^2_0 [ (d_1p_1 + d_2p_0)(p_0p_2 − p^2_1) + d_1p_0(p_1p_2 − p_3p_0) ] D̂ , (3.32) α_4 = − 3 4 m^∗d^2_0 [ d_1p_2(p_2p_0 − p^2_1) + d_0p_1(p^2 − p_1p_3) ] D̂ , (3.33) α_5 = 3 4 m^∗d^2_0 [ d_1p_1(p_2p_0 − p^2_1) + d_0p_0(p^2 − p_1p_3) ] D̂ , (3.34) α_6 = − 3 4 m^∗d^2_0 [ (d_1p_0 + p_1d_0)(p_2p_0 − p^2_1) + d_0p_0(p_1p_2 − p_0p_3) ] D̂ . (3.35) with D̂ = (d_0d_2 − d^2_1)(p_0p_2 − p^2_1)^2. (3.36)

3.3 Constitutive equations for fluxes

Once the lagrangian multipliers are expressed as functions of the fundamental variables, the constitutive equations for fluxes can be obtained by using the distribution function given by the maximum entropy principle. First we observe that by the definition of P^i, it follows P^i = m^∗(v^i + 2αS^i), (3.37) while for the other tensorial quantities up to second order terms the constitutive equations are of the form U_{ij} = U^{(0)}_{ij} + δ^2U^{(2)}_{ij} , (3.38) F_{ij} = F^{(0)}_{ij} + δ^2F^{(2)}_{ij} , (3.39) G_{ij} = G^{(0)}_{ij} + δ^2G^{(2)}_{ij} . (3.40) Concerning the tensor U^{ij} at the zero order we have U^{ij(0)} = U^{(0)}δ^{ij} , (3.41) with U^{(0)} = 2 3d_0 ∫_∞ 0 [E (1 + αE)]^{3/2} exp ( −λ^{W (0)}E ) dE, .

For U^{ij(2)} we get

U^{ij(2)} = (δ_1 V · V + 2δ_2 S · V + δ_3 S · S) δ^{ij} + δ_4 V^iV^j + 2δ_5 V^{(i}S^{j)} + δ_6 S^iS^j. (3.42)

The coefficients δ_k are given by

δ_1 =

3m^∗d_0 20D̂ { 2(d_0d_2 − d^2_1)(b_0p^2 − 2b_1p_1p_2 + b_2p^2_1)+

5U^{(0)} [ d_0d_2(p_2p^2_1 − p_0p^2) − d_0d_1(p_1p^2 − p_3p^2_1) ] +5R^{(0)} [ d_0d_1(p_0p^2 − p_2p^2_1) − d^2_0(p_3p^2_1 − p_1p^2) ]} , (3.43)

δ_2 = −

3m^∗d_0 20D̂ { 2(d_0d_2 − d^2_1) [ b_0p_1p_2 − b_1(p_0p_2 + p^2_1) + b_2p_0p_1 ] + 5U^{(0)} [ d_0d_2(p^3_1 − p_0p_1p_2) − d_0d_1(p_0p^2 − p_0p_1p_3) ] +5R^{(0)} [ d_0d_1(p_0p_1p_2 − p^3_1) − d^2_0(p_0p_1p_3 − p_0p^2) ]} , (3.44)

δ_3 =

3m^∗d_0 20D̂ { 2(d_0d_2 − d^2_1)(b_0p^2_1 − 2b_1p_0p_1 + b_2p^2_0)+

5U^{(0)} [ d_0d_1(p^3_1 − 2p_0p_1p_2 + p^2_0p_3) − d_0d_2(p^2_0p_2 − p_0p^2_1) ] +5R^{(0)} [ d_0d_1(p^2_0p_2 − p_0p^2_1) − d^2_0(p^2_0p_3 − 2p_0p_1p_2 + p^3_1) ]} , (3.45)

δ_4 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2 ( b_0p^2 − 2b_1p_1p_2 + b_2p^2_1 ) , (3.46)

δ_5 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2

[p_0(b_1p_2 − b_2p_1) + p_1(b_1p_1 − b_0p_2)] , (3.47)

δ_6 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2 ( b_0p^2_1 − 2b_1p_1p_0 + b_2p^2_0 ) , (3.48)

with

b_k = ∫_∞ 0 E^k [E(1 + αE)]^{5/2} (1 + 2αE)^2 exp ( −λ^{(0)}E ) dE (3.49) and R^{(0)} = 2 3d_0 ∫_∞ 0 E^{5/2}(1 + αE)^{3/2} exp ( −λ^{(0)}E ) dE. (3.50)

Similar calculation can be performed for F_{ij} and G_{ij}. However in order to make a comparison with other existing models, based on a fitting procedure of Monte Carlo data, we calculate the constitutive equation for the tensor R_{ij} defined by R_{ij} = 1 n ∫ B h̄k_iv_j fd^3k. This quantity has been introduced in [50] where the balance equation (2.6) was replaced with the equation obtained by taking the moment equation of the transport equation with the weight function ψ(k) = h̄k_iv_j .

The advantge of this choice is that in the stationary case the number of constitutive functions is reduced to a minimum, but in the non stationary case the choice presented in the subsection 3.1 is more natural and computationally more efficient.

One has R_{ij} = R^{(0)}_{ij} + R^{(2)}_{ij} .

For R^{(0)}_{ij} one has R^{(0)}_{ij} = R^{(0)}δ_{ij} ,

with R^{(0)} given by (3.50), while for R^{ij(2)}, we find

R^{ij(2)} = (γ_1 V · V + 2γ_2 S · V + γ_3 S · S) δ^{ij} + γ_4 V^iV^j + 2γ_5 V^{(i}S^{j)} + γ_6 S^iS^j, (3.51)

where

γ_1 = −

3m^∗d_0 20D̂ { 2(d^2_1 − d_0d_2)(b_1p^2 − 2b_2p_1p_2 + b_3p^2_1)+

5R^{(0)} [ d_0d_1(p_1p^2 − p^2_1p_3) + d_0d_2(p_0p^2 − p_2p^2_1) ] + 5Q^{(0)} [ d^2_0(p_3p^2_1 − p_1p^2) + d_0d_1(p_2p^2_1 − p_0p^2) ]} , (3.52)

γ_2 =

3m^∗d_0 20D̂ { 2(d^2_1 − d_0d_2) [ b_1p_1p_2 − b_2(p_0p_2 + p^2_1) + b_3p_0p_1 ] + 5R^{(0)} [ d_0d_1(p_0p^2 − p_0p_1p_3) + d_0d_2(p_0p_1p_2 − p^3_1) ] + 5Q^{(0)} [ d^2_0(p_0p_1p_3 − p_0p^2) + d_0d_1(p^3_1 − p_0p_1p_2) ]} , (3.53)

γ_3 =

3m^∗d_0 20D̂ { 2(d_0d_2 − d^2_1)(b_1p^2_1 − 2b_2p_0p_1 + b_3p^2_0)

5R^{(0)} [ d_0d_1(p^3_1 − 2p_0p_1p_2 + p^2_0p_3) + d_0d_2(p_0p^2_1 − p^2_0p_2) ] + 5Q^{(0)} [ d_0d_1(p^2_0p_2 − p_0p^2_1) − d^2_0(p^2_0p_3 − 2p_0p_1p_2 + p^3_1) ]} , (3.54)

γ_4 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2 ( b_1p^2 − 2b_2p_1p_2 + b_3p^2_1 ) , (3.55)

γ_5 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2

[p_0(b_2p_2 − b_3p_1) + p_1(b_2p_1 − b_1p_2)] , (3.56)

γ_6 =

3m^∗d_0 5(p_0p_2 − p^2_1)^2 ( b_1p^2_1 − 2b_2p_1p_0 + b_3p^2_0 ) , (3.57)

Q^{(0)} being Q^{(0)} = 2 3d_0 ∫_∞ 0 E^{7/2}(1 + αE)^{3/2} exp ( −λ^{(0)}E ) dE. 3.4 Parabolic band approximation

In this section we shall consider the limiting case α → 0. The aim is twofold. On one hand we will be able to get explicit formulas for the coefficients appearing in the constitutive equations, on the other hand it will be possible to have a comparison with previous hydrodynamical models. Moreover, since the difference of the results between the parabolic and Kane’s dispersion relation should be small, at least at low energies, the results presented here can be useful to check the numerical evaluation of the previously obtained constitutive equations.

In the parabolic band approximation, it is possible to calculate the terms d_k, p_k and b_k by taking into account that for a, ν > 0 ∫_∞ 0 x^{ν−1} exp(−ax)dx = 1 a^ν Γ(ν), with Γ(ν) the special Gamma function, and the property valid for positive integers p Γ ( p + 1 2 ) = √ π 2^p

(2p − 1)!!.

Concerning the lagrangian multipliers one has λ k_B = − log n (_4 3 πm^∗W )_{3/2} + 9m^∗ 4W^2

V · S − 27m^∗ 20W^3

S · S, (3.58)

λ^W = 3 2W + 21m^∗ 8W^2

V · V − 9m^∗ 2W^3

V · S + 81m^∗ 40W^4

S · S, (3.59)

λ_i = − 21m^∗ 4W V_i + 9m^∗ 4W^2

S_i, (3.60)

λ^W_i = 9m^∗ 4W^2 V_i − 27m^∗ 20W^3

S_i. (3.61)

The distribution function given by the maximum entropy principle in this case reads

f^P_{ME} = n exp(−λ^{W (0)}E) (_4 3 πm^∗W )_{3/2} × { 1 − ( − 21m^∗ 4W V_i + 9m^∗ 4W^2 S_i ) v^i − ( 9m^∗ 4W^2 V_i − 27m^∗ 20W^3 S_i ) Ev^i + 1 2 [( − 21m^∗ 4W V_i + 9m^∗ 4W^2 S_i ) v^i + ( 9m^∗ 4W^2 V_i − 27m^∗ 20W^3 S_i ) Ev^i ]_2

− ( 9m^∗ 4W^2

V · S − 27m^∗ 20W^3

S · S )

− ( 21m^∗ 8W^2

V · V − 9m^∗ 2W^3

V · S + 81m^∗ 40W^4

S · S ) E } (3.62)

and the constitutive equations become

U^P_{ij} = 2 3 W δ_{ij} + ( − 7 6 m^∗V · V + 7m^∗ 5W S · V − 27m^∗ 50W^2

S · S ) δ^{ij} + 7 2 m^∗V^iV^j − 21m^∗ 5W V^{(i}S^{j)} + 81m^∗ 50W^2

S^iS^j, (3.63) R^P_{ij} = 10 9 W^2δ_{ij} + ( − 7 18 m^∗W V · V + m^∗ 15 S · V − 9m^∗ 50W S · S ) δ^{ij} + 77 6 m^∗W V^iV^j − 91m^∗ 5 V^{(i}S^{j)} +

357m^∗ 50W S^iS^j. (3.64)

In order to compare the results with those obtained for the monatomic gas and the hydrodynamical models of semiconductors presented in [8, 3, 68, 16], we observe that E = 1 2 m^∗v^2 = 1 2 m^∗(V_k + c_k)(V^k + c^k).

Therefore, by defining the electron temperature through

3nk_B T = 3p = m^∗ ∫ B c_kc^kfd^3k

and introducing the heat flux nq_i = 1 2 m^∗ ∫ B c_ic_kc^kfd^3k, and the shear tensor nσ_{ij} = m^∗ ∫ B c_{<i}c_{j>}fd^3k, we have up to second order terms

W^{(P )} = 1 2 m^∗V^2 + 3 2 k_B T, S^{i(P )} = 5 2 k_B T V^i + σ^{ik}V_k + q^i.

Then the lagrangian multipliers read λ k_B = − log n (2πm^∗k_B T )^{3/2} + m^∗V · V 2k_B T − m^∗ (k_B T )^2

V · q − 2 5 m^∗ (k_B T )^3 q · q, λ^W = 1 k_B T + 2 3 m^∗V · q (k_B T )^3 + 2 5 m^∗q · q (k_B T )^4 , λ_i = − m^∗ k_B T V_i + m^∗ (k_B T )^2 q_i, λ^W_i = − 2 5 m^∗ (k_B T )^3 q_i, which are the same as those obtained for a monatomic gas in the inviscid case. This shows that according to the results presented in [68], the explicit dependence of the multipliers on the velocity is the same as that found for a monatomic gas by operating the decomposition of the lagrangian multipliers into convective and non convective parts (compare the previous expressions for the Λ^′s with that reported in [56, 18]).

The constitutive equations (3.63),(3.64) become^2

U^{(P )}_{ij} = m^∗V_iV_j + k_B T δ_{ij} + 4m^∗ 5k_B T V_{<i}q_{j>} + 18m^∗ 25(k_B T )^2 q_{<i}q_{j>}, (3.65)

R^{(P )}_{ij} = ( 1 2 m^∗V^2k_B T + 5 2 (k_B T )^2 − 8 15 m^∗V · q − 3 25 m^∗q^2 k_B T ) δ_{ij} + 7 2 m^∗k_B T V_iV_j + 28 5 m^∗V_{(i}q_{j)} + 119 25 m^∗q_iq_j k_B T . (3.66)

2< Aij > means deviatoric part of Aij , that is < Aij >=^1_2 (Aij + Aji) − 1/3A^lδij

By comparing the relation (3.65) with the analogous expression U^{(MG)}_{ij} in the case of a monoatomic gas [56] U^{(MG)} ij = m^∗V_iV_j + k_B T δ_{ij} + σ_{ij} , we may make the identification σ_{ij} = 4m^∗ 5k_B T V_{<i}q_{j>} + 18m^∗ 25(k_B T )^2 q_{<i}q_{j>}. (3.67)

Now, if such an expression for σ_{ij} is inserted into the expression for R_{ij} for the monatomic gas [56], R^{(MG)}_{ij} , with quadratic correction we obtain (we neglect the term of higher order than the second in V_k and the second order terms involving the shear because they are of the third order in V_i and q_j) R^{(MG)} ij = ( 1 2 m^∗k_B T V^2 + 5 2 (k_B T )^2 +

36m^∗q^2 50k_B T ) δ_{ij} + 3 2 m^∗k_B T V_iV_j + 7k_B T 2 σ_{ij} +2m^∗k_B T V^kV_{(j} δ_{ki)} + 6 5 q_{(i}δ_{jk)}V^k + 2m^∗V_{(i}q_{j)} +

112m^∗ 50k_B T q_iq_j. This is the same expression (3.66).

3.5 Closure of the production terms

The problem of the closure of the production terms has been tackled in different ways. In [4] a relaxation time approximation was introduced and the relaxation times were considered as functions of the electron density whose behaviour was obtained by fitting the results obtained with the Monte Carlo simulations. In other works [15] a more justifiable model has been proposed but the functional form was again based on the Monte Carlo data. Here we present, in the case of the Kane dispersion relation and parabolic band approximation, a self-consistent treatment based on the distribution function satisfying the maximum entropy principle which gives closed relations apart from the values of few material parameters which must be considered as fitting parameters as in the case of Monte Carlo simulations.

3.5.1 Acoustic phonon scattering If we set K_{ac} = k_B T_LΞ^2_d 4π^2h̄ρv^2_s , the collision term for acustic phonon scattering reads C[f] ≈ C[f_{ME} ] = nK_{ac} d_0 √ E(1 + αE)(1 + 2αE) exp ( −λ^{(0)}E ) [ a^4 + c^4 3 − 2 3 δa^2c^2(λ_k + λ^W_k E)v^k ] − 4πK_{ac} √ 2(m^∗)^{3(/2} h̄^3 √ E(1 + αE)(1 + 2αE) ( a^4 + c^4 3 ) f_{ME}.

Since the scattering is elastic one gets

C_W = 0.

Concerning the production terms of crystal momentum and energy flux, we can write

C^i = c^{(ac)}_{11} (W )V_i + c^{(ac)}_{12} (W )S_i, (3.68) C^i_W = c^{(ac)}_{21} (W )V_i + c^{(ac)}_{22} (W )S_i. (3.69)

The production matrix

C^{(ac)} = ( c^{(ac)}_{11} c^{(ac)}_{12} c^{(ac)}_{21} c^{(ac)}_{22} ) , is given by C^{(ac)} = A^{(ac)}B. The matrix B = ( b_{11} b_{12} b_{21} b_{22} )

has been obtained in section 3.2, while the coefficients of A^{(ac)} read

a^{(ac)}_{11} = K_{ac} d_0 ∫_∞ 0 E^2 (1 + αE)^2 (1 + 2αE) exp ( −λ^{W (0)}E ) H dE, (3.70) a^{(ac)}_{12} = K_{ac} d_0 ∫_∞ 0 E^3 (1 + αE)^2 (1 + 2αE) exp ( −λ^{W (0)}E ) H dE, (3.71) a^{(ac)}_{21} = K_{ac} m^∗d_0 ∫_∞ 0 E^3 (1 + αE)^2 exp ( −λ^{W (0)}E ) H dE, (3.72) a^{(ac)}_{22} = K_{ac} m^∗d_0 ∫_∞ 0 E^4 (1 + αE)^2 exp ( −λ^{W (0)}E ) H dE, (3.73) where K_{ac} = 8π √ 2(m^∗)^{3/2}K_{ac} 3h̄^3 and H = ( a^4 − 2 3 a^2c^2 + c^4 3 ) .

3.5.2 Non polar optical phonon scattering For the non polar optical phonon scattering the collision term becomes C[f] ≈ C[f_{ME}] = C_G[f_{ME}] − C_L[f_{ME} ]. If we set K_{np} = (D_tK)^2 8π^2ρω_{np} , the gain part can be written as

C_G[f_{ME}] = 4π √ 2(m^∗)^{3/2}K_{np}

h̄^3 exp ( − λ^{(0)} k_B ) ( n_B + 1 2 ± 1 2 ) N_± exp ( ± h̄ω_{np} k_BT_L )

exp [ −λ^{W (0)(E±h̄ωnp)} ] {[ (aa_±)^2 + 1 3 (cc_±)^2 ] − 2 3 δaa_±cc_± [ |λ · v_±| + (E ± h̄ω_{np})|λ^W · v_±| ]} , (3.74)

where N_± = √ (E ± h̄ω_{np})[1 + α(E ± h̄ω_{np})][1 + 2α(E ± h̄ω_{np})], and v_± is the velocity evaluated for energy E ± h̄ω_{np}. The loss term can be expressed as C_L[f_{ME}] = 4π √ 2(m^∗)^{3/2}K_{np} h̄^3 ( n_B + 1 2 ∓ 1 2 ) N_±F_±f_{ME}, where F_± = (aa_±)^2 + 1 3 (cc_±)^2.

At variance with the case of acoustic phonon scattering, energy is not conserved because non polar optical phonon scattering is not elastic. One finds up to the first order in δ

C_W = 3 2 K_{np} d_0 ( n_B + 1 2 ∓ 1 2 ) [ exp ( ± h̄ω_{np} k_BT_L ∓ λ^{W (0)}h̄ω_{np} ) − 1 ] η^±. (3.75)

with

η^± = ∫_∞ h̄ωH(1±1) EN_±F_± √ E(1 + αE)(1 + 2αE) exp ( −λ^{W (0)E} ) d E and K_{np} = 8π √ 2(m^∗)^{3/2}K_{np}

3h̄^3 . H is the Heviside function.

The quadratic correction is given by 4πK_{np} ( n_B + 1 2 ± 1 2 ) ∫_∞ 0 EN_± exp ( −λ^{W (0)E} ) { exp ( ± h̄ω_{np} k_B T_L ∓ λ^{W (0)}h̄ω_{np} ) × [ − λ^{(2)} k_B − λ^{W (2)}E + 1 6 v^2_±(λ + λ^W (E ± h̄ω_{np}))^2 ]

−F_± [ − λ^{(2)} k_B − λ^{W (2)}E + 1 6 v^2_±(λ + λ^W E)^2 ]} dE. (3.76)

At thermal equilibrium λ^{W (0)} = 1/k_B T_L and the zeroth order term for energy production vanishes, while the second order correction can be neglected because for low energy the parabolic band approximation is valid and in such a case F_± ≈ 1.

The production terms of crystal momentum and energy flux have again the form

C^i = c^{(np)}_{11} (W )V_i + c^{(np)}_{12} (W )S_i, (3.77) C^i_W = c^{(np)}_{21} (W )V_i + c^{(np)}_{22} (W )S_i. (3.78)

The production matrix

C^{(np)} = ( c^{(np)}_{11} c^{(np)}_{12} c^{(np)}_{21} c^{(np)}_{22} ) , is given by C^{(np)} = A^{(np)}B

and the components of the matrix A^{(np)} read

a^{np}_{11} = K_{np} d_0 ( n_B + 1 2 ∓ 1 2 ) { − 2 3 exp ( ± h̄ω_{np} k_BT_L ∓ λ^{W (0)}h̄ω_{np} ) × ∫_∞ h̄ωH(1±1) E(1 + αE) √ (E ± h̄ω_{np})[1 + α(E ± h̄ω_{np})]aa_±cc_±N_± exp ( −λ^{W (0)}E ) dE + ∫_∞ h̄ωH(1±1) F_±N_±E^{3/2}(1 + αE)^{3/2} exp ( −λ^{W (0)}E ) dE } , (3.79)

a^{np}_{12} = K_{np} d_0 ( n_B + 1 2 ∓ 1 2 ) { − 2 3 exp ( ± h̄ω_{np} k_BT_L ∓ λ^{W (0)}h̄ω_{np} ) × ∫_∞ h̄ωH(1±1) (E ± h̄ω_{np})E(1 + αE) √ (E ± h̄ω_{np})[1 + α(E ± h̄ω_{np})]aa_±cc_±N_± exp ( −λ^{W (0)}E ) dE + ∫_∞ h̄ωH(1±1) F_±N_±E^{5/2}(1 + αE)^{3/2} exp ( −λ^{W (0)}E ) dE } , (3.80)

a^{np}_{21} = K_{np} m^∗d_0 ( n_B + 1 2 ∓ 1 2 ) { − 2 3 exp ( ± h̄ω_{np} k_B T_L ∓ λ^{W (0)}h̄ω_{np} ) × ∫_∞ h̄ωH(1±1) E^2(1 + αE) 1 + 2α(E ± h̄ω_{np} √ (E ± h̄ω_{np})[1 + α(E ± h̄ω_{np})]aa_±cc_±N_± exp ( −λ^{W (0)}E ) dE + ∫_∞ h̄ωH(1±1) F_±N_± E^{5/2}(1 + αE)^{3/2} 1 + 2αE exp ( −λ^{W (0)}E ) dE } , (3.81)

a^{np}_{22} = K_{np} m^∗d_0 ( n_B + 1 2 ∓ 1 2 ) { − 2 3 exp ( ± h̄ω_{np} k_B T_L ∓ λ^{W (0)}h̄ω_{np} ) × ∫_∞ h̄ωH(1±1) E^2(E ± h̄ω_{np})(1 + αE) 1 + 2α(E ± h̄ω_{np} √ (E ± h̄ω_{np})[1 + α(E ± h̄ω_{np})]aa_±cc_±N_± exp ( −λ^{W (0)}E ) dE + ∫_∞ h̄ωH(1±1) F_±N_± E^{7/2}(1 + αE)^{3/2} 1 + 2αE exp ( −λ^{W (0)}E ) dE } . (3.82)

At variance with the acoustic phonon scattering, the electron in the interaction with the non polar acoustic phonon can gain a quantum of energy h̄ω_{np} which can drive it into another optical valley.

The generalization of the previous formulas to the case of intervalley interactions is straightforward and it is recovered from the formulas (3.75) and (3.79)-(3.82) with the substitution h̄ω_{np} → h̄ω_{AB} ∓ Δ_{AB} , where Δ_{AB} is the difference between the bottom of the A and the B valley and h̄ω_{AB} is the exchanged energy.

3.5.3 Scattering with impurities The scattering with the impurities is elastic

C_W = 0.

The production terms of crystal momentum and energy flux are calculated as

C^i = c^{(imp)}_{11} (W )V_i + c^{(imp)}_{12} (W )S_i, (3.83) C^i_W = c^{(imp)}_{21} (W )V_i + c^{(imp)}_{22} (W )S_i. (3.84)

The production matrix decomposes as C^{(imp)} = A^{(imp)}B and the components of the matrix A^{(imp)} read

a^{(imp)}_{11} = K_{imp} d_0 ∫_∞ 0 (1 + αE)^{3/2}(1 + 2αE) √ E ( log 1 + γ γ + 1 1 + γ ) × exp ( −λ^{W (0)}E ) dE, (3.85)

a^{(imp)}_{12} = K_{imp} d_0 ∫_∞ 0 (1 + αE)^{3/2}(1 + 2αE) √ E ( log 1 + γ γ + 1 1 + γ ) × exp ( −λ^{W (0)}E ) dE, (3.86)

a^{(imp)}_{21} = K_{imp} m^∗d_0 ∫_∞ 0 √ E(1 + αE)^{3/2} ( log 1 + γ γ + 1 1 + γ ) × exp ( −λ^{W (0)}E ) dE, (3.87)

a^{(imp)}_{22} = K_{imp} m^∗d_0 ∫_∞ 0 E^{3/2}(1 + αE)^{3/2} ( log 1 + γ γ + 1 1 + γ ) × exp ( −λ^{W (0)}E ) dE, (3.88)

where K_{imp} = πe^4Z^2N_{imp} 3E^2_0 . 3.5.4 Parabolic band limit The parabolic band limit of the closures for the production terms is recovered from the results obtained in the case of the Kane dispersion relation as E → 0.

For the acustic phonon scattering one finds

a^{(ac)}_{11} = 32 3 √ 2πK_{ac} h̄^3

(m^∗)^{3/2} ( 2 3 W )_{3/2} , (3.89)

a^{(ac)}_{12} = 32 √ 2πK_{ac} h̄^3

(m^∗)^{3/2} ( 2 3 W )_{5/2} , (3.90)

a^{(ac)}_{21} = a^{(ac)}_{12} m^∗ , (3.91)

a^{(ac)}_{22} = 128 √ 2πm^∗K_{ac} h̄^3 ( 2 3 W )_{7/2} . (3.92)

Concerning the non polar optical phonon scattering it is also possible to get an analytical expression for the production in terms of the Bessel functons of second kind

K_ν = √ π(z/2)^ν Γ ( ν +^1_2 ) ∫_∞ 0 exp(−z cosh t) sinh^{2ν} t dt, z, ν > 0, (3.93)

with Γ the Gamma function.

After some algebra one obtains the following expressions

C_W = ( 2 3 W )_{−1/2} 2 √ 2π(m^∗)^{3/2}(h̄ω_{np})^2

h̄^3 K_{np} ( n_B + 1 2 ∓ 1 2 ) e^{±ζ} × [ exp ( ± h̄ω_{np} k_B T_L ∓ 2ζ ) − 1 ] [K_2(ζ) ∓ K_1(ζ)] , (3.94)

a^{(np)}_{11} = 4 3 ( 2 3 W )_{−1/2} √ 2π(m^∗)^{3/2}(h̄ω_{np})^2

h̄^3 K_{np} ( n_B + 1 2 ∓ 1 2 ) e^{±ζ} × [K_2(ζ) ∓ K_1(ζ)] , (3.95)

a^{(np)}_{12} = 4 3 √ 2 3 W √ 2π(m^∗)^{3/2}(h̄ω_{np})^2 h̄^3 K_{np} ( n_B + 1 2 ∓ 1 2 ) e^{±ζ} × {3K_2 (ζ) + ζ [K_1(ζ) ∓ K_2(ζ)]} , (3.96)

a^{(np)}_{21} = a^{(np)}_{12} m^∗ , (3.97)

a^{(np)}_{22} = 4 3 ( 2 3 W )_{3/2} √ 2πm^∗(h̄ω_{np})^2 h̄^3 K_{np} ( n_B + 1 2 ∓ 1 2 ) e^{±ζ} × [ K_2(ζ) ( 12 ± 3ζ + ζ^2 ) + K_1(ζ) ( ζ ± (2ζ)^2 )] , (3.98)

with ζ = 3h̄ω_{np} 4W . Unfortunately analytical expressions are not available for the scattering with impurities. In this case one has to resort to a numerical evaluation of the coefficient of the production matrix.

3.6 Comparison with previous models

Other hydrodynamical models for carrier transport in semiconductors have been proposed in the case of Kane’s dispersion relation. In particular Tang et al. [50] proposed a model by considering the same moment equations (2.3)-(2.6) in the stationary case. The constitutive equations have been derived from the analysis of the Monte Carlo (MC) simulations of silicon devices in the stationary regime by considering the Kane dispersion relation for the energy bands.

In [50] the authors have simulated three n^+-n-n^+ silcon diodes with different doping profile and applied voltage of 2 Volt.

If we plots the values of H_i, U_{ij} and R_{ij} obtained from the MC simulations as function of W , or V_i or S_i, we do not get in general a single-valued function but a hysteresis loop appears. The appropriate forms of the constitutive functions are then obtained by minimizing the residue of the hysteresis loop in order to get a single-valued function.

The tensor U_{ij} has been modelled as

U_{ij} = U δ_{ij} + m^∗V_iV_j + 2αm^∗V_iS_j (3.99)

and the analysis of the MC data shows that the isotropic part of U^{ij}, U, can be considered with good approximation a single-valued function of the energy W U = 2 3 W + g(W ) 4∑ k=0 u_kW^k. where

u_0 = −1.01 × 10^{−4}, u_1 = 0.004, u_2 = −0.415, u_3 = 0.399, u_4 = −0.175 and g(W ) = { 0 if W ≤ W_0 = 3/2k_B T_0 1 − exp [ − (_W W_0 − 1 )] , otherwise

In fig. 2 we compare the values of U of the fitting of the MC data given in [50] with the values of U^{(0)} obtained with the maximum entropy principle in the case of parabolic band approximation and in the case of the Kane dispersion relation.

The agreement between the fitting of the MC data and the results given by the ME is highly satisfactory. Moreover it is clear that the higher the energy the less accurate the parabolic band approximation becomes.

Concerning the anisotropic part, we observe that although the definition implies that U_{ij} must be symmetric for Kane’s dispersion relation, the expression proposed in [50] is not symmetric. Moreover in the approach of Tang et al. [50] there is the a priori assumption that the coefficients of the terms S_iV_j is zero and the isotropic part does not contain second order corrections.

The tensor R_{ij} was modelled in [50] as

R_{ij} = R δ_{ij} + (S_i − 3.8W V_i)(V_j + 2αm^∗S_j)

and for R a fitting formula similar to that for U was used R = 10 9 W^2 + g(W ) 4∑ k=0 r_kW^k, (3.100)

where

r_0 = −5.3 × 10^{−3}, r_1 = 0.129, r_2 = −0.259, r_3 = −0.539, r_4 = 0.326.

Again there is the problem that the last expression for R_{ij} is not symmetric and the second order terms in the isotropic part are missing. At variance with U the comparison between R and R^{(0)} (fig. 3) shows that the agreement, although acceptable, does not present the same accuracy. The qualitative behaviour is good in the case of the Kane dispersion relation, but there is a certain quantitative discrepancy. Instead the

Figure 3.2: U^{(0)} obtained with the maximum entropy principle in the parabolic band case (dotted line), with the Kane dispersion relation (continuous lines) and the MC simulation [50] vs. the energy W

parabolic approximation presents a little different profile, but the agreement is better. This looks as a mere coincidence.

We note that MC closure relations have been determined from one dimensional results and therefore the inferred 3D constitutive equations could not be fully appropriate. Therefore a comparison between the expressions for U_{ij} and R_{ij} proposed in [50] and those obtained by using the ME principle cannot be performed by a direct comparison of the coefficients δ_k and γ_k. Probably only an analysis of the results of numerical simulations of electron devices in one and two dimensions can asses the validity of the models.

Figure 3.3: R^{(0)} obtained with the maximum entropy principle in the parabolic band case (dotted line), with the Kane dispersion relation (continuous lines) and the MC simulation [50] vs. the energy W

46

Chapter 4

Numerical methods for hydrodynamical models of semiconductors

The hydrodynamical model presented in the previous chapter is constituted by a hyperbolic system of balance equations coupled with the Poisson equation for the electric potential. The modelling of a realistic device introduces strong gradients in the initial electron density at the junctions. The subsequent evolution of the system gives rise to nonlinear waves, before reaching a steady state. Then, the methods employed for the numerical solution of the governing equations must have certain qualities to ensure that the correct weak solution is captured at the correct point in space and time. Moreover the numerical schemes should not introduce spurious features, like unphysical oscillations in the vicinity of strong gradients.

The computational strategies followed to get numerical solutions of such a set of equations, solve at each time level the Poisson equation and then the hyperbolic part by considering during the time step the electric field as a given external field. The main computational efforts are due to the hyperbolic part of the set of equations representing the model because for the Poisson equation standard schemes can be used.

Numerical integration of quasi-linear hyperbolic systems represents by itself an active research area (see [51, 81]). It is well known that the solutions of quasi-linear systems suffer loss of regularity and formation of shocks. In the last decade accurate shock capturing schemes have been developed, such as eno schemes [44]. However, high order upwind-based shock capturing schemes require the explicit knowledge of the characteristic speeds of the hyperbolic system. In the case of the model presented in the previous section, it is not possible to obtain analytical expressions for the eigenvalues and eigenvectors of the system, and it is therefore not practical to use upwind-based eno schemes.

It is almost mandatory to resort to schemes that do not require an explicit analytical expression of the solution of the Riemann problem. Here we present two numerical schemes enjoying such a property, well suited for the hydrodynamical models presented in the previous chapter.

The first scheme was proposed by Nessyahu and Tadmor (nt) [65]. It uses Lax- Friedrichs scheme as building block, corrected by muscl-type interpolation so that it becomes second order accurate in smooth regions. nt scheme has been developed for homogeneous systems. An extension of the method to systems that contain production terms has been formulated in [54] and applied to semiconductors in [71, 14, 15].

The second method uses the the flic (flux limiter centred) method and the slic (slope limiter centred) [81] for the homogeneous part of the evolution equations, while various conventional methods are employed for the solution of the forcing terms. Applications to the semiconductor equations have been reported in [6, 7] .

In the following sections we briefly present the schemes for one dimensional problems. Examples of numerical results are reported in the last section. The new features of these approaches is that they use methods suitable for hyperbolic systems with source terms and in this particular case study the solution is evolved as an unsteady problem marched to steady state, preserving time as well as space accuracy. Therefore these codes could be used to investigate the transient behaviour of the system from an academic and an engineering point of view.

Other numerical simulations have been performed by using a kinetic scheme and compared with those obtained with the nt scheme in [1]. However these latter results will not be reported here.

4.1 The Nessyahu-Tadmor scheme and its extension to non homogenous hyperbolic systems

Let us consider a system of the form ∂U ∂t + ∂F (U) ∂x = G(U, E), (4.1)

with U ∈ R^m and F : R^m → R^m.

The basic idea is to integrate first the relaxation system (relaxation step), dU dt = G(U, E), (4.2)

and then the homogeneous system (convection step), using the output of the previous step as initial condition ∂U ∂t + ∂F (U) ∂x = 0. (4.3)

For the relaxation step an unconditionally stable second order scheme can be obtained by analytical integration of the linearized relaxation equation, where linearization is obtained by freezing the coefficients and the electric field at time t_n (see [71, 14, 15] for details). The electric potential is computed by solving with standard procedure the tridiagonal system

ϵ(ϕ_{j+1} − 2ϕ_j + ϕ_{j−1}) = −(Δx)^2 (N_D − N_A − n^n_i )

and the electric field is obtained by the electric potential using finite differences.

nt scheme with a staggered grid is used for the convection step. Each convection step has the form of predictor-corrector scheme: U^{n+1/2} j+1/2 = 1 2 (U^{n+1}_j + U^n_{j+1}) + 1 8 (U^′_j − U^′_{j+1}) − λ [ F (U^{n+1/2} j+1 ) − F (U^{n+1/2}_j ) ] ,(4.4) U^{n+1/2} j = U^n_j − λ 2 F^′_j . (4.5) where λ = Δt/Δx. The time step Δt must satisfy a stability condition λ · max ρ(A(U(x, t)) < 1 2 (4.6)

where ρ(A(U(x, t)) is the spectral radius of the Jacobian matrix, A = ∂F ∂U . This condition will ensure that the generalized Riemann problems with piecewise smooth data at time t_n will not interfere during the time step Δt.

The values of U^′_j /Δx and F^′_j /Δx are a first order approximation of the space derivatives of the field and of the flux, computed from cell averages by using Uniform Non Oscillatory reconstruction (uno, see [44]),

U^′_j = MM ( d_{j−} 1_2 U + 1 2 MM(D_{j−1}, D_j ), d_{j+} 1_2 U − 1 2 MM(D_j , D_{j+1}) ) (4.7)

where

D_j = U_{j+1} − 2U_j + U_{j−1},

d_{j+1/2} = U_{j+1} − U_j . and MM(x, y) = { sign(x) · min(|x|, |y|) if sign(x) = sign(y) 0 otherwise.

A similar procedure is used for computing F^′_j .

In order to couple the convection step with the relaxation step, it is convenient to make two convection steps of step size Δt/2, so that the solution is computed on the same grid. A complete convection step of step size Δt is obtained as a sequence of two intermediate steps of step size Δt/2.

The splitting technique presented above is first order in time. It is possible to obtain second order accuracy in time by combining the two steps according to the following scheme [26, 54]. Given the field at time t_n, (U^n, E^n), the field at time t_{n+1/2} is obtained by U_1 = U^n − R(U_1, E^n, Δt),

U_2 = 3 2 U^n − 1 2 U_1, U_3 = U_2 − R(U_3, E^n, Δt), U_4 = C_{Δt}U_3, E^{n+1} = P(U_4), U^{n+1} = U_4 − R(U^{n+1}, E^{n+1}, Δt/2)

where R represents the discrete operator corresponding to the relaxation step, C_{Δt} is the discrete operator corresponding to nt scheme, and P(U) gives the solution to Poisson’s equation.

4.2 FLIC-SLIC Methods

In this section we discuss the application of a family of schemes known as high resolution (see for example the textbooks [51, 81]).

A great number of upwind, high resolution schemes use the solution of the Riemann problem to evaluate the intercell fluxes. However, when the solution of the Riemann problem is not known, it is possible to construct centred schemes which do not compromise the qualities of the high resolution family. This scheme has a low computational cost, is easy to implement and it can be used for multi-dimensional discretisations on domains of arbitrary geometry.

The homogeneous part of the model is solved using the flic scheme, which belongs to the high resolution schemes, while various conventional methods are employed for the solution of the forcing terms.

4.3 Brief exposition of flic schemes

A one-dimensional system of the form:

U_t + F (U)_x = 0 (4.8)

where U and F (U) are the vectors of the conserved variables and the fluxes respectively could be discretized using the formula [81]

U^{n+1}_i = U^n_i + Δt Δx [F_{i−1/2} − F_{i+1/2}] (4.9)

where U^{n+1}_i , and U^n_i are the solutions at the next and current time-levels, n + 1 and n, respectively. F_{i−1/2}, F_{i+1/2} are the numerical fluxes^1 at the interfaces of the computational cells of the discretised space. For a given cell width and timestep, the values of the numerical fluxes need to be evaluated in formula (4.9) in order to compute the conserved variables at the next time level.

Centred schemes are based on the tvd flux concept. Recall that the latter is:

F^{T V D}_{i+1/2} = F^{LO}_{i+1/2} + ϕ_{i+1/2} [ F^{HI}_{i+1/2} − F^{LO}_{i+1/2} ] . (4.10)

In [81] it has been proposed to construct a Flux Limiter Centred (flic) scheme, where the low and the high order fluxes are given by the force (First Order Centred) and the Richtmyer ones respectively: F^{LO}_{i+1/2} ≡ F^{force}, F^{HI}_{i+1/2} ≡ F^{Ri} See the textbook by Toro for the appropriate form of popular flux limiters which can be used within this context.

The flux of the force scheme [81] is a combination of the Lax-Friedrichs and the Richtmyer ones. In particular, considering an equation of the form

U_t + F (U)_x = 0

1The numerical fluxes are approximations to the physical fluxes.

the flux at the interface of two states U_L, U_R is: F^{force} i+1/2 ≡ F force i+1/2(UL, UR) = 0.5 [ F^{LF}_{i+1/2}(U_L, U_R) + F^{Ri}_{i+1/2}(U_L, U_R) ] (4.11)

In the above expressions, the first-order Lax-Friedrichs flux, F^{LF} is given by:

F^{LF}_{i+1/2} ≡ F^{LF}_{i+1/2}(U_L, U_R) = 0.5 [F (U_L) + F (U_R)] + 0.5 Δx Δt [U_L + U_R]

The second-order Richtmyer scheme (which computes a numerical flux by first defining an intermediate state) is:

U^{Ri}_{i+1/2} ≡ U^{Ri}_{i+1/2}(U_L, U_R) = 0.5(U_L + U_R) + 0.5 Δt Δx [F (U_L) − F (U_R)]

and then setting F^{Ri} = F (U^{Ri}_{i+1/2}).

Not all of the upwind information is lost when we construct schemes for nonlinear laws of this form, because the timestep is still governed by the cfl condition.

The adopted scheme is based on finite differences and solved with a Strang splitting technique. The Poisson equation is solved with the same technique as in the previous section. The evolution equations are: ∂U ∂t + ∂F (U) ∂x = S(U, E), (4.12)

and they are coupled with the Poisson equation.

The splitting scheme is based on the solution of the two steps:

convection step: ∂U ∂t + ∂F ∂U = 0,

relaxation step: ∂U ∂t = S(U). Each convection step is solved by FLIC (Flux Limiter Centred), scheme. The relaxation step takes care of the relaxation and drift effects and is solved by using a Runge Kutta second order explicit scheme.

Calling with R the relaxation step operator, with C the convection step operator and with P the Poisson operator, the Strang splitting is: U^{n+1} = R(△t/2)P (△t/2)C(△t)P (△t)R(△t/2)U^n 4.4 Numerical results

In [14, 15] the NT method has been applied to the following hydrodynamical model for carrier transport in semiconductors in the parabolic band approximation.

The equations are of the form

U_t + F (U)_x = S(U) where the vectors U, F (U) and S(U) are:

U = n nv nv^2 + 3p/m^∗ 2 3 nv^2 + σ/m^∗ nv^3 + 5vp/m^∗ + 2σv/m^∗ + 2q/m^∗

, (4.13)

F (U) = nv nv^2 + p/m^∗ + σ/m^∗ nv^3 + 5vp/m^∗ + 2σv/m^∗ + 2q/m^∗ 2 3 nv^3 +^4_3 vp/m^∗ +^7_3 vσ/m^∗ +^8_{15} q/m^∗ nv^4 + 5p^2/n(m^∗)^2 + 7σp/n(m^∗)^2 +^{32}_5 qv/m^∗+ v^2(8p/m^∗ + 5σ/m^∗) +^{148}_{25} q^2/m^∗p

(4.14)

S(U) =

0 −nv/τ_p − neE/m^∗ −2(W − W_0)/m^∗τ_W − 2nevE/m^∗ −1/m^∗τ_σ(nv^2 + σ/m^∗) − 4nevE/3/m^∗ 1/τ_q(nv^3 + 5vp/m^∗ + 2σv/m^∗ + 2q/m^∗) −eE/m^∗(3nv^2 + 5p/m^∗ + 2σ/m^∗)

(4.15)

Here n is the electron density, v is the electron velocity, p is the elctron fluid pressure, m^∗ is the effective electron mass (taken to be 0.32 me), σ is the anisotropic stress, q is the heat flux, τ_p is the relaxation time for momentum, τ_w is the relaxation time for energy, τ_σ for anisotropic stresses, τ_q is the relaxation time for the energy flux, e is the absolute value of the electron charge, E is the electric field, W is the energy density, W = (1/2)m^∗v^2 + (3/2) and W_0 is the thermal equilibrium energy density.

In the application done by [14, 15] the relaxation times are obtained from fitting to MC simulations by using the following representation

τ^{−1}_p = c_1 + c_2 S J + c_3

S^2 J^2 , τ^{−1}_q = c̃_1 + c̃_2 S J + c̃_3

S^2 J^2 , while for the energy relaxation time we use τ_w = 0.47 ps. The values of the constants c_i and c̃_i are the following

c_1 = 0.32 ps^{−1}, c_2 = 77.586 ps^{−1}eV^{−1}, c_3 = −80.092 ps^{−1}eV^{−2}, c̃_1 = 0.458 ps^{−1}, c̃_2 = 91.138 ps^{−1}eV^{−1}, c̃_3 = −87.866 ps^{−1}eV^{−2}.

In [6, 7] the FLIC method has b,een applied to the above hydrodynamical equations [14, 15]. Relaxation times τ_W , τ_p τ_q, respectively of energy, momentum, and energy flux, have been obtained by a fitting of the results of Monte Carlo simulations [64]. They can be expressed as function of the total energy per electron, by the following formulas τ_A = a + b(E − 1) + c exp(−d(E − 1)),

where τ_A = τ_p, τ_w, τ_q, with E = energy per electron in eV

0.025eV

Coefficients a, b, c, d are reported in the following table.

Table 4.1: Coefficients for the fitting of relaxation times τ_p τ_W τ_q a 0.0681 0.1731 0.0471 b -0.0023 0.0313 -0.0007 c 0.2051 0.2382 0.1330 d 0.9547 0.5167 0.6911

Both approaches consider as test problem a ballistic diode n^+ − n − n^+, which models a MOSFET channel. The diode is made of silicon, and the bulk temperature is supposed to be 300^∘K. The n^+ regions are 0.1μm long. The channel length we consider is 0.4 mu and the doping profile is N^+_D = 5 · 10^{17}cm^{−3} and N_D = 2 · 10^{15}cm^{−3} For the electron effective mass in the approximation of parabolic band we use m^∗ = 0.32 m_e when m_e is the electron mass [82]. Silicon dielectric constant is given by ϵ = ϵ_rϵ_0, where ϵ_r =11.7 is the relative dielectric constant and ϵ_0 = 8.85 × 10^{−18}C/V μm is the dielectric constant of vacuum.

The initial electron temperature is the lattice temperature T_0 = 300^∘K and the charges are at rest. A bias voltage of 1 Volt is applied, and this determines a charge flux in the semiconductor.

The initial conditions for the system are;

n(x, 0) = n_0(x), T (x, 0) = 300^∘K, v(x, 0) = 0, q(x, 0) = 0, σ(x, 0) = 0.

Regarding the boundary conditions, in principle the number of independent conditions on each boundary should be equal to the number of characteristics entering the domain. However, in the highly doped regions one is close to thermodynamic equilibrium, therefore in that part of the device the nonlinear effects are negligible and the results should be very close to those obtained for IT model [2]. Numerical results show that in the latter the solution is flat near the boundary. In the NT approach the following boundary conditions are used.

n(0, t) = n(L, t) = N^+_D (4.16) ∂ ∂x v(0, t) = ∂ ∂x v(L, t) = 0, (4.17)

∂ ∂x T (0, t) = ∂ ∂x T (L, t) = 0, (4.18)

eϕ(0) = T_0 ln ( n(0) n_i ) , eϕ(L) = T_0 ln ( n(L) n_i ) + eV_b, (4.19)

where n_i =1.4×10^{10} cm^{−3} is electron intrinsic concentration, and V_b is the applied bias voltage.

From the continuity equation, and from conditions (4.16, 4.17, 4.18) it follows ∂J ∂x (0, t) = ∂J ∂x (L, t) = 0 ∂W ∂x (0, t) = ∂W ∂x (L, t) = 0 ∂S ∂x (0, t) = ∂S ∂x (L, t) = 0

In the FLIC approach the only variant is that purely transmissive boundary conditions are used.

The doping profile is regularized according to the function

n_0(x) = n_0 − d_0 ( tanh x − x_1 s − tanh x − x_2 s ) , where s = 0.01μm, n_0 = n_0(0), d_0 = n_0(1 − N_D/N^+_D )/2, x_1 = 0.1μm, and x_2 = x_1 + L_c with L_c channel length. The total length of the device is L = L_c + 0.2μm.

In both approaches there is no sign of spurious oscillations near the boundary, indicating that the boundary conditions are in fact compatible with the solution of the problem.

The stationary solution is reached within a few picoseconds (about five). In the calculactions of [14, 15] the number of grid points is 120 and s =0.01 μ. In the calculations of [6] the number of grid points is 600 and s = 0.001 μ. The numerical results found for the stationary case

Acknowledgements

The authors acknowledge the financial support from the TMR project Asymptotic methods in kinetic theory, contract n.ERBFMRXCT970157.

Figure 4.1: Numerical results obtained with the modified Tadmor scheme in the case of n region of length 0.3μm with 120 grid points. For completeness also the results obtained by Monte Carlo simulations are reported (circles).

Figure 4.2: Numerical results obtained with the SLIC method in the case of n region of length 0.4 μm with 600 grid points.

58

Bibliography

[1] A. M. Anile, M. Junk, V. Romano, G. Russo,, Cross-validation of numerical schemes for extended hydrodynamical models of semiconductors, preprint (1998).

[2] A. M. Anile, C. Maccora, R. M. Pidatella, Simulation of n^+ − n − n^+ device by a hydrodynamic model: subsonic and supersonic flow, Compel, 14 (1995), pp. 1–18.

[3] A. M. Anile e O. Muscato, Improved hydrodynamical model for carrier transport in semiconductors, Phys. Rev. B., 51 (1995), pp. 16728–16740.

[4] A. M. Anile and O. Muscato, Extended thermodynamics tested beyond the linear regime:

the case of electron transport in silicon semiconductors, Continuum Mech. Thermodyn. 8, 131–142 (1996).

[5] A.M.Anile, O.Muscato, C.Maccora and R.M.Pidatella, Hydrodynamical models for semiconductors, Hydrodynamical models for semiconductors in ”Progress in Industrial Mathematics”, H.Neunzert (ed.), Proceedings of the 1994 ECMI Conference, Kaiserslautern, Wiley and Teubner, New York (1996)

[6] A. M. Anile, N. Nikiforakis and R. M. Pidatella, Assessment of a high resolution centered scheme for the solutions of hydrodynamical semiconductor equations, preprint (1999)

[7] A. M. Anile, N. Nikiforakis and R. M. Pidatella, FLIC scheme for the numerical solution of semiconductor transport equations, preprint (1999).

[8] A. M. Anile e S. Pennisi, Thermodynamic derivation of the hydrodynamical model for charge transport in semiconductors, Phys. Rev. B, 46 (1992) pp. 13186–13193.

[9] A.M.Anile, S.Pennisi, Continuum Mech.Thermodyn., 4, pp.187-197 (1992)

[10] A. M. Anile, S. Pennisi and M. Sammartino, Covariant radiation hydrodynamics, Ann.

Inst. H. Poincaré, 56 (1992)., pp. 49–74.

[11] A. M. Anile, S. Pennisi and M. Trovato, Extended thermodynamics of charge transport in semiconductors, in Nonlinear Hyperbolic Problems:Theoretical, Applied and Computational Aspects, A. Donato and F. Oliveri ed.s, Notes in numerical fluid mechanics 43, Vieveg, Braunschweig, 1993, pp. 23–32.

[12] A. M. Anile and V. Romano, Nonparabolic band transport in semiconductors: closure of the moment equations, To appear in Cont. Mech. thermodyn. (1998).

[13] A. M. Anile and V. Romano, Nonparabolic band transport in semiconductors: closure of the production terms, preprint (1999).

[14] A. M .Anile, V. Romano and G. Russo, Hyperbolic hydrodynamical model of carrier transport in semiconductors VLSI Design 8, Ns(1-4), 521–526 (1998)

[15] A. M .Anile, V. Romano and G. Russo, Extended hydrodynamical model of carrier transport in semiconductors, submitted to SIAM J. on Appl. Math. (1998)

[16] A. M. Anile and M. Trovato, Nonlinear closures for hydrodynamical semiconductor transport models, Physics Letters A 230, 387–395 (1997).

[17] N. C. Ashcroft and N. D. Mermin, Solid State Physics, Philadelphia, Holt-Sounders (1976).

[18] J. D. Au , Supplemento ai Rendiconti del Circolo Matematico di Palermo Vol. 45: Proceedings International Conference on Wave and Stability, A. Greco and S. Rionero ed.s, 59–67 (1996).

[19] G. Baccarani and M. R. Wordeman, An investigation on steady-state velocity overshoot in silicon, Solid-state Electronics, 29 (1982), pp. 970–977.

[20] N. Ben Abdallah, P. Degond and S. Genieys, An energy-transport model for semiconductors derived from the Boltzmann equation, J. Stat. Phys., 84 (1996), p. 205

[21] N. Ben Abdallah and P. Degond, On a hierarchy of macroscopic models for semiconductors, J. Math. Phys., 37 (1996), pp. 3306–3333.

[22] M. Berger and M. Berger, Perspectives in nonlinearity, W. A. Benjamin Inc., New York (1968).

[23] K. Blotekjaer, Transport equations for electron in two-valley semiconductors, IEEE Trans.

on Electron Devices, ED-17 (1970), pp. 38–47.

[24] G. Boillat and T. Ruggeri, Hyperbolic principal subsystems: entropy, convexity and subcharacteristic conditions, Arch. Rational Mech. Anal., 137 (1997).

[25] T. J. Bordolon, X. L. Wang, C. M. Maziar and A. F. Tasch, Solid State el. 34, 617, (1991)

[26] R. E. Caflisch, G. Russo and Shi Jin, Uniformly accurate schemes for hyperbolic system with relaxation, SIAM J. Numer. Anal., 34 (1) 1997, pp. 246–281 .

[27] C. Cercignani, The Boltzmann equation and its applications, Applied Mathematical Sciences, Vol. 67, Springer-Verlag, Berlin (1988).

[28] S. R. de Groot and P. Mazur, Non Equilibrium Thermodynamics, (Dover Publications Inc.,), New York, (1985)

[29] W. Dreyer, Maximization of the entropy in non-equilibrium, J. Phys. A: Math. Gen., 20 (1987), pp. 6505–6517.

[30] W. Dreyer and H. Struchtrup, Heat pulse experiments revised, Cont. Mech. Thermod., 5 (1993), pp. 3–50.

[31] E. Fatemi, J. Jerome e S. Osher, Solution of hydrodynamic device model using high-order non oscillatory shock capturing algorithms, IEEE Transaction on computer-aided design, 10 (1991), pp. 232–244.

[32] W. Fawcett, D. A. Boardmann and S. Swain, J. Chem. Solids 31, 1963 (1970).

[33] M. V. Fischetti and S. Laux, Monte Carlo study of Electron Transport in Silicon Inversion Layers, Phys. Rev. B, 48 (1993), pp. 2244–2274.

[34] A. Fisher and D. P. Marsden, The Einstein evolution equations as a first order quasi-linear symmetric hyperbolic system, Comm. on Mathematical Physics, 28 (1972), pp.1–38.

[35] K. O. Friedrichs, and P. D. Lax, Systems of conservation equations with convex extension, Proceedings of the National Academy of Sciences USA 68 (1971), pp. 1686–8.

[36] I. Gamba Martinez, Viscosity approximating solutions to ODE systems that admit shocks, and their limits, Advances in Applied Mathematics, 15 (1994), pp. 129–182.

[37] A. Gnudi, F. Odeh and M. Rudan, Investigation of non-local transport phenomena in small semiconductor devices, European Transactions on Telecommunications and related technologies, 1 (1990), pp. 307–312 .

[38] C. L. Gardner, Numerical simulation of a steady- state electron shock wave in a submicrometer semiconductor device, IEEE Transaction on Electron devices, 38 (1991), pp. 392–398.

[39] C. L. Gardner, IEEE Trans.Electron Devices, ED-40 pp.455-457, (1993) [40] C.L.Gardner, J.W.Jerome, D.J.Rose, IEEE Trans. CAD, CAD-8 pp.501-507, (1989) [41] A. A. Grinberg and S. Luriy, Diffusion in a short base, Solid State Electron., 35 1299–1309 (1992).

[42] V. Gruzinski, E. Starikov and P. Shiktorov, L. Reggiani, L. Varani, Linear and nonlinear analysis of microwave power generator in sub-micrometer n^+ −n−n^+ InP diodes, J. Appl. Phys., 76 (1994), pp. 5260-5271.

[43] W. Hänsch, The drift-diffusion equation and its application in MOSFET modeling, Springer-Verlag, Wien, 1991.

[44] A. Harten and S. Osher, Uniformly high-order accurate non-oscillatory schemes, SIAM J.

Numer. Anal., 24 (2) (1987), pp. 279–309.

[45] C. Jacoboni and P. Lugli, The Monte Carlo Method for Semiconductor Device Simulation, Wien - New York, Springer-Verlag (1989).

[46] C. Jacoboni and L. Reggiani, The Monte Carlo method for the solution of charge transport in semiconductors with applications to covalent materials, Rev. Mod. Phys., 55 (1983), pp. 645–705.

[47] A. Jeffrey, Quasi-linear hyperbolic systems and waves, Research Notes in Mathematics, Pitman, S. Francisco, 1976.

[48] W. Weiss, Continuous shock structure in extended thermodynamics, Phys. Rev. E, 52 (1995), pp. R5760–R5763.

[49] D. Jou, J. Casas-Vazquez and G. Lebon, Extended irreversible thermodynamics, Springer- Verlag, Berlin, 1993.

[50] S.-C. Lee and T.-W. Tang, Transport coefficients for a silicon hydrodynamical model extracted from inhomogeneous Monte-Carlo simulation, Solid-State Electronics, 35 (4) (1992), pp. 561–569.

[51] R. LeVeque, Numerical methods for conservation laws, Birkhäuser, Basel, 1990. [52] C. D. Levermore, Moment Closure Hierarchies for the Boltzmann-Poisson Equation, VLSI DESIGN 8 Nos(1–4), 97–101 (1995).

[53] C. D. Levermore, Moment Closure Hierarchies for Kinetic Theories, J. Stat. Phys, 83 (1996), pp. 331–407.

[54] F. Liotta, V. Romano and G. Russo, Central scheme for systems of balance laws, Proceeding 7th International Conference on Hyperbolic Problem, Zurich 1998, to appear.

[55] I-Shi Liu, Method of Lagrange Multipliers for Exploitation of the entropy principle, Arch.

Rat. Mech. Anal., 46 (1972), pp. 131-148 .

[56] I-S. Liu and I. Müller, Extended Thermodynamics of Classical and Degenerate Ideal Gases, Arch. Rational Mecha. Anal. 83, 285–332 (1983).

[57] A. Majorana, Transp. Theory Stat. Phys. 20, 261 (1991). [58] A. Majorana, Transp. Theory Stat. Phys. 22, 849 (1993).

[59] A. Majorana, Equilibrium solutions of the non-linear Boltzmann equation for an electron gas in a semiconductors, Il Nuovo Cimento 108B (1993), pp. 871–877.

[60] A. Majorana, Equilibrum Solutions of the Non-linear Boltzmann Equation for an Electron Gas in a Semiconductor, Il Nuovo Cimento 108B, 871–877 (1993).

[61] A. Majorana and G. Russo, Stationary solutions of hydrodynamic models for semiconductor device simulation, COMPEL, 12 (1993), pp. 81–93.

[62] A. Markowich, C. A. Ringhofer and C. Schmeiser, Semiconductor equations, Springer- Verlag, Wien, 1990.

[63] I. Müller and T. Ruggeri, Rational Extended thermodynamics, Springer-Verlag, Berlin, 1998.

[64] O. Muscato, R. M. Pidatella and M. V. Fischetti, Monte Carlo and hydrodynamics simulation of a one dimensional n^+ − n − n^+ silicon diode, VLSI Design Nos (1–4), pp. 247- 250 (1998).

[65] H. Nessyahu e E. Tadmor, Non-Oscillatory central differencing for hyperbolic conservation laws, J. Comput. Phys., 87 (2) 1990, pp. 408–463.

[66] F.Odeh, M.Rudan, J.White, COMPEL. 6,pp.151-170, (1987) [67] S. Pennisi and A. M. Anile, Phys.Fluids, B3, 1091, (1991) [68] S. Pennisi and M. Trovato, Field equations for charge conducting fluids in electromagnetic fields, Cont. Mech. Thermod., 7 (1995), pp. 489–520 .

[69] F. Poupaud, SIAM J. Appl. Math. bf 50, 1593 (1990). [70] F. Poupaud, Z. Angew. Math. Mech. 72, 359 (1992).

[71] V. Romano and G. Russo, Numerical solution for hydrodymamical models of semiconductors, preprint (1998).

[72] T. Ruggeri, Breakdown of regular shock wave solution, Phys. Rev. E, 47 (1993), pp. 4135– 4140.

[73] M. Rudan and G. Baccarani, On the structure and closure condition of the hydrodynamical model, to appear in IEEE TVLSI.

[74] S. Selberherr, Analysis and simulation of semiconductor devices, Springer-Verlag, Wien New York, 1984.

[75] M. A. Stettler, M. A. Alam and M. S. Lundstrom, A critical examination of the assumptions underlying macroscopic transport equations for silicon device, IEEE Trans. on Electron devices, 40 (4) (1993), pp. 733–739.

[76] R. Stratton, Diffusion of hot and cold electrons in semiconductor barriers, Phys. Rev., 126 (1962), pp. 2002–2014.

[77] D. Tan, T. Zhang and Y. Zheng, Delta-shock waves as limits of vanishing viscosity for hyperbolic systems of conervation laws, J. Diff. Equation, 112 (1994), pp. 1–32.

[78] T.-W. Tang, S. Ramaswamy and J. Nam, An Improved Hydrodynamical Transport Model for Silicon, IEEE on Electron devices 40, 1469–1477 (1993).

[79] R. Thoma A. Edmunds, B. Meinerzhagen, H. J. Peifer and W. Engl, Hydrodynamic Equations for Semiconductors with Nonparabolic Band Structure, IEEE Trans. Electron Devices 38, 1343–1353 (1991).

[80] K. Tomizawa, Numerical simulation of sub micron semiconductor devices, Artech House, Boston, 1993.

[81] E. F. Toro, Riemann solvers and numerical methods for fluid dynamics, Berlin, Springer , 1997

[82] T. Vogelsang and W. Hänsch, A novel approach for including band structure effects in a Monte Carlo simulation of electron transport in silicon, J. Appl. Phys., 70 (1991), pp. 1493– 1499.

[83] G. Wachutka, Unified framework for thermal electrical, magnetic and optical semiconductor devices modeling, COMPEL, 10 (1991), pp. 311–321.

[84] D. L. Woolard, H. Tian, R. J. Trew, M. A. Littlejohn, W. Kim,Hydrodynamic electrontransport model: Nonparabolic corrections to the streaming terms, Phys Rev. B 44, 11119– 11132 (1991).