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Abstract

This diploma thesis is concerned with the derivation and numerical testing of discrete transparent
boundary conditions (DTBCs) for multiband effective mass approzimations (MEMAs). MEMAs
are used to model electronic states in semiconductor nanostructures. This thesis is focused
on the stationary case and comprises MEMAs such as the scalar Schrodinger equation, as
a representative of single-band effective mass approximations, the two-band Kane-model and
systems of k - p-Schrodinger equations.

An analysis of the continuous problem is given and transparent boundary conditions (TBCs)
are introduced. The discretization of the differential equations is done with the help of finite
difference schemes. A fully discrete approach is used in order to develop DTBCs that are
completely reflection-free. The analytical and discrete dispersion relations are analyzed in depth
and the limitations of the numerical computations are shown.

The results of earlier works on DTBCs for the scalar Schrodinger equation are extended
by alternative finite difference schemes. Existence and uniqueness of the numerical solutions
are shown. The introduced schemes and their corresponding DTBCs are tested on numerical
examples such as the single barrier potential and the tunneling effect at the double barrier
potential.

The two-band Kane-model and the two-band k - p-model with inter-band coupling are in-
troduced as particular examples of MEMAs. DTBCs for the general d-band k - p-model are
derived and the numerical results are tested on a quantum well nanostructure.






Zusammenfassung

Die vorliegende Diplomarbeit beschiftigt sich mit der Herleitung von diskreten transparenten
Randbedingungen fiir Effektive-Massen-Approximationen von Multiband-Systemen. Effektive-
Massen-Approximationen finden Anwendung in der Berechnung der elektrischen Zusténde in
Halbleitern. Der Fokus dieser Arbeit liegt dabei auf dem stationéren Fall. Es werden Modelle wie
die skalare Schrodinger Gleichung, das Zwei-Band Kane-Modell sowie Multiband-k - p-Modelle
behandelt.

Zunéchst werden die Modelle auf kontinuierlicher Ebene untersucht und anschlielend trans-
parente Randbedingungen hergeleitet. Die Diskretisierung der Modelle erfolgt mit Hilfe des
Finite-Differenzen-Verfahrens. Auf Grundlage der diskreten Losungen im Auflenraum werden
diskrete transparente Randbedingungen hergeleitet. Dieser sogenannte diskrete Ansatz ver-
spricht reflektionsfreie Randbindungen, wihrend eine ad-hoc Diskretisierung der transparenten
Randbedingungen zu fehlerhaften Reflektionen an den kiinstlichen Réndern fiihren kann. Die
diskreten Dispersionsrelationen der verschiedenen Modelle werden mit der analytischen Disper-
sionrelation verglichen und es werden daran die Grenzen der numerischen Schemata aufgezeigt.

Die Ergebnisse fritherer Arbeiten zu diskreten transparenten Randbedingungen fiir die ska-
lare Schrodinger Gleichung werden durch alternative Finite-Differenzen-Verfahren ergéinzt. Fiir
jedes dieser Verfahren wird die Existenz und Eindeutigkeit der numerischen Losung gezeigt. Die
eingefiihrten skalaren Schemata werden an einer einfachen Potentialbarriere sowie am Tunnel-
effekt der Doppelbarriere numerisch getestet.

Das Zwei-Band Kane-Modell sowie das Zwei-Band k - p-Modell mit Interband-Kopplung
werden als Beispiele von Multiband-Systemen eingefiihrt und auf kontinuierlichem sowie diskre-
tem Niveau untersucht. Abschlieend wird das allgemeine k- p-Modell mit d Bindern analysiert
und die zugehorigen diskreten transparenten Randbedingungen hergeleitet. Fiir das Acht-Band
k - p-Modell wird ein physikalisch realistisches Beispiel einer Quantum-Well-Struktur behandelt
und die numerischen Ergebnisse mit den analytischen verglichen.
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Notation

Throughout this diploma thesis we will use bold lower-case characters for vectors and bold
capital characters for matrices while scalars are denoted by non-bold characters. However,
there are some exceptions to this rule due to physical conventions. First of all, we will adopt
the physical notation of the vector of the envelope functions and denote it by F. Moreover, in
Chap. 5, we will introduce matrices denoted by the bold lower-case characters m, v and e.

Schrodinger Equation

microscopic wave function

scalar Hamiltonian operator

matrix-valued Hamiltonian operator
number of considered bands, class-A bands
envelope function of the nth band

vector of the d envelope functions Fi, ..., Fy
reduced Planck constant

free electron mass

Sy vEmsmm e

effective electron mass
c effective electron mass of the conduction band
quantum mechanical momentum operator, p = —ihV,

3

P

P quantum mechanical momentum operator in 1D, p = —ih%,

E. band edge of the conduction band

E, band edge of the valence band

E, band gap, £, = E. — £

Ey middle of the band gap, Fy = % (E. + Ey)

Ago spin-orbit splitting, i.e. energetic difference of the light holes and the split-off
bands

E energy

E* energy of the electron

EP energy of the hole

Vet effective potential energy of the electron

k wave vector, k = (kg, ky, k>)

k) reduced wave vector, k|| = (kz, ky)

k scalar wave vector in direction of growth, k = k,

k propagation coefficient of the scalar wave vector, k=TRek

k attenuation coefficient of the scalar wave vector, k = Im k

Mathematical Symbols

i imaginary unit, iZ = —1

C set of complex numbers

R set of real numbers

iR set of purely imaginary numbers
Z set of integers

N set of integers > 0

1X
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Mathematical Symbols (continued)

C*(a,b) space of all functions f defined in (a,b) with k continuous derivatives
LP(a,b) space of all Lebesgue measurable functions f defined in (a,b) such that
1
171, = (S 1£@) )" < o
WkP(0, L) Sobolev space, space of all functions defined in (a,b) whose weak derivatives
up to k-th order are in LP(a,b)
z complex conjugate of z
(x,y) scalar or dot product of z and y
1 x>0
sign(x) sign of z, sign(z) =¢ 0 =0
-1 2<0
O(h™) Landau-symbol
v Transpose of the vector v
MT Transpose of the matrix M
Y Hermitian (transpose conjugate) of the matrix M
in(M) inertia of the matrix M

Grid Variables

J number of spatial grid points

h step size in the spatial variable, h = 1/.J
J index for the spatial step, x; = jh
Abbreviations

BC Boundary Condition

TBC Transparent Boundary Condition
DTBC Discrete Transparent Boundary Condition
ODE Ordinary Differential Equation

PDE Partial Differential Equation

BVP Boundary Value Problem

EMA Effective Mass Approximation

MEMA Multiband Effective Mass Approximation



Chapter 1

Introduction

Partial differential equations (PDEs) arise in a wide field of physical problems and often they
are posed on unbounded domains. In order to compute a numerical solution to these PDEs
one requires a finite computational domain. Usually, this is done by introducing artificial
boundary conditions. If the solution of the unbounded domain restricted to the computational
domain equals the approximate solution when using the artificial boundary conditions, then
these boundary conditions are called transparent boundary conditions (TBCs).

TBCs of time-dependent Schroédinger equations have been discussed extensively, see for
example the review by Antoine et. al. [1]. It has been shown that a fully discrete approach
in deriving these TBCs, yielding so-called discrete transparent boundary conditions (DTBCs),
implies significant numerical advantages. On the other hand, an ad-hoc discretization of the
continuous TBCs can result in unphysical reflections at the TBCs and may influence the stability
of the numerical scheme, cf. [3], [38]. Moreover, this discrete approach was successfully applied
to general Schrédinger-type equations, see [2], [16] and [17].

DTBCs for systems of time-dependent Schrodinger equations were developed in [44] and
[46]. For stationary Schrodinger equations, however, DTBCs have only been developed in the
scalar case, [4].

In this diploma thesis we will summarize the results of the stationary scalar case and extend
it to some alternative discretizations in Chap. 2. After that, we will derive DTBCs for systems
of stationary Schrodinger equations. The first multiband model we will introduce is the so-called
two-band Kane-model in Chap. 3. In contrast to all other introduced models, the Kane-model
does not contain the Laplace-operator. The two-band k - p-model, we will discuss in Chap. 4,
equals basically the two-band Kane-model with an added Laplace-operator. Finally, we will
focus on the general d-band k - p-model in Chap. 5.

Before we start with the single-band model, let us briefly note some properties of electronic
states in semiconductors and their mathematical description.

1.1 Properties of Electronic States in Bulk Semiconductor Ma-
terials

The electronic states in bulk semiconductor materials are described by the wave function ¥(r, k)
that depends on the real space vector r = (x,y,z) and parametrically depends on the wave
vector k = (kg, ky, k.). The wave function satisfies the one-particle Schrédinger equation on the
so-called atomistic scale
hZ

—EAW(L k) + Veg(r)¥(r, k) = E¥(r, k), (1.1)
with the reduced Planck constant h and the free electron mass mg, cf. [26]. Vog(r) denotes the
effective potential experienced by the electron or hole at the position r and F is the energy of
the electron or hole in the energy eigenstate ¥(r,k) = Ug(r, k) that solves Eq. (1.1).
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Figure 1.1: Schematic illustration of the band structure in a bulk semiconductor.

According to [11], the eigenstates can be expressed as Bloch waves
U(r, k) = e*Tu(r, k), (1.2)
with the periodic Bloch function u(r,k). By applying the Bloch wave form (1.2) of the wave
function to the one-particle Schrodinger equation (1.1) we get
h2
—— (A4 2ik -V —k-k)u(r,k) + Veg(r)u(r, k) = Eu(r, k).

2m0

We use the quantum mechanical momentum operator

p = —ihV
and end up with the eigenvalue problem
—L?A—i-ik —l—h—Qk k+V(r) | un(r,k) = Epu,(r, k) (1.3)
2m0 p 2m n bl - n*“n Y . .

The eigenvalue curves E,, = F,(k), that correspond to the eigenfunctions u,(r, k) of the energy
bands n € N, form the band structure of the semiconductor. If we set k = ko with kg = (0,0, 0)
the eigenvalue problem simplifies to

2
e AU (1) + Vi (£)u (1) = BTl (1), (1.4
with the so-called zone center solutions ul (r) = u,(r,ko) and the zone center energies E. =
E, (ko). Eq. (1.4) is significantly easier to solve than Eq. (1.1) since the Bloch functions w,, are
periodic, cf. [43].

The set of all zone center solutions ul (r), m € N, forms a basis of the space of all Bloch
functions wu,(r, k) for k # 0 and n € N Hence, any Bloch function u,(r,k) can be expressed
in terms of the zone center solutions ul m>» M € N. For any energy band denoted by n € N the
Bloch function u,(r,k) takes the form

un(r,k) = > cm(k)up, (1), (1.5)
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with some coefficients ¢, € C, m € N. This procedure of describing the Bloch function u, (r, k),
that is an eigenfunction of Eq. (1.3), in terms of the zone center solutions ua(r), m € N, is
known as k - p-method.

The contribution of the zone center solutions ua, m € N, to the sum in Eq. (1.5) decays
proportionally to the difference of the energy E,, = E,,(ul ) and the energy E,,, that corresponds
to the Bloch function w,(r,k). For the approximation of the d near band edge states, the so-
called class A bands, we can restrict the sum in Eq. (1.5) to the first d near band edge zone

center solutions and get the d-band representation of the Bloch function

d
up (r, k) ~ Z em(k)ub (). (1.6)

m=1

Fig. 1.1 shows a schematic illustration of the band structure in a bulk material. In this sketch
the class A bands comprise by the lowest conduction band and the three top-most valence
bands.

By applying the d-band representation of the Bloch function in Eq. (1.6) to the eigenvalue
problem (1.3) we get an eigenvalue problem of the coefficient vector ¢ = (¢q,.. .,Cd)T e C?
given by

Hyux(k)c(k) = E(k)c(k), (1.7)

with the d x d bulk Hamiltonian Hypyi (k). Note that this bulk Hamiltonian also includes the
contribution of the class B bands as perturbations to the class A band contributions.

1.2 Semiconductor Nanostructures and Envelope Functions

In layered semiconductor nanostructures such as quantum wells and barriers the effective po-
tential Veg(r) changes from a periodic function to a superposition of an oscillatory part and a
slowly-varying part, see Fig. 1.2. The oscillatory part corresponds to the microscopic effective
potential of the semiconductor materials whereas the slowly-varying part is related to the com-
position of the semiconductor heterostructure of different bulk materials, see Fig. 1.2. According
to Bastard and Burt, [7] and [12], the wave function also satisfies this property of a slowly and
fast varying part. The slowly varying part is usually referred to as enwvelope function.

Burt and Foreman introduced a first rigorous approach, known as Burt-Foreman-approach,
in order to extend the k- p-method to heterostructures, cf. [12], [13], and [20]. Let us define the
z-axis as direction of growth, i.e. perpendicular to the layered nanostructures. We introduce the
reduced wave vector k|| = (K, ky) as well as the in-plane space vector r| = (z,y). According to
the Burt-Foreman approach, we can replace the coefficients ¢, in (1.6) by the envelope functions
F,(z, k||). Thus, the wave function ¥ can be expressed in the form

d
U(r k) = ™M " Fy(z, Ky, (x). (1.8)

n=1

The so called vector of the envelope functions F = (Fy,...,Fy) € C? satisfies the stationary
k - p-Schrodinger equation

H <k, —i(i) F(z, k) = E(k|)F(z,k)), (1.9)

with the k - p-Hamiltonian H, cf. [12], [13] and [14]. This k - p-Hamiltonian can also be derived
from the bulk Hamiltonian as given in Eq. (1.7) by replacing k. by —i%, [7]. Additionally,
coupling effects near the material interface are taken into account. Fig. 1.2 illustrates the
concept of the envelope function approximation in semiconductor heterostructures.
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Figure 1.2: Tllustration of the envelope function approximation (by courtesy of Th. Koprucki,
[25]). The effective potential Veg(r) along the growth direction of a layered nanostructure
consisting of a well and a barrier material is shown. Obviously, the potential can be split
into fast and slowly-varying parts. Consequently, the wave function is a superposition of the
fast-varying Bloch functions and the slowly-varying envelope function.

The k-p-method together with the envelope function approximation is an established tool for
modeling electronic states in semiconductor heterostructures. Basically, there exists a hierarchy
of k - p-models including 4, 6 and 8 bands respectively. From these k - p-models one can
derive simplified models such as the single-band model of the conduction band, we will discuss
in Chap. 2, and the two-band Kane-model of the conduction band and the valence band in
Chap. 3.

The single-band model is known as effective mass approzimation (EMA), [6]. All multiband
Hamiltonians H can be written in the form

H-= Hintra + Hintera

where Hintra is a diagonal operator that forms an EMA for every band and Hiyter contains all
inter-band couplings. Therefore, these multiband models are called multiband effective mass
approximations (MEMAS).

1.3 Properties of the Solutions of Envelope Functions

In this thesis we will assume that the Hamiltonian H is constant outside the computational
domain. In other words, the physical properties of semiconductor materials do not change
outside the computational domain. We will drive elementary solutions of the vector of envelope
functions in the exterior domain. Those solutions can generally be split into propagating and
evanescent solutions as we will show later. We will consider traveling exterior solutions to enter
the computational domain at an artificial boundary and analyze the vector of the envelope
functions inside the computational domain and the vectors of the envelope functions that are
reflected and transmitted at the artificial boundaries.

An important property we will use in order to derive the TBCs and the DTBCs is the
continuity of the envelope functions and their derivatives if the material parameters are constant,
see [24]. Since we assume that the physical properties do not change in the exterior domains,
we can apply the continuity conditions to all incoming, reflected and transmitted envelope
functions.

The approach to consider incoming, traveling envelope functions implies that the resulting
envelope functions inside and outside the computational domain depend on the chosen norm
and phase of the incoming envelope functions. Therefore, we shall define the norm of the vector
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of incoming envelope functions to be unitary. Moreover, we have to consider that the phase of
the resulting envelope functions might be shifted.

Finally, we will give some remarks on the notation in this thesis. In the single-band case, i.e.
d = 1, the wave function V¥ is represented by the one-component vector of the envelope functions
F'. In this case we shall call the envelope function 1 and refer to it as the wave function of the
single-band model. For multiband models, i.e. d > 1, we shall use the notation as introduced
in this chapter.

According mathematical conventions, the direction of growth is called x instead of z and
the wave vector k, is denoted by k.






Chapter 2

Single-Band Effective Mass
Approximations — The Schrodinger
Equation

We start with the stationary linear Schrédinger equation for the wave function ¢ (x)
H = Ev, z € R, (2.1)
where E denotes the energy of the electron and H is the Hamiltonian operator that reads

2 32
H= —2hm*§£2 + V(x), (2.2)

with the reduced Planck constant %, the effective mass m" of the electron and the real-valued
potential energy profile V(x) of the electron at the position z.

A solution ¥g(x) of the stationary linear Schrodinger equation (2.1) is called an energy
etgenstate with associated energy F.

We consider a semiconductor of length L connected to reservoirs at « = 0 and x = L. Let
us assume that the potential V' (z) is constant in the reservoirs, i.e.

The assumption V(z) = 0 for z < 0 means no loss of generality since we are free to set the
energetic zero point. Similarly, the assumption that the left boundary is located at = 0 is no
loss of generality.

2.1 The Exterior Problem and the Quantum Mechanical Dis-
persion Relation

The exterior problem is concerned with the solution of the Schrédinger equation in the exterior
domains. By assumption, the potential V is constant in these domains and given above. How-
ever, we will not use the particular values of the potential in the exterior domains. Instead let
us continue with some constant potential V. The results stated can easily be transformed to
the results in the exterior domains by setting V =0 and V = V}, respectively.

If V is constant, Eq. (2.1) is a second order ordinary differential equation (ODE) with
constant coefficients that reads

h? 42

—ZF&?qu—m¢, r €R. (2.3)
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As shown in the basic theory on ODEs, e.g. see [41], the solution of Eq. (2.3) takes the form

A~

P(x) = e, (2.4)

where 1/3 € C is an arbitrary constant and x = k12 € C are the roots of the characteristic

polynomial
2

om”*

of Eq. (2.3). We will refer to ¥ as the amplitude of the wave 1.
Note that we can also write Eq. (2.4) in the form

p(w) = e, (2.6)

K+ (E-V)=0 (2.5)

with the complex wave vector
k=k+ik = —ik,

where k is called propagation coefficient and k denotes the attenuation coefficient. If the atten-
uation coefficient k is zero, v is said to be traveling, while it is called evanescent otherwise.

With k£ = —ik we can rewrite the characteristic polynomial (2.5) in the form
h2
k2= (E-V).
2m

If we assume that the energy E satisfies
E>V, (2.7)
the wave vector k is real and takes the form

k= +k, (2.8)

l}:\/Q;rf(EV)>O. (2.9)

Note that the resulting waves of the form (2.6) are traveling. In classical physics the energy
condition (2.7) is always fulfilled since there can only exist particles with an energy greater than
the potential at that point. However, in quantum physics this is not the case and therefore, we
shall, in general, not require the energy condition (2.7) to be fulfilled inside the computational
domain.

with

As can be seen from the quantum mechanical momentum operator in 1D

d

= —ih—,
b Wz

the expectation value of the momentum p of the wave ¢ of amplitude 1 is

(p, V) = hk (1, v) = hk.

Hence, the expectation value of the momentum p is proportional to the wave vector k. This
means that a positive wave vector corresponds to a positive momentum, i.e. a right-traveling
wave, while a negative wave vector corresponds to a negative momentum, i.e. a left-traveling
wave.

If the energy does not satisfy the condition (2.7), i.e.

E<YV, (2.10)
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then the wave vector k is purely imaginary and takes the form

k1o = ik, (2.11)
with
- o2m”

This wave vector yields evanescent waves (2.6).
If we apply the solution (2.6) to Eq. (2.3) we obtain

h2 k2
om*

b =(E—V)i.

Since we can neglect the trivial solution ¢ = 0, the energy FE satisfies the quantum mechanical
dispersion relation

h2k?

* *

E=EFk) =V + (2.13)

2m

2.2 Transparent Boundary Conditions

In order to transform the Schrédinger equation (2.1) on the real line 2 € R into an equivalent
system posed on the bounded domain (0,L) we introduce artificial boundary conditions at
x =0 and x = L. As described in Chap. 1, artificial boundary conditions that form a system
whose solution equals the solution of the unbounded problem on the domain (0, L) are called
transparent boundary conditions (TBCs).

In order to derive these TBCs we consider a plain wave of amplitude 1 with positive mo-
mentum and coming from —oo that enters the computational domain from the left at x = 0

i =ehoT g <0, (2.14)

where kg > 0 denotes the propagation coefficient (2.9) of the wave vector k in the left exterior
domain z < 0, i.e. with V = 0. The incoming wave (2.14) results in a reflected, left-traveling

wave n
Yr = re k0T, x <0, (2.15a)

with the reflection coefficient r, and a transmitted, right-traveling wave
Y=tk oz > I (2.15b)

with the transmission coefficient ¢t and the propagation coefficient k1 > 0 of the wave vector k
in the right exterior domain x > L, i.e. with V = V. The propagation coeflicient kj, satisfies

b=l -2
Thus, the solution in the left exterior domain has the form
Y=+, <0, (2.16a)
and the solution in the right exterior domain is
p=1' x> L (2.16b)

We know that the wave and its first derivative are continuous at the two boundaries, cf. [24].
Hence, we can eliminate the reflection and transmission coefficients by comparing Eq. (2.16a)
and its first derivative at x = 0 as well as Eq. (2.16b) and its first derivative at x = L.
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The resulting boundary value problem (BVP) reads

FLQ
—Q—m*wm + V(z)p = Ev, 0<z<L, (2.17a)

12(0) + ikt (0) = 2iko, (2.17b)

Yo (L) — i/ k2 — 27”';;% (L) =0. (2.17¢)

Theorem 2.1 (Proposition 2.3 in [8]). Let V be in L*(0, L) and real valued. Then the BVP
(2.17) has a unique solution 1 € W?2°°(0, L).

2.3 The Standard Discretization

After stating the BVP (2.17) and showing that it has a unique solution, we want to derive tech-
niques to solve it numerically and compute eigenstates for corresponding energies and potentials.
First let us set i =m" = 1 for the remainder of this chapter. We will introduce finite difference
schemes (FDS) to solve the BVP, using the uniform discretization xz; = jh, j =0,...,J with
L = Jh, of the computational domain (0, ).

Definition 2.1. Let {z;},j =0, ..., J, with the positive step size h = z; —x;_1,Vj =1,...,J,
be given and let {f;} be the discretization of f : z — f(x) with the approximation f (z;) = f;.
Then we define the standard finite difference quotient operators

szwd fi = M (first order forward)

h
pbwd g Ji = fi fi der backward
h f]_T (first order backward)
Dyt fj = fj+12_hf]_1 (second order centered)
L 9f. .
thdf j = Ji1 hJ;J +lin (standard second order).

By applying the standard second order finite difference quotient operator we get the second
order standard FDS

1 .
—§D7}d¢j+vj~¢j:E¢j, j=1,...,J—1, (2.18)

for the Schrédinger equation (2.17) with V; = V (z;) and the approximation v¢; ~ ¥ (z;),
j=0,...,J. We can rewrite Eq. (2.18) in the form

i +2(1—(BE-V)h*) ¢, —¢j1=0, j=1,...,J—1 (2.19)

This is a linear second order homogeneous difference equation with a spatially varying coefficient
Vj.

Now let us analyze the discrete exterior problem of the standard FDS. We will continue with
some constant potential V. The results of the exterior domains z < 0 and x > L can later be
derived by inserting the respective value of the potential in the results stated.

If V is constant, Eq. (2.19) is a linear second order difference equation with constant coeffi-
cients and as shown in [28], Eq. (2.19) has a solution of the form

P = Ypad = ™7 = g, e(nloltiarg(@))i — of, oiknih (2.20)

with a € C, cf. (2.6). We will call lﬁh the discrete amplitude of the discrete wave 1); and

o = —i% In () = %(arg (@) —ilna]) (2.21)
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the discrete wave vector. By applying Eq. (2.20) to Eq. (2.19) we get
—ad 421 - (BE-V)h)od =/ P =adH (o —2(1— (E-V)h*)a+1) =0.
Since we neglect the trivial solution o = 0, we have
a?=2(1—(E-V)h*)a+1=0,

which implies
(a— (1= (E-V)h?) = (E-V)h2 ((E-V)h*>-2). (2.22)

If the energy E satisfies the energy condition (2.7), i.e.
E>V,

the right hand side of Eq. (2.22) is negative if the step size h satisfies

2
h 2.2
SVE-V (2:23)

and hence, the roots of Eq. (2.22) are complex and read

a2 =1=(E-V)h* £1/(E - V)12 (2 - (E-V)h?). (2.24)
We find that
lans| = (1= (E—V)h2) 4+ (E—V)h2(2— (E - V)h2) =1,

and thus, the discrete wave vector kj is real and takes the form

ky, = Lk, (2.25)
cf. (2.8), with the propagation coefficient
A 1 1 R 1
kp = 5 A8 (o) = 7 arccos |Z|a = 7, arccos (1—(B-V)h?).
Note that we can neglect to add the term n%”, n € Z, to this formula since for any n # 0 this

term diverges for h — 0. On the other hand, we will see later that the discrete wave vector kj,
as given in Eq. (2.25), i.e. with n = 0, tends to the analytical wave vector k for h — 0.
The wave vector kj, = kj, corresponds to

a1 =1—(E- V)W +1/(E- V)R~ (B~ V)h),

while kj, = —l;:h is associated with

ay=1—(E-V)h?—i\/(E—-V)h2(2— (E —V)h?).

Hence, we get two traveling waves, 1; = oz{ being right-traveling and v; = a% being left-

traveling.
[ 2
h >
“VE-V’

The case
results in a nonnegative right hand side of Eq. (2.22) and thus, a complex conjugate pair of
purely imaginary wave vectors that give evanescent waves. However, this case is numerically
not applicable since it defines a lower bound for the step size h.
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46 T T T T
analytical wave vector
discrete wave vector of the standard EDS

wave vector

30 1 1 1 1 1 1 1 1 1
20 40 60 80 100 120 140 160 180 200

number of grid points

Figure 2.1: Analytical wave vector and discrete wave vector of the standard FDS against the
number of grid points J = 1/h for an energy E = 500 and a potential V' = 0.

On the other hand, if the energy E does not satisfy the energy condition (2.7), i.e.
E<V,

the right hand side of Eq. (2.22) is also nonnegative, yielding a complex conjugate pair of
purely imaginary wave vectors that give evanescent waves. Let us recall the TBCs we derived
in Sec. 2.2. We considered an incoming wave, i.e. a traveling wave to enter the semiconductor
at x = 0. Hence, the case ¥ <V is not applicable either for the exterior domains since it leads
to evanescent waves only.

Now let us analyze the behavior of the discrete wave vector kj of the standard FDS for
h — 0. Therefore, we use ’'Hopital’s rule to get

lim kp, = =+ lim kp,

h—0 h—0
1 2
::tfllli%ﬁarccos(l—(E—V)h)
—2(E—-V)h
== lim ( V)
1 — (B - V)R
2(F —
== lim ( V)

=0 2B V)~ (BE- V)R

=+\2(E-V),

which equals the analytical wave vector (2.8) for i = m" = 1. Fig. 2.1 shows the discrete
wave vector l%h of the standard FDS versus the number of grid points J = 1/h compared to
the analytical wave vector k for an energy £ = 500 and a potential V' = (. Considering that
the step size h has to satisfy Eq. (2.23), i.e. h < 1/16 in our example, the standard FDS
overestimates the wave vector for any admissible step size h.
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Note, that Eq. (2.25) defines the discrete dispersion relation. Finally, we will state this
relation in the reciprocal form. To do this, we recall the wave representation of the form
Y = @eikhjh that implies

Gjpre M = gy = ;g

Applied to the difference equation (2.19), this gives
e 12 (1—(E-V)h?) —e " =0,
which leads to

1 — coskph 2 knh k2h
SO — v s T oy g TR L o(h?), (2.26)

E =By (k) =V + — 3 5 5

cf. the continuous dispersion relation (2.13).

2.4 Discretization of the Transparent Boundary Conditions

Let us now introduce a finite difference discretization of the two Robin-type TBCs (2.17b) and
(2.17c¢). We apply the second order centered difference operator D™ to 1)y at the left boundary
and ¥; at the right boundary. Let ]%0 denote the analytical propagation coefficient of a right-
traveling wave in the left exterior domain x < 0. Then the analytical propagation coefficient of
a right-traveling wave in the right exterior domain is

kr =\ k3 — 2V

At the left boundary we have

% + koo = 2iko,
which implies R R
—_1 + 2ikghapg + 1 = dikoh. (2.27a)
On the other hand, discretizing the right TBC gives
Yit1 — Y1

o =i\ k2 — 2V by,

that can be expressed in the form

W1+ 20\ kE — 2V hapy — 4 = 0. (2.27h)

The two ghost points ¥_; and ¥ 41 in Eq. (2.27) can be eliminated by subtracting the
FDS A(2.19) of the Schrédinger equation (2.17a) at j = 0 and j = J. By using the identities
E =Fk2/2 and E — Vi, = k? /2 we get the two second order discretized TBCs

1. . .
<2k§h2 —1+ ik0h> Yo + b1 = 2ikoh (2.28a)

1/ A
i1+ <2 (]f% — 2VL> 2 -1 + 14/ k‘g — QVLh> Py =0. (2.28b)

Before we show the existence and uniqueness of the solution of the described numerical
scheme together with the discretized TBCs, we prove the discrete analogon of integration by
parts.

and
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Lemma 2.2. Let {z;},j = 0,...,J, with the positive step size h = z; —z;—1,Vj = 1,...,J,
be given. Let {f;} and {g;} be the discretization of f : x — f(x) and g :  +— g(z) with the
approximations f (z;) ~ f; and g (z;) = g;. Then

k
._.

<wadfg> 9j = Z f (wad ) _ %flgo + %fjgj_l.

1

<.
Il

Proof. The left hand side of the above equation can be written in the form

J—1 -
. 1 1
> (Df df]) 9 =3 Z (fir1 = f)gi =5 (g + fagr = . = fo-1g5-1+ f595-1).
=1 =
By adding
= 190 h jg9J—1 h 190 n 971,
we get,
R, 1 1 1
(DEWdfj) 9 =73 (figo— figy + ...+ fr—197-2 — fr-197-1) — Ef1go + Efng—1
=1

=—§sz(Dbwd )~ 2 hao+ 1 Fso1

O]

Existence and uniqueness of the solution of the numerical scheme together with the dis-
cretized TBCs is shown in

Theorem 2.3 (presented in [4] without proof). Let {V;},j =0,...,J, and £ > max {0, V1 } be
given, and assume h < min {\/% 1/ E—LVL} Then the discrete BVP (2.19) with the discretized
TBCs (2.28) has a unique solution {¢;},7 =0,...,J.

Proof. In order to show that the discrete BVP (2.19) together with the discretized TBCs (2.28)
has a unique solution we follow the ideas of the proof of Thm. 2.1 on a purely discrete level. To
do this, we rewrite the discrete BVP (2.19) in the form

Dyl = =2 (E = V) 9;.

Moreover, we rewrite the discretized TBCs in the form

—71bo + 1 =m
and
Y1 — Y20y =2,
with
1. .
m=1- §k§h2 — ikoh,
1 /- -
r=1-3 (kg - 2VL) h? —iy/k2 — 2Vih,
and

m = 2ikoh,
12 = 0.
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The discrete BVP together with the discretized TBCs form a system of linear equations. If
the coefficient matrix of this system is regular then the solution is unique. By showing that the
homogeneous case of the TBCs, i.e. 71 = 1y = 0, implies that the discrete solution is zero at
every grid point, we prove that the coefficient matrix is regular.

Now let us write the homogeneous, discretized TBCs in the form

hDPYapy = (y1 — 1) 2o,

and
WDy = (3! = 1) ¢yt
We sum up the discrete BVP for j =1,...,J — 1, which gives

J—1 J—1
D D = -2 (B - V)
j=1 j=1

By multiplying this equation by the complex conjugate 1/_Jj of ¥; we get

J—1 J—1
—2) (E-V) ol =Y (D3t ) oy
j=1 Jj=1

Now we use Lem. 2.2 and the obvious property

std _ mybwdnyfwd _ fwdpmybwd
Dh _Dh Dh _Dh Dh ’

to obtain
J—1 J—1 ~
—2) (E-V)lul” = 3 (DR (D) ) o
j=1 i=1

J—1

= =3 (Dha) (DR ) — - 3oDR" Y + g DRy
j=1

)2

J-1
1- 1-
= =" | Dby | — DR + hs 1D
=1

At this point by apply the homogeneous, discretized TBCs. It yields

J—1 J—1 ) )
—22 (E—Vj) []* = - Z ‘DEWdl/Jj’ — 2 (71— 1) Jabol* + 7 (o' = 1) [yl
j=1 j=1

By taking the imaginary part of this equation it reduces to

0 = —Tmy [¢ho|* + Tmrg gy |

Since R
Im~y; = —koh <0,

_ 1 1 /7
Imv, ' = —Wlm'n = —F\/kg —2Vph > 0,

|’YQ

and

we end up with the equation

N 1 N
0 = koh |to|® + W\/kg —2Vph |v_1]?.
2
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This implies that Wo\g = |¢J—1|2 = 0 and hence, 9 = ¥j_1 = 0. By using the homogeneous,
discrete TBCs we get 11 = 0 and ¢; = 0. Successively applying the discrete BVP gives ¢; = 0
for j =0,...,J and hence, the discrete solution vanishes at every grid point if the discretized
TBCs are homogeneous. Thus, the coefficient matrix of the system of linear equations formed
by the discrete BVP and the two discretized TBCs is regular and therefore, the discrete solution
is unique. [

Let us recall the discrete waves in the exterior domains
ikp 0jh .
77ij = "ol J <0

and
Wy = eknrih, Jj=J

Suppose that they are solutions to the difference scheme in a small vicinity of the two boundaries,
i.e.j =0,1and j = J—1,J. Then they should also satisfy the discretized TBCs (2.28). However,
at the left boundary we get

%koh = (Eh2 — 1 +1ikoh ) vo + ¥

- (Eh2 — 1+ ikoh) + eifnoh

)
_ (Eh2 14 i/%oh) n (1 _ER?+ i\/m>

= ikoh + ikoh /1 — k2h2 /4 # 2ikoh,
———
#1

which is a contradiction. A similar contradiction can be found at the right boundary.

The reason is that the TBCs are based on the analytical solution as derived in Sec. 2.1. The
wave vector of the analytical solution, see Eq. (2.8), however, is different from the discrete wave
vector (2.25). Hence, the discretized TBCs model exterior domains whose physical properties
(i.e. wave vector and dispersion relation) are discretization of the analytical properties. Inside
the computational domain, however, we use the FDS (2.19) that implies a discrete wave vector
and a discrete dispersion relation. In other words, a wave coming from —oo and entering the
semiconductor at x = 0 is refracted at the boundary x = 0 as it comes from a media with the
analytical dispersion relation and enters a media with the discrete dispersion relation. This
leads to spurious oscillations in the numerical solutions as shown in the following example.

Let usset V=0, L =1, h=1/100 and E = 500. The analytical solution is given by

with k = v2E. Fig. 2.2(a) shows a comparison of the modulus of the analytical solution and
the discrete solution. We observe that the modulus of the discrete solution oscillates, while the
modulus of the analytical solution is constantly 1. These oscillations decrease for smaller step
sizes but they do not vanish. The phase of the discrete solution also differs from the phase
of the analytical solution, see Fig. 2.2(b). This error, however, is not related to the spurious
oscillations of the modulus but can be explained with the difference between the analytical and
discrete wave vector, see Fig. 2.1. Since the discrete wave vector is greater than the analytical
wave vector, the wave length of the discrete solution is smaller than the wave length of the
analytical solution.
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(a) Modulus of the analytical (dotted line) and discrete (solid line) solutions.
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(b) Phases of the analytical (dotted line) and discrete (solid line) solutions.

Figure 2.2: Comparison of the analytical solution ¥(x) = ¢** and the discrete solution of the

second order standard FDS using discretized TBCs for a step size h = 1/100, an energy E' = 500
and a potential V = 0.
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2.5 Discrete Transparent Boundary Conditions

In this section we will derive the discrete transparent boundary conditions (DTBCs) of the
single-band model. DTBCs are derived on a fully discrete level. This means that they are
deduced with the help the discrete exterior solution as given in Eq. (2.20). We assume that
the discrete exterior solution holds in a small vicinity of the two boundaries. Consequently, the
refraction at the boundaries, resulting in spurious oscillations, vanishes completely.

Let us recall the right-traveling discrete wave v¢; = elkri? and the left-traveling discrete
wave 1; = e~ knih with discrete amplitude T/A}h = 1. Let ]%h,o denote the discrete wave vector
in the left exterior domain x < 0, i.e. with V = 0, and l;:h7 1, the discrete wave vector in the
right exterior domain @ > L, i.e. with V = V7. We apply these discrete waves to the reflection
and transmission conditions (2.16) and consider that they hold in a small vicinity of the two

boundaries, i.e. j = 0,1 and j = J — 1, J respectively. It yields

in T ik, o —iky, o4 .
V; = j+¢j:€h,01+7ae R0%Tj j=0,1,

and -~
b=y =tetret, j=J =1,
By eliminating the reflection and transmission coefficients we obtain the DTBCs
—ypge Fmoh ahy = 9isin fop o, (2.29a)
and B
1€t —ap; =0, (2.29b)

cf. the TBCs (2.17b) and (2.17c).
Let us recall the discretized TBCs (2.28). We expand the exponential function and the sine
function in the left DTBC (2.29a). Keeping terms up to second order gives

A 1~ R
— (1 — ikpoh — 2k§’0h2) Yo 4 1 = 2iky oh.

If we replace the discrete wave vector l;:h70 by the analytical wave vector ko the above equation
becomes

1 N R
<2k3h2 —1+ ik0h> o + U1 = 2ikoh,

which equals the left discretized TBC. Similarly, we can deduce the right discretized TBC from
the right DTBC.
Now we can reformulate Thm. 2.3 for the DTBCs.

Theorem 2.4 (presented in [4] without proof). Let {V;},j =0,...,J, and E > max {0, V1}
be given, and assume h < min {\/%, 1/ E_LVL, EL’ L} Then the discrete BVP (2.19) with
h,0

kn,L

the DTBCs (2.29) has a unique solution {¢;},7 =0,...,J.

Proof. We show that for the homogeneous DTBCs the discrete solution is zero at every grid
point. Therefore, we write the homogeneous DTBCs in the form

hDR* 4y = (1 — 1) o
and
WDy = (vt = 1) by,
with

Ny = e—il%hyoh
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and )
g = e~ knLh
Analogously to the proof of Thm. 2.3, we multiply the sum of the discrete BVP for j =
1,...,J —1 by 9, apply Lem. 2.2 and take the imaginary part. This yields

0= —Im~y [t + Im~y ' [1hy_1]?,

with

Im~; = —sin ljch,oh <0, h < AW ,
kn.o

and

1 .
Imny_l:——zImny:sinkh’gh>0, h < =

72| kni

™

Hence, we end up with the equation
0 = sin kh’oh ’1/)0’2 + sin khth "l/JJ_1’2 ,

that implies |¢0|2 = |wj_1]2 = 0. Thus, we have )9 = ¥;_1 = 0 and by using the homogeneous
DTBCs we get ¢y = 0 and 97 = 0. Successively applying the discrete BVP gives ¢; = 0
for 5 = 0,...,J, and hence, the discrete solution vanishes at every grid point if the DTBCs
are homogeneous. This implies that the coefficient matrix of the system of linear equations
formed by the discrete BVP and the two DTBCs is regular and therefore, the discrete solution
is unique. O

In the remainder of this section we will show that the use of the DTBCs in fact does not
lead to spurious oscillations of the modulus of the numerical solution. Again we set V = 0,
L=1,h=1/100 and E = 500. The analytical solution is given by

W(x) = e,

with & = v/2E. The modulus of the analytical solution is 1. Fig. 2.3(a) shows that the modulus
of the discrete solution coincides with the modulus of the analytical solution. As in the previous
example when using discretized TBCs the phase of the discrete solution differs slightly from
the phase of the analytical solution near the right boundary, see Fig. 2.3(b). This can also be
seen in Fig. 2.3(a), where the wave length of the real part of the analytical solution is greater
than the wave length of the real part of the discrete solution. Recall that this error is directly
related with the difference of the analytical and discrete wave vector, see Fig. 2.1. Since the
discrete wave vector is greater than the analytical wave vector the wave length of the discrete
solution is smaller than the wave length of the analytical solution. Note that this error tends
to zero for h — 0.

2.6 Alternative Finite Difference Schemes

Before we will examine the numerical results of more advanced physical examples we will derive
and compare alternative FDSs. Our aim is to improve the convergence of the scheme or to
develop schemes that solve the problem exactly if certain conditions are fulfilled.

2.6.1 The Numerov Discretization

We start with the so-called Numerov discretization, see [33], [34], that is of higher order than
the standard discretization.
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1.5- analytical solution (real part)/
discrete solution (real part)
— — —discrete solution (modulus)
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(a) Real parts of the analytical (dotted line) and discrete (solid line) solutions and modulus (dashed line) of
the discrete solution, which coincides with the modulus of the analytical solution.
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(b) Phases of the analytical (dotted line) and discrete (solid line) solutions.
Figure 2.3: Comparison of the analytical solution ¢(z) = ¢f% and the discrete solution of the
second order standard FDS using DTBCs for a step size h = 1/100, an energy E = 500 and a
potential V' = 0.
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Let us consider the Schrédinger equation of the BVP (2.17), and let us rewrite it in the form
Vpg = —2(E =V (2)) 9, 0<xz<L. (2.30)

As before, we use the uniform grid z; = jh, j =0,...,J with L = Jh. From Eq. (2.30)
together with the standard second order finite difference operator D5 we find that

2d2

h2¢j(iv) —h @waa‘ (x)

2
2 (—2 L (E-v@)e

dz?

) (2.31)
$:l'j

= 12 (2D (B = V) 4y) + O (1))

= —2(E = Vj31) bjr1 +4(E = Vi) ;= 2(E = Vi) -1 + O (hY) .
On the other hand, the Taylor series

+h)= +h e n e R o) O(n®

gives
4
Y@+ h) + oz —h) = 20(x) + h*aa() + %W‘” () + O(%),

which implies

() 12
hg%(' = 73 W1 = 245 + 1) = 12 9 (@)l ey, + O(h%).

If we apply Eq. (2.30) to the above equation we get
w 12
W2 = 2 (1 =2 (1= (B = Vi) I2) vy + 1) + O(hY) (2.32)

A comparison of Egs. (2.31) and (2.32) gives the Numerov FDS

h2 h2
(1+ % B v -2 (1- 5 -V ) s

h2

The Numerov FDS is of of fourth order if ¢» € C%(0, L) compared to second order accuracy of
the standard FDS if ¢» € C*4(0, L).
Now we will examine the discrete exterior problem of the Numerov FDS with V' constant. We
want to determine a solution of the discrete exterior problem in order to apply the DTBCs (2.29).
If V' is constant Eq. (2.33) is a linear second order difference equation with constant coeffi-
cients whose solution takes the form

v = et = et (2.34)
with a € C. Again we will refer to @h as the discrete amplitude of the discrete wave 1); and

1

ky = _iﬁ In(a) = — (arg (o) —iln|a]) (2.35)

S
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as the discrete wave vector. Analogously to the standard FDS we get the discrete solution « by
applying Eq. (2.34) to Eq. (2.33). Under the assumption that the energy E satisfies the energy
condition (2.7), i.e.

E>V,

and the step size h satisfies
h < ——, (2.36)

« is complex and reads

6(E—V)h? i,\/24(E7V)h2(37(E7V)h2)

g v 61 (E—V)h? (2.37)
The modulus of « is
|<>é12|=(1—6(E—V>h2>2 UE-VIR(E-(E-V)I)
; 6+ (E —V)h? 6+ (E_ )12y
Thus, the discrete wave vector kj, is real and takes the form
b = (2.38)

with the propagation coefficient

k —lar (a)—larccosRea—larccos I—G(E_—W
hE e - 6+(E—V)h2)

h h |a] h
Again we can neglect to add the term n%’r, n € Z, to this formula since for any n # 0 this term
diverges for h — 0. On the other hand, it is easy to show that the discrete wave vector kj, as
given in Eq. (2.38), i.e. with n = 0, tends to the analytical wave vector k as given in Eq. (2.8) for
h — 0and h=m" = 1. Fig. 2.4 shows the discrete wave vector kp, of the Numerov FDS versus
the number of grid points J = 1/h compared to the analytical wave vector k for an energy
E =500 and a potential V' = 0. Considering that the step size h has to satisfy Eq. (2.36), i.e.
h < 1/13 in our example, the Numerov FDS overestimates the wave vector for any admissible
step size h. Compared to the discrete wave vector of the standard FDS, see Fig. 2.1, the discrete
wave vector of the Numerov FDS gives a better approximation of the analytical wave vector.

Hence, we get two traveling waves, the right-traveling wave

_ g _ ikpjh
wj—o‘l_e RI%,

and the left-traveling wave

17ij = QJQ —= e
On the other hand, if the step size h does not satisfy the step size restriction (2.36) or the
energy E does not satisfy the energy condition (2.7), « is real and yields evanescent waves.
Finally, we derive the discrete dispersion relation of the Numerov FDS in the same way as
for the standard FDS. The wave 1); = pe*ni? implies

—iknh ik
Yjpre” M =5 = e,

—iknjh

and hence, applied to the Numerov difference equation (2.33) we get

62 ok

E:ENumk: = .
n (k) 5+cosk:hhh2sm 2

(2.39)

Now we will prove an analogon to Thm. 2.4.
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Figure 2.4: Analytical wave vector and discrete wave vector of the Numerov FDS against the
number of grid points J = 1/h for an energy E = 500 and a potential V' = 0.

Theorem 2.5. Let {V;},7=0,...,J, and E > max {0,V } be given, and suppose

h <min< 4/ —,4/
{ E'VE- VL \/|E V1| \/|E Vi_ 1‘ khO khL}

Then the discrete BVP (2.33) of the Numerov FDS with the DTBCs (2.29) has a unique solution
{1/13}73 _07"'7J'

Proof. We show that for homogeneous DTBCs the discrete solution is zero at every grid point.
Therefore, let us introduce

©j = 0j1j,
with o; = 1+ % (E — V) € R. Note that o; > 0 for j =0,1,J — 1, J.
Now we can rewrite the Numerov FDS in the form
P41 = 20j + pjo1 = —2h° (B = Vi) o = =20 (E — Vj) 0} 5,
or
Do = —2(E - Vj) o5 ;.
The homogeneous left DTBC can be written in the form

—y1%0 + Y1 = —Y105 0o + 07 L,

that reduces to
Doy = (mioiop ' — 1) o,
with .
o = o—iknoh

On the other hand, the right DTBC is

Yy — by = U;ilSOJfl - 720']1%7,
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which becomes
-1 -1
D}}DLWd‘PJ = ('72 0Jjo ;1 — 1) PJ-1,
with R
g = e~ Lh,

Analogously to the proof of Thm. 2.3, we multiply the sum of the Numerov FDS for j =
1,...,J —1by ¢,;, apply Lem. 2.2 and take the imaginary part. This gives

0= —0o10y ' Tmy lpol® + UJU;il Im~, los_1]?,
with -
Im~y; = —sink, oh <0, h < —,
kno
and
1 1 Lo T
Im~y, " = ———=Im~ye = sinkyoh > 0, h < =
] L

Hence, we end up with the equation
1 . 3 2 .7 2
0= Ulaolslnkh,gh|ap0| +ojoy_1sinkyLhles-1|”.

Since o; > 0 for j = 0,1,J — 1,J, the above equation implies \900\2 e |<PJ—1|2 = 0. Thus,
Yo = ¥ j_1 = 0 and by using the homogeneous DTBCs we get ¥ = 0 and 1y = 0. Successively
applying the Numerov FDS gives ¢; = 0 for j = 0,...,J and hence, the discrete solution
vanishes at every grid point if the DTBCs are homogeneous. Thus, the coefficient matrix of the
system of linear equations formed by the discrete BVP and the two DTBCs is regular. This
implies that the discrete solution is unique. ]

Let us recall the numerical example in Sec. 2.5. When using the standard FDS we observed
a phase error yielding a smaller discrete wave length than the analytical wave length. This is
also the case for the Numerov FDS but the error is significantly smaller so that the discrete
solution coincides with the analytical solution for the step size h = 1/100 and the used level of
detail in Fig. 2.3.

2.6.2 The Mickens Discretization
We recall the Schrodinger equation (2.1)
Yoz +2(E -V (x))y =0, 0<z<L. (2.40)

Let us assume that the potential V (z) = V is constant. As shown in Sec. 2.1 the Schrédinger
equation (2.40) yields a traveling wave if £ > V and an evanescent wave otherwise. Hence, in
the case 2 (E — V) =¢; > 0, Eq. (2.40) has the solution

Y (x) = aj cos (y/c1z) + by sin (/e1x) , (2.41a)
and if 2 (E — V) = —cp < 0, Eq. (2.40) has the solution
Y () = ag cosh (y/cax) + by sinh (y/cox) , (2.41b)

where a1, a9,b1,bs € C are arbitrary constants. The Mickens nonstandard finite difference
discretization

¢j+1—2COS(h\/a)¢j+1/)j_1 =0, jg=1...,J—1, (242&)
if £ >V, and
Yjt1 — 2cosh (hy/c2) Yj + ¥j—1 =0, j=1,...,J—-1, (2.42b)
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if E <V, is a so-called exact FDS of Eq. (2.40) with the solutions (2.41), cf. [29]. An FDS
is said to be exact if the numerical solution equals the analytical solution at the grid points,
see [27]. Tt is easy to see that if V' is constant the difference equation (2.42a) has the solution
(2.41a) whereas the difference equation (2.42b) has the solution (2.41b). Therefore, the Mickens
FDS gives a numerical solution that is equal to the analytical solution at the grid points, in
other words, the Mickens FDS is exact.

Now we allow the potential V(z) to vary inside the computational domain (0,L). The
Mickens FDS (2.42) becomes

Wis1 — 2D+ =0,  j=1,...,J—1, (2.43)

cos (m/ﬁ) . E>V
cosh (h\/M) . E<V.

While the Mickens FDS (2.43) is exact for a constant potential V it is formally of order O(h?)
if the potential V' is not constant, cf. [15].

In order to use the DTBCs for the Mickens FDS (2.43) we have to determine a discrete
solution of the Mickens FDS in the exterior domains. The Mickens FDS is exact in the exterior
domains since the potential V' is assumed to be constant in these domains. Hence, the discrete
solution is given by the analytical solution as derived in Sec. 2.1. The discrete wave vector kj, of
the Mickens FDS is equal to the analytical wave vector k as given in Eq. (2.8), and the discrete
dispersion relation E,I:/hc(l%) is equal to the analytical dispersion relation (2.13).

with

D; =

Theorem 2.6. Let {V;},j = 0,...,J, and E > max{0,V.} be given, and assume h <
min {L L} Then the discrete BVP (2.42) of the Mickens FDS with the DTBCs (2.29) has

=
kn,o' kn,L

a unique solution {¢;},j =0,...,J.
Proof. Let us rewrite the Mickens FDS in the form

2

d
D V=13

(1= Dj) ;.

Since —% (1-Dj)eRforall j=1,...,J —1, it becomes clear that this theorem is a direct
corollary of Thm. 2.4 and hence, the solution is unique. O

Since this scheme is exact for a constant potential, the Mickens FDS using DTBCs does not
give an error when applied to the numerical example we introduced in Sec. 2.5. Later we will
analyze its numerical behavior for non-constant potentials V' and compare it to the other FDSs.

2.6.3 The Numerov-Mickens Discretization

Chen et al. [15] combined the Numerov discretization with the Mickens discretization and pro-
posed the so-called combined Numerov-Mickens finite-difference scheme
2

2
<1 + % (B - Vj+1)> Vi1 — 2Dj05 + (1 + % (E - le)> Yj-1 =0, (2.44)

forj=1,...,J — 1, with

cos(h 2(E—Vj)>, E >V,

cosh (h\/M) . E<V.

D, =
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It can be shown that the Numerov-Mickens FDS (2.44) is of order O (h*), just as the
Numerov FDS, and that it is an exact FDS if the potential V is constant, just as the Mickens
FDS, cf. [15].

Let us now study the discrete exterior problem of the Numerov-Mickens FDS with a constant
potential V. If V' is constant Eq. (2.44) is a linear second order difference equation with constant
coefficients whose solution takes the form

wj = 'lﬂh()éj = ZZJheikhjh, (2.45)
with o € C, the discrete amplitude 1; and the discrete wave vector

1
kp = —i—In(a) =

- L (arg (@) — iln]al). (2.46)

7

By applying Eq. (2.45) to Eq. (2.44) and under the assumption that the energy FE satisfies the
energy condition (2.7), i.e
E>V,

« is complex and reads

Ccos (hW) . cos? (hm)

L+r2(E-V)/6 \  (1+h2(E_V)/6)?

Q12 = (2.47)

Note that the step size h has to satisfy

cos (h\/ (E - xf) (1+h2(E—-V)/6)°. (2.48)

But this condition is fulfilled for any step size h > 0 since the left hand side of Eq. (2.48) is in
[0, 1], while the right hand side is always greater than 1. It is easy to show that || = 1 and
hence, the discrete wave vector kj, of the Numerov-Mickens FDS is real and reads

ky = +kp, (2.49)
with
; 1 1 Rea 1 cos (h\/Q (E— V)) .
h—ﬁarg(a)—ﬁarccos o = ; arccos TR (E—V) /6 € (0,m).

Again we shall neglect to add the term n2~ 5> 1 € Z, to this formula since for any n # 0 this
term diverges for h — 0. However, the limit for h — 0 of the discrete wave vector kj, as given in
Eq. (2.49), i.e. with n = 0, is undefined. For an energy E = 500 and a potential V' = 0 Fig. 2.5
shows the discrete wave vector ky, = ky, against the number of grid points J = 1/h. The value
of the analytical wave vector for £ =500 and V =01is k = /2 (E — V) = 31.6.

This illustrates the bad numerical behavior of the Numerov-Mickens FDS. Nevertheless, we
will continue to analyze this FDS and formulate DTBCs with the right-traveling wave

_ g _ ikjh
77bj_051_€ ]a

and the left-traveling wave
Y = ag — ¢~ikih,

An explicit formula of the discrete dispersion relation of the Numerov-Mickens FDS cannot
be derived. However, the discrete wave 1); = Ppetkrih implies

¢j+1€_ikh — 1/}] — wj—leikh
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Figure 2.5: Discrete wave vector of the Numerov-Mickens FDS against the number of grid
points J = 1/h for an energy E' = 500 and a potential V' = 0. The analytical wave vector is
k=+/2(F—-V)=31.6.

Applied to the difference equation (2.44) we get

2
cos (h\/2 (ENumMic _ v)) — (% cos kh) (ERvmMie — V) — coskh = 0. (2.50)

By numerically evaluating Eq. (2.50) for h = 1/100 and V' = 0 with the MATLAB procedure
fsolve using the tolerance 1079, we obtain the discrete dispersion relation E,IjumMiC as shown
in Fig. 2.7.

Although the bad numerical behavior has been illustrated we shall prove

Theorem 2.7. Let {V;},j=0,...,J, and £ > max {0, V1.} be given, and assume

h < min 6 0 T T
|E_V1|’ |E_VJ—1|’];}h707i€h7L '

Then the discrete BVP (2.44) of the combined Numerov-Mickens FDS with the DTBCs (2.29)
has a unique solution {¢;},j=0,...,J.

Proof. Let us introduce
pj = 095,
with o; = 1+ % (E — V) € R. Note that o; > 0 for j =0,1,J — 1, J.
We rewrite the Numerov-Mickens FDS in the form
std 2 —1
Dy %) ) (1_‘7j Dj) i

Since —% (1 — aj_le) eRforall j =1,...,J — 1, it becomes clear that this theorem is a
direct corollary of Thm. 2.5 and hence, the solution is unique. 0
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Figure 2.6: Comparison of the analytical solution ¢(z) = ¢f% and the discrete solution of the
combined Numerov-Mickens FDS using DTBCs for a step size h = 1/100, an energy E = 500

and a potential V = 0.



2.7. Numerical Examples 29

The bad numerical properties of Numerov-Mickens FDS that were shown by examining the
limit of the discrete wave vector kj can also be observed when applying the Numerov-Mickens
FDS with corresponding DTBCs to the numerical example in Sec. 2.5. Fig. 2.6(a) shows that
the modulus of the discrete solution is coincides with the modulus of the analytical solution as it
did for the other FDSs, but the phase of the discrete solution differs significantly from the phase
of the analytical solution, see Fig. 2.6(b). This results in a significantly smaller wave length
of the real part of the discrete solution than the wave length of the real part of the analytical
solution, see Fig. 2.6(a).

2.6.4 Comparison of the Discrete Dispersion Relations

In the previous sections we introduced FDSs for the BVP (2.17) and derived the corresponding
discrete dispersion relations. Now we want to compare these discrete dispersion relations with
the analytical quantum mechanical dispersion relation (2.13). Fig. 2.7 shows the analytical and
discrete dispersion relations for a step size h = 1/100 and a potential V' = 0.

All discrete dispersion relations except the dispersion relation of the Mickens FDS are pe-
riodic in the wave vector k with the period 2% ~ 628. We can see that for small values of
the wave vector, i.e. k;, < 100, the dispersion relation of the Numerov FDS coincides with the
analytical dispersion relation for the used level of detail in Fig. 2.7, while the dispersion rela-
tion of the combined Numerov-Mickens FDS differs significantly from the analytical dispersion
relation. Particularly, for £ = 500, the value of the energy we used in our examples, the er-
ror of the dispersion relation of the Numerov-Mickens FDS is greater than of the other FDSs.
This explains the significantly greater phase error of the Numerov-Mickens FDS we observed in
Sec. 2.6.3.

2.7 Numerical Examples

2.7.1 The Single Barrier Potential

In this section we analyze the results of the four introduced FDSs in the case of a single barrier
potential. We consider a semiconductor of length L composed of two different materials, e.g.
GaAs (gallium arsenide) and AlGaAs (aluminium gallium arsenide), where the latter is built
between two parts of the first material. Let 0 < x; < x93 < L and let the domain [z1,23) be
composed of AlGaAs, while the two outer domains [0,21) and [z, L] are composed of GaAs.
V(z) = E.(z) describes the band edge profile or the variation of the conduction band edge
of the semiconductor materials. We call Vo = AE. = Ec|p1cans — Felgans band edge offset
between the semiconductor materials or band edge discontinuity of the material interface. The
inner domain [x1, x2) is called quantum barrier if its potential V (z) = Ec¢|5jqaas IS greater than
the potential V(z) = E¢|q,a, of the outer domains and quantum well if it is smaller.

For simplicity we set E¢|q,as = 0 and we assume that E¢|y q.as = 900, i.e. the band edge
offset is Vy = AE. = 500 and we have a quantum barrier at 1 < x < z5. Furthermore, we set
L=1,x1 =1/3 and x9 = 2/3. Fig. 2.8 illustrates the band edge profile.

For a single barrier potential the BVP (2.17) can be solved analytically, cf. [21]. Since the
potential V' is constant in the three domains [0,21), [x1,22) and [x2, L] and by assuming that
the energy F satisfies

E > maX{EC‘GaAS 5 EC|A1G&AS} - ‘/() - 5007
the wave function takes the form

b(z) = ae*® + be~ikz, (2.51)
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Figure 2.7: Analytical quantum mechanical dispersion relation E(k) (black), the discrete dis-
persion relation of the standard discretization Eztd(k:h) (red), the discrete dispersion relation
of the Numerov discretization EN""(kp) (green) and the discrete dispersion relation of the
combined Numerov-Mickens discretization EN'"™Mic(k, ) (magenta) for the step size h = 1/100.
Note that the discrete dispersion relation of the Mickens discretization E,Ifb/[ic(kh) coincides with
the analytical quantum mechanical dispersion relation E(k).
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Figure 2.8: Band edge profile V(z) and energies E = 510, E = 544, i.e. the first resonance
state, and E = 580

where the amplitudes a and b are constant in each domain and the wave vector reads

k=k(0)=V2E, ifzel0,z1)U s, L],

and
l%:];’(Vo):\/Q(E—VO), if z € [x1,x2).

Let us assume that a right-traveling wave with amplitude 1& = 1 enters the semiconductor
at x = 0. Since V(z) = 0 for = € [0,x1), i.e. the same physical properties as in the exterior
domain x < 0, the incoming wave is not reflected but completely transmitted into the domain
[0,21). At the boundary of the two materials at © = x; the wave is partly reflected. On the
other hand, in the domain [z, L] we expect a transmitted, right-traveling wave that leaves the
semiconductor at z = L. For the same reason as at x = 0 we do not expect any reflections of
the transmitted wave at x = L. Thus, the wave function reads

V2Ez 4 pe—iV2Br if x € [0,21),
P(z) = aelV2Ee 4 peiv AE=V0)z - if 3 € [2q, ), (2.52)
telV2ET if z € [x9, L],

of. (2.51).
On the other hand, if the energy F satisfies 0 < E' < V), the waves in the domain [z, z2)
are evanescent and take the form

P(x) = ack” 4 be ke,
with

k= k(o) =2V — BE).

But since k = ik for E < V, Eq. (2.52) is the correct analytical solution also for the case
0 < E < V. Hence, we can continue with the solution as given in Eq. (2.52) without having to
neglect the case 0 < £ < V4 in our numerical examples.
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According to [24], the wave function v (z) and its derivative

2EelV2ET —i\/2Fre V2P if z € [0,21),
Va () = \/7E vgaex/m mbe—l AE-V0)T | if 3 € [x1, 22),
ivV2EtelV2Er, if z € [z2, L],

are continuous. In particular, they are continuous at the material interfaces at x = z; and
x = xo. Thus, we get a system of linear equation that yields

_9i (\/m2 - @2) V2B iy ( 2(E—Vo)(x1 — 372))

r =
(VZ(E Vo) + VEE) VEFWoler—r) (/3 (E V) ~ V2E) e AP0
22E (2 (B~ V) + VaE) o (VIEn —VEET)
a=
( /9 E % + /QE) iv/2(E-Vo)(x1—22) _( /9 E VO /QE)Ze—i\/2(E—V0)(x1—:c2)
) 9 /TE (\/m— /TE) ei(\/ﬁxlﬁ‘ Q(E—VO)J»?)
(V2E=Vo)+ @) WAET @) — (/3 (B V) — @)Qe—w&—%xm—m
. 4y/2 (E — Vy)V2EeV2E(@i—e2)
(VEE=Ta) + VEE) VAETaer=2) (/2= Vo) - VEE) e VATl e)
(2.53)
This implies that the reflection and transmission coefficients satisfy
2+ ]t = 1. (2.54)

Note that the solution of the so-called transfer-matriz method coincides with the analytical
solution in the case of a single barrier potential, cf. [36].

Since we have three domains of the same length the step size h has to be of the form h = 3%
with n = 1,2,..., so that the discretized domains also have the same length. Otherwise the
FDSs would not solve the problem as stated above and the results would differ significantly

from the analytical solution.

2.7.1.1 The Transmission Coefficient

First we want to examine the behavior of the transmission coefficient 7 = |t| against the energy F
for a given edge band offset V. In Fig. 2.9 the analytical transmission coefficient 7 is compared
with the transmission coefficient of the combined Numerov-Mickens FDS. The transmission
coefficients of the standard FDS, the Numerov FDS and the Mickens FDS coincide with the
analytical transmission coefficient for the level of detail of Fig. 2.9. In order to evaluate the
numerical transmission coefficients we take the modulus of the numerical solution at the right
boundary at x = L. This straightforward procedure is possible since the transmitted wave is not
reflected at the boundary z = L and hence, the modulus of the numerical solutions is constant
behind the barrier. Therefore, the modulus in this domain equals the transmission coefficients
of the numerical schemes.

If |7| = 1, i.e. there is no reflection and the wave is transmitted completely, we say that
there is a resonance. The first resonance of the analytical transmission coefficient is located at
E = Eresonance = 544.
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Figure 2.9: Analytical transmission coefficient (dotted line) and the transmission coefficient of
the combined Numerov-Mickens FDS (solid line) for the step size h = 1/300. The transmission
coefficients of the standard FDS, the Numerov FDS and the Mickens FDS coincide with the
analytical transmission coefficient for the used level of detail.

2.7.1.2 Numerical Solutions of the Wave Function

In this section we want to compare the numerical results for three different values of the energy
E. We choose the resonance energy E = 544, one smaller energy (E = 510) and one greater
energy (E = 580), see Fig. 2.8. Figs. 2.10-2.12 show a comparison of the modulus and the phases
of the the analytical solution and the solutions of the four FDSs for the step size h = 1/300.
Note that the results of the Numerov FDS and the Mickens FDS coincide with the results of
the standard FDS for the used level of detail in Figs. 2.10-2.12.

For all three energy states the standard FDS, the Numerov FDS and the Mickens FDS give
reasonable results while the combined Numerov-Mickens FDS leads to a significant error.

2.7.1.3 The L%-Error

Next we want to investigate the numerical error of the introduced FDSs for the single barrier
problem. The evaluation of the discrete L2-error, however, is not straightforward for a complex
function. Since the numerical results of a stationary problem such as the BVP (2.17) has an
arbitrary phase, we have to optimize the L2-error with respect to a phase offset ¢ € [—m, 7]. In
other words we have to solve the nonlinear problem

APt = min Ay, = min Z [Y(x;) — PYp(zj)el e, (2.55)

pE[—m,7] pe|—m,m] J +1

where 9 denotes the analytical solution and % is the numerical solution using the step size
h =1/J. Fig. 2.13 shows the L2-error At)sgo of the standard FDS against the phase offset ¢ for
the resonance energy E = Eiesonance =~ 544 and the step size h = 1/300. In order to evaluate the
minimal L2-error Ay we discretize the domain [—m, 7] with a step size h, = 27/1000 and
analyze the L%-error A1y, at every grid point. However, it is unclear why nonlinear optimization
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Figure 2.10: Comparison of the analytical solution (black) of the single barrier problem and
the solutions of the standard FDS (red) and the combined Numerov-Mickens discretization
(magenta) for the step size h = 1/300 and the resonance energy E = Fyesonance ~ 544. Note
that the results of the Numerov FDS and the Mickens FDS coincide with the results of the
standard FDS for the used level of detail.
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Figure 2.11: Comparison of the analytical solution (black) of the single barrier problem and
the solutions of the standard FDS (red) and the combined Numerov-Mickens discretization
(magenta) for the step size h = 1/300 and the energy E = 510. Note that the results of the
Numerov FDS and the Mickens FDS coincide with the results of the standard FDS for the used
level of detail.
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Figure 2.12: Comparison of the analytical solution (black) of the single barrier problem and
the solutions of the standard FDS (red) and the combined Numerov-Mickens discretization
(magenta) for the step size h = 1/300 and the energy E = 580. Note that the results of the
Numerov FDS and the Mickens FDS coincide with the results of the standard FDS for the used
level of detail.
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Figure 2.13: L?-error Ay, of the standard FDS against the phase offset ¢ for the resonance
energy E = Eiesonance ~ 544 and the step size h = 1/300.

methods such as the MATLAB procedure fminsearch do not give acceptable results for this
problem and hence, cannot be used.

In Fig. 2.14(a) the L%-errors Ay™" of the standard FDS and the combined Numerov-
Mickens FDS are plotted against the number of grid points J = 1/h for the resonance energy
E = FErosonance = 544. The error of the Numerov FDS and the error of the Mickens FDS coincide
with the error of the standard discretization for the level of detail of Fig. 2.14(a). For these
three FDSs the L2-error is in O(h?). The L%-error of the combined Numerov-Mickens FDS,
however, is only in O(h).

Fig. 2.14(b) shows that the phase shift adjusted L2-errors of the Numerov FDS almost
coincides with the standard FDS and the Mickens FDS, i.e. the Numerov FDS turns out to be
not of higher order than the standard FDS and the Mickens FDS. Although the higher order
of the Numerov FDS is considered to be an advantage compared to the standard FDS and the
Mickens FDS, it is this property that leads to the observed error of the scheme. By applying

the identity
(¥ V)"
wm—<(¢)z+<¢) >w

to the Schrodinger equation (2.1) we get

(2)2(3) v

Under the assumption of the Numerov FDS, i.e. that the discretization is of fourth order, the
left hand side of Eq. (2.56) is second order differentiable. The right hand side, however, is not
second order differentiable as the potential V' comprises two jump discontinuities at the barrier’s
ends. For the standard discretization, the left hand side of Eq. (2.56) is continuous but not
necessarily differentiable. Hence, the jump discontinuities of the potential also lead to an error
but we expect this error to be smaller than for the Numerov scheme.
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Figure 2.14: Comparison of the L?-errors of the numerical schemes for the resonance energy
E = Eresonance &~ 544. Note that the L2-errors of the Numerov FDS and the Mickens FDS
coincide with the L2-error of the standard FDS for the used level of detail in (a), while the
L?-error of the Mickens FDS coincides with the L2-error of the Numerov FDS for the used level

of detail in (b).
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An approach to improve the behavior of the Numerov FDS for a discontinuous potential
V is to use the standard FDS of the Schrédinger equation at the point of discontinuity of the
potential V' and the Numerov FDS elsewhere. Although spurious oscillations due to possible
incompatibility of the two schemes cannot be observed, numerical testing shows that the results
cannot be improved significantly.

2.7.2 The Double Barrier Potential — Quantum Tunneling

As a final numerical example we will examine the results of the introduced FDSs for the double
barrier potential. In particular, we want to check if the FDSs model the so-called quantum
tunneling correctly. If there exists a resonance for an energy E that is smaller than the potential
barrier V) we call this state quantum tunneling.

Analogously to the single barrier problem we can derive an analytical solution. Let 0 <
x1 < x9 < x3 < g4 < L. Assume that the domains [z, 22) and [z3,x4) are quantum barriers
with V' (z) =V, while the domains [0, z1), [x2, x3) and [z4, L] have zero potential, i.e. V(z) = 0.
Again let us set Vo = 500. Furthermore, we set L =1 and ; = j/5, j =1,...,4.

Since the potential V is piecewise constant the wave function takes the form

P(x) = aeiim + be*i’;x,

where the amplitudes a and b are constant in each domain and the wave vector reads

k=k(0)=V2E, ifze(0,z1)Uwy,x3) U zs, L],

and
k=k(Vy) =V2(E-V), if © € [x1,20) U [23,24).

Note that we do not have to require the energy F to satisfy £ > V), as we illustrated in the
previous section.

Suppose that a right-traveling wave with amplitude 1& = 1 enters the semiconductor from
the left at + = 0. Since V(z) = 0 for = € [0,z7), i.e. the same physical properties as in the
exterior domain x < 0, the incoming wave is not reflected but completely transmitted into the
domain [0, z1). At the potential barrier z = ;1 the wave is partially reflected. In domain [x4, L]
we expect a transmitted, right-traveling wave to leave the semiconductor at the right boundary
at x = L. For the same reason as at x = 0 we do not expect any reflections of the transmitted
wave at x = L. Thus, the wave function reads

( ¢iV2Ex 7ne*i\/ﬁ907 if x € [0,21),
arelV2ET | b o —V2AEVOT i o [y ),
(@) = ageV2ET 4 poeiv2Er, if 2 € [22,73), (257)
a3ei\/mx + b3eii\/mx7 if x € [x3,74),
telV2Ee, if ¢ € [x4, L],

with the unknown reflection coefficient r, transmission coefficient ¢ and the unknown coefficients
aj, bj,j: 1,...,3.
Since the wave function (2.52) and its derivative

iV2EeV2ET _i\/2Fre~iV2ET if x € [0,21),
i/2(E = Vp)a e V2ETV0T 3 /9 (E = V)b e W2EVT - if o € [, 1),
() = ¢ iV2EageV2ET — i\/2Ebye~1V2ET, if z € [xe,x3),
i /2 (E = VoJaseVEE—00s _ i\ 3 (E = VYhse VB0 if 1 € [1g, 22),
ivV2EtelV2Er if ¢ € [x4, L],
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are continuous at x =z, j = 1,...,3, cf. [24], we get a system of eight linear equations for the
eight unknown coefficients.

However, we will not state the results of the system of linear equations since the expressions
for the coefficients are very long.

2.7.2.1 The Transmission Coefficient

In this section we will study the transmission coefficient 7 = |t| against the energy E. As
explained above we expect a resonance for an energy F that is smaller than the potential barrier
Vo. In Fig. 2.15(a) the analytical transmission coefficient 7 is compared with the transmission
coefficients of the standard FDS. The results of the Numerov FDS and the Mickens FDS coincide
with the results of the standard FDS. Since the results of the combined Numerov-Mickens FDS
with single barrier potential differed significantly from the analytical results we will omit to use
this FDS for the double barrier potential.

As can be seen in Fig. 2.15(b) the standard FDS, the Numerov FDS and Mickens FDS model
the tunneling resonance with a certain error while the error of the standard FDS is greater than
the error of the Numerov FDS and Mickens FDS. If we choose a smaller step size h the error
decreases.

2.8 Summary

We introduced four different FDSs of the BVP (2.17) and derived for each of them DTBCs.
We showed that all FDSs together with the DTBCs have a unique solution. We found that
the spurious oscillations of the modulus we observed when using discretized TBCs vanish when
using DTBCs instead. Except the Mickens FDS all other introduced FDSs lead to a phase error
in the free scattering state with constant potential that is directly caused by the difference of the
analytical quantum mechanical dispersion relation (2.13) and the discrete dispersion relations
(2.26), (2.39) and (2.50) respectively. We showed that this error vanishes when h — 0 as the
discrete dispersion relations converge to the analytical dispersion relation for A — 0.

Considering the numerical results we point out that the Mickens FDS is the most promising
FDS we introduced. If the potential is constant the Mickens FDS is an exact FDS and if the
potential is not constant it is of order O(h?). Which is the best possible order of convergence
of the FDSs we introduced since the Numerov FDS which is formally of order O(h*) is in fact
also only O(h?) since it requires the potential to be in C2(0, L). While the standard FDS and
the Numerov FDS are also applicable, the combined Numerov-Mickens FDS, however, leads to
significant errors.

Apart from the list of FDSs we introduced in this chapter there are a plenty of FDSs that
can be used for the stationary linear Schrodinger equation (2.1). However, the chosen FDSs
demonstrate the principle of using FDSs for the Schrodinger equation clearly. The reader is
referred to Simos and Williams [40] for a concise review on FDSs for the Schrédinger equation.
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(b) Analytical and discrete transmission coefficients at the tunneling resonance at E =~ 269.

Figure 2.15: Analytical transmission coefficient (black), the transmission coefficient of the stan-
dard FDS (red) and the transmission coefficient of the Numerov FDS (green) for the step size
h = 1/300. The transmission coefficient of the Mickens FDS coincides with the transmission
coefficient of the Numerov FDS for the used level of detail in (b), while the transmission coeffi-
cients of the standard FDS, the Numerov FDS and the Mickens FDS coincide with the analytical
transmission coefficient for the used level of detail in (a).






Chapter 3

The Two-Band Kane-Model

As a first step of generalization, we introduce the two-band Kane-model, cf. [22],

HF = EF, 2cR, (3.1)
with
B g (z) + Ep(x) —iPo(x)%
- iR —YEg(n) + Hw) (3:2)

where Py(x) > 0 denotes the Kane-parameter that is given by the relation

_2m”

E,=-5-P}. (3.3)

h2 0

The energy Ej, is called optical matriz element and is a measure of the coupling of the conduction
and valence band. E, denotes the so-called band gap which is the difference of the conduction
and valence band edges F. and F, i.e.

Eq(z) = Ec(x) — Ey(x).

Ey is called middle of the band gap and is the arithmetic mean of the conduction and valence
band edges F. and F, i.e.
E.(z) + Ey(x)
— 5

In contrast to the approach of the single-band effective mass approximation in Chap. 2, the
Kane-model considers not only the conduction band of the semiconductor but also the valence
band. The two bands are coupled with a first order derivative of the envelope functions Fi(x)
and Fy(x) of the conduction band and valence band respectively. However, the Hamiltonian
H does not contain second order derivatives of F(z) on the diagonal. In other words, the
Kane-model has no second order intra-band coupling.

Again, we consider a semiconductor of length L connected to reservoirs at x =0 and z = L.
Let us assume that the Kane-parameter Py(x) as well as the band edges E.(x) and Ey(z) are
constant in the reservoirs, i.e.

Eo(z) =

Py(z) = P, z <0,
P()(J}) = PO,L, x > L,

and
Eq(x) = Eq, x <0,
Eg(z) = Eg L, > L,
and
Ey(z) =0, x <0,
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3.1 The Exterior Problem and the Dispersion Relation

We will now analyze the exterior problem of the Kane-model. In the exterior domains the Kane-
parameter Fy, the band gap E, and the middle of the band gap Ej are constant. However, we
shall not analyze the exterior domains explicitly. Instead we will state the analytical dispersion
relation and the solution of the free scattering state for some constant Kane-parameter Py, some
constant band gap F,; and some constant middle of the band gap Fjy.

If Py, E; and Ej are constant, Eq. (3.1) is a first order system of ODEs with constant
coefficients that can be written in the form

d
—F = AF R A
o , =z€R, (3-4)
with . .
A=<1 (1) iPO(E#—QEg—EO)).
i (E - 3B — Eo) 0

As shown in the basic theory on systems of ODEs, e.g. see [41], the solution of Eq. (3.4) takes
the form .
F(z) = Fe = Felt?, (3.5)

where k = k12 € C denotes an eigenvalue of the matrix A and F= F(k) € C? the corresponding
eigenvector. We shall call F amplitude of the vector F of the envelope functions and k = k+ik =
—ik wave vector of F with the propagation coefficient k and the attenuation coefficient k. If the
attenuation coefficient & is zero we say that the vector F of the envelope functions is traveling
while it is called evanescent if k is nonzero. In the sequel we shall refer to the vector F of the
envelope functions as envelope wave since it can be expressed in the form of a plane wave.

If we apply the solution (3.5) to the Kane-model (3.1) we get

HF = EF, (3.6)
with A R X
T Hyi (k) le(k)) (E + Ey Pyk )
H=H() = N N — (278 ) 3.7
( ) <H21(k‘) HQQ(k’) P()k’ —%Eg =+ EO ( )

The characteristic polynomial of H gives
2 1., 272
(E — Ey) —ZEg—POk =0.

and hence,
1 1
== ((FE—-Ey)*—--E?).
ACES
If the energy F satisfies the energy condition
1

|E — Eo| > §Eg’ (3.8)
the wave vector k is real and reads R
k =4k eR, (3.9)
with the propagation coefficient
N 1 9 1
k=—/(E—Ey)*—=E2>0.
BV 0"~ 1% >

Thus, under the energy assumption (3.8), we obtain two traveling envelope waves, one being a
right-traveling envelope wave (if k = k) and the other being a left-traveling envelope wave (if
k= —k).
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On the other hand, if

1
|E — Ey| < §Eg, (3.10)
the wave vector is purely imaginary and takes the form
k = +ik € iR, (3.11)
with the attenuation coefficient
. 1 /1
k= —1\/-E2—(E—Ey)*>0.
R\ 1P o) 2

Hence, under the assumption (3.10) we obtain two evanescent envelope waves, one decaying for
r — —oo (if k = —ik, i.e. & = k) and the other decaying for z — oo (if k = ik, i.e. K = —k). In
the case of identity in Eq. (3.10) we obtain a constant solution.

Egs. (3.9) and (3.11) are called the dispersion relations of the Kane-model. Let us state the
reciprocal form of these relations. Therefore, we evaluate the energy eigenvalue of H. It yields

1
E = E*"k) = Ey + \/ZEg + k2P, (3.12)

The energy E° associated with the positive sign in Eq. (3.12) denotes the energy of the electrons,
while E" associated with the negative sign in Eq. (3.12) denotes the energy of the holes. Clearly,
E°/"(k) satisfies the energy condition (3.8) if and only if the wave vector k is real. In this case,
i.e. in the case of traveling envelope waves, we will refer to the energy E° as the energy of the
conduction band and the energy E" as the energy of the valence band.

In order to complete the analysis of the exterior problem we will give the results of the
amplitude f*‘(k) Note that in Chap. 2 we did not have to specify the amplitude since it was a
scalar and we were free to set it to 1. In the two-band Kane-model, however, the amplitude

) ) e/h
(k) = /" (k) = (?QZ;) ,

is an eigenvector of ﬂ(k) with the corresponding energy eigenvalue E¢/ h(k), see Eq. (3.6).
Clearly, the amplitude F*/?(k), as an eigenvector of H(k), is not defined uniquely. But we know
that it solves the under-determined linear equation

(F (k) = B/(R)) B (k) + o (k) B/ () = 0. (3.13)
This gives
S _ Hiz(k) B kP,
Fe/M (k) = ¢ <Ee/h(k)12_ Fln(k‘)> —c <Ee/h(k;) B gEg B E0> , (3.14)

with some arbitrary constant ¢ € C. Note that F¢(z, k) = ]?‘e(k)eiikx is the energy eigenstate
associated with the energy E° of the electrons, while F*(z, k) = F®(k)et** corresponds to the
energy E" of the holes, see Eq. (3.12).

If the energy condition |E — Ey| > %Eg is fulfilled we obtain traveling envelope waves with

a real wave vector k = +k. For those traveling envelope waves we shall additionally assume
that they are unitary waves, i.e. the amplitude F¢/"(k) is of norm 1 and hence, it satisfies the
normalization condition

L

= <Fe/h(/%),ﬁe/h(x%)> = 1. (3.15)

In this case H(k) and its eigenvalues E%/"(k) are real-valued and thus, the eigenvectors Fe/! (k)
are either also real-valued or purely imaginary. But since our approach in Eq. (3.5) implies that



46 3. The Two-Band Kane-Model

Fe/2(k) is the modulus of F, we shall assume that the amplitude Fe/(k) is real. Hence, the
normalization condition (3.15) becomes

EM(B)? + /M (k)2 = 1. (3.16)
Thus, the amplitude Fe/ h(k) of a traveling envelope wave with norm 1 takes the form
Hyo (k)
\/(Ee/h(]%)—Hll(];'))z"rHlQ(];')2
Ee/M (k) —Hy (k)
V(B (k)= Hra (k) + Hra (k)2
kPy
V(B ()~ L By—Eo)*+k2 P2
E°/"(k)—1Ey—Eo
\/(Ec/h(l%)féngEo)QHQQPg

F/ME) =+

(3.17)

Il
H,

Since the two solutions of the amplitude are linearly dependent, we can neglect the solution
with negative sign and set
kPy
\/(Ee/h(fc)—%Eg—Eg)Q-i-ff?Pg
E°/"(k)— L Ey—Fo
\/(Ee/h(lé)—%Eg—Eo)erWPg

Fe/h () = (3.18)

In the remainder of this section we will prove

Proposition 3.1. Let kK € R be the wave vector of a traveling envelope wave. Then the two
vectors F¢(z, k) and F?(z, k) of the envelope functions of the free scattering state are orthogonal,
i.e.

<Fe(x, k), FP(z, k:)> = 0.

Proof. The scalar product of F¢(x, k) and F"(z, k) is given by

~

<Fe(x, k), Fb(z, k)> - <]§‘e(k)eikx,]?‘h(k)eikx> — ik <Fe(k),Fh(k)> .

Hence, we only have to show that the amplitudes F(k) and F"(k) are orthogonal. Taking
Eq. (3.18) into account, the scalar product of F¢(k) and F®(k) becomes

<Fe(k)7Fh<k)> _ A12( ) - - A12( ) - -
\/ (Ee(k) - Hu(k)> + (k)2 \/ (Eh(k) - Hn(k)> 4 (k)2
E°(k) — Hiy (k) EMk) — Hyp (k)

+

J (Be(k) — Ha(k)) + ()2 ¢ (Bn (k) — (k) + fia(k)?

Considering the dispersion relation (3.12) we get

<f‘e(k),f<‘h(k)> _ Hiso(k)? + (Eo — Hyi (k) + \/W> (Eo — Hy (k) — \/W) |

2

\/ (Ee(k) _ flll(k))Q + fllg(k)Q\/ (Eh(k) _ ffll(k:)> + Hia(k)?

which gives

) (ﬁn(k) . E0)2 + Hip(k)? — LE2 — P2R?
<Fe(k),Fh(k)> -

\/ (Ee(k) - Iffn(k))z + ﬁlg(kz)Q\/ (Eh(kz) - ﬁll(k))z + ﬁ12(k)2'
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By using the identities

and
Hiy(k)? = P2k,

we obtain

<f4‘e(k:), ﬁ‘h(k)> =0,

and hence, the two vectors F¢(z, k) and F"(z, k) of the envelope functions are orthogonal. [

3.2 Transparent Boundary Conditions

The TBCs are derived in the same way as in Chap. 2. Let ko denote the propagation coefficient
of the wave vector of a right-traveling envelope wave in the left exterior domain z < 0 and I%L
the corresponding propagation coefficient in the right exterior domain > L. We consider an
incoming envelope wave

Fin = B (ho)ehor,  z <0, (3.19)

This incoming envelope wave is partly reflected at the left boundary at = = 0,

F' = re*ikox, x <0, (3.20)
with the reflection coefficient vector r = rﬁ‘g/ h(—l%o), r € C, and partly transmitted at the right
boundary at x = L,

F' =te*2® o> L, (3.21)
with the transmission coefficient vector t = tfz/ h(l%L), t € C. Hence, the solution in the left
exterior domain reads

F=F"+F, <0, (3.22)

while the solution in the right exterior domain is given by
F =F', x> L. (3.23)

Note that FI™ and F! are right-traveling envelope waves, whereas F” is a left-traveling envelope
wave.

Let us recall that the envelope wave and its first derivative are continuous at the two bound-
aries. We eliminate the reflection coefficient vector r by comparing Eq. (3.22) and its first
derivative at z = 0. It yields

d o .
L F(0, ko) +ikoF(0, o) = 21k FE/™, (3.24a)

cf. the left TBC (2.17b) of the scalar Schrédinger equation. Analogously, we can eliminate the
transmission coefficient vector t when comparing Eq. (3.23) and its first derivative at © = L.
We get

d

LF(T, k) —ikpF(L, k) =0, (3.24b)
X

compared to the right TBC (2.17c) of the scalar Schrodinger equation in the previous chapter.



48 3. The Two-Band Kane-Model

3.3 Reduction to a Second Order Scalar ODE

If we do not assume Py, Ey and FE, to be constant, the matrix A in the ODE (3.4) is not
constant in = and takes the form

0 izt~ (E— (—3E4(z) + Eo(z)))
z) = o(z) &
A(z) (11301(@ (E — (3E4(z) + Eo())) " 20 '

We can derive a second order scalar ODE for the conduction band and the valence band respec-
tively, that is equivalent to the Kane-model (3.1). We get

1

- i (E - (—;Eg(m) + Eo(x)>) ipol(x) (E _ (;Eg(x) 4 Eo(x))> F
1

. 1 (3.25)
= rg (7 (e 0200) ) (2= (3 20 ) )
1 s 1,
=— E—-FE —-F F..
i (B = Eo))* — 1))
Together with definition of the Kane-parameter P in Eq. (3.3), Eq. (3.25) yields
n? d? 1 5 1
-———F.=—— ((E-E - F,, 2
s e = ey (B~ Bole) — 20 (3.26)
which is a non-linear eigenvalue problem in E.
The components of the vectorial TBCs (3.24) are not coupled, thus
d iy L e
1 c(0, ko) + iko Fo(0, ko) = 2ikoFy. (3.27a)
and d
(L, kp) —ikpF.(L, k) =0, (3.27b)

are the corresponding scalar TBCs of the scalar ODE (3.26). Together they form a scalar
BVP that differs from the BVP (2.17) of the scalar Schrodinger equation in Sec. 2 only in the
potential and energy. Therefore, we can prove

Theorem 3.2. Let E},, E; and Ey be in L°°(0,L) and real valued. Then the BVP of the
ODE (3.26) and the TBCs (3.27) has a unique solution F, € W2°°(0, L).

Proof. This theorem is a corollary of Thm. 2.1. If we set
Escalar = 0,

and
V(z) = —Epl(x) <(E — Eo(x))? - iEé(@) ,

which is in L*>°(0, L) since Ey,, Ey and Ey are in L>°(0, L), we can apply Thm. 2.1 and thus, the
uniqueness of the solution is shown. O

Corollary 3.3. Let E,, E, and Ey be in L*°(0,L) and real valued. Then the BVP of the
systems of ODEs (3.1) and the vectorial TBCs (3.24) has a unique solution F € (W%>(0, L))Q.

Proof. We already showed the uniqueness of F; in Thm. 3.2. The uniqueness of F,, and hence,
F can be obtained by defining the scalar ODE for F; and then applying a corresponding version
of Thm. 3.2. O
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3.4 Discretization

We recall the uniform discretization z; = jh, 7 =0,...,J, with L = Jh, of the computational
interval (0, L) with Py ; = Po(z;), Egj = Eg(xj), Eoj = Eo(x;) and the approximation F; ~
F(z;),j=0,...,J.

In general, the discretization of the Kane-Model takes the form

M/Fj1+ (M} —EL)F;+M;F; =0, j=1,..,J-1, (3.28)

where the matrices M;r, M? and M depend on the choice of the difference scheme.

In this section we will state different FDSs including their respective coefficient matrices
Mj, M? and M, . We will analyze the discrete exterior problem of the introduced FDSs, i.e.
the free scattering state with constant Kane-parameter I, constant band gap E, and constant
middle of the band gap Ey. However, we will not explicitly derive the discrete solutions of
the exterior domains x < 0 and > L. Instead we will give results for some constant Kane-
parameter Py, some constant band gap F, and some constant middle of the band gap Ey. In
order to determine the discrete solutions of the exterior domains one shall apply the respective
values of the Kane-parameter P, the band gap E; and the middle of the band gap Fy to the
results that we will state.

If Py, E; and Ey are constant then the coefficient matrices M;r
In this case we will omit the subscript j.

Before we introduce a first FDS we prove

, M? and M]_ are constant.

Proposition 3.4. Let a € C be an eigenvalue of A € C™*" with corresponding eigenvector
a € C™. Then the first order difference equation with constant coefficients

yj = Ayj-1
with the initial value yg = a has a solution of the form
yj= o’a, j=>0.
Proof. By assumption the proposition holds for j = 0. Then it also holds for any j > 1 since
yi+1 = Ay; = Adda=d/Aa=cd’aa =o' a.

Therefore,
Y= aja, j > O’

is a solution of the above difference equation. O

Remark 3.5. The premise yg = a in Prop. 3.4 sets the initial value of the first order finite
difference equation y; = Ay;_1 to some eigenvector a of the matrix A. However, if the n
eigenvectors of the matrix A are linearly independent, the premise yg = a means no loss of
generality, since any vector v € C" can be expressed as a linear combination of the n eigenvectors
of A. Hence, at j = 0 any vector v € C" can be expressed as a linear combination of the n
solutions y;.

The matrices A we will consider in this chapter as well as in the following chapter have
mutually distinct eigenvalues and hence, the corresponding eigenvectors of A are linearly inde-
pendent. On the other hand, in Chap. 5 where we will analyze the general d-band k-p-model the
eigenvalues are not necessarily distinct and thus, further analysis of the eigenspace is required.

If Py, E; and Ej are constant then Eq. (3.28) is a difference equation with constant coef-
ficients, but it is of second order. By using the first order difference operator Dfl‘”d and D}’L‘”d,
respectively, the matrix M~ or M™ vanishes and hence, we obtain a first order difference
equation with constant coefficients we can apply Prop. 3.4 to.
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3.4.1 One-Sided Finite Difference Schemes

Let us start with the first order forward FDS. We apply the first order forward difference
operator DI to the Kane-model (3.1). This gives the coefficient matrices

M= <—1P0,j;11 0o )’

MO _ (2Fsi + Fo; iP5 (3.29)
J iPoj+ —3Esj + Eoj)’

M'f,fwd —0.

J

With these matrices and by assuming that the band gap E,; and the middle of the band gap Ej
are constant, Eq. (3.28) can be written in the form

Fj=AYF,  j=0,..,J-1, (3.30)
with
Afwd _ <M+,fwd>_1 (Mo,fwd B E]l)
_( ; 1 1 —if ((EO—E)—;Eg))
—ig ((EO —FE)+ iEg) 1
According to Prop. 3.4, the solution of this first order difference equation is
F; = Fhaj,

where a € C denotes an eigenvalue of A4 and F, € C? the corresponding eigenvector. Note
that we can write the discrete solution F; in the form

F; = Fclfnih, (3.31)
with the discrete amplitude F}, and the discrete wave vector

- < 1
ky = kp, +iky, = 7 (arg(a) —iln|al),
where ky, is called discrete propagation coefficient and kj, is the discrete attenuation coefficient.
If the discrete attenuation coefficient kj is zero the discrete envelope wave F; is said to be
traveling while it is called evanescent otherwise.
The eigenvalues o of A™9 are given by the relation

h? (1
2 _ £2 2
If we assume that the energy E satisfies the complement of the energy condition (3.8), i.e.

1
|E — Ey| < §Eg,

the right hand side of Eq. (3.32) is nonnegative and hence, the roots aq 2 of Eq. (3.32) are real,

and if
Py

h < :
V1B — (E - Eo)

the roots a1 are positive. This implies that the wave vectors are purely imaginary and the
discrete envelope waves are evanescent.

)
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On the other hand, if the energy condition (3.8) is satisfied, i.e.
1
|E — Ep| > EEg’

then the roots aj 2 of Eq. (3.32) are complex and read

. h 5 1
04172 = 1:|21P0\/(E—E0) - ZE%

Since the modulus of the complex eigenvalues o 2 is greater than 1, the discrete wave vector ky,
has a nonzero discrete attenuation coefficient kj, and hence, yields evanescent envelope waves.
However, we require traveling envelope waves to model the continuous case. But both pairs
of eigenvalues result in evanescent envelope waves and thus, the first order forward FDS is not
applicable to the Kane-model (3.1).
The first order backward FDS with the coefficient matrices

M+ bwd -0,
Obwd ( 5B + on —iPy;+ )
—iPoyy  —3Fs+ Eoy (3.33)
_ iPy;+
M ,bwd 170,53
<1P0,j]£ 0 ’
gives similar results. In this case the eigenvalues « of the matrix
Abwd _ <M0,bwd _ E]l)_l M—bwd
B Py ( Py —ih ((Eo — E) — ;Eg)>
= , 1
P+ 02 (B - B’ - tEz) \ 71N ((Bo — E) + 5 E) Py

of the discrete exterior problem read

P, 1
o9 = 0 Poih\/EQ—(E—E0)2 ,
’ 2 2 2 _ 1702 48
P} +h? ((E - Ey)? — 1E2

4

if the energy E satisfies
1
|E — Eo| < §Eg7

and

P 1
a12 = 0 PO + lh\/(E - E0)2 - *Eg 5
P+ 02 ((E - B) - 1E3) 4

if the energy F satisfies
1
|E — Ep| > iEg'

Both cases do not yield a pair of real discrete wave vectors and hence, the first order backward
FDS is not applicable either.
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3.4.2 The Centered Finite Difference Scheme

If we apply the second order centered difference operator Di™" to the Kane-model (3.1) the
coefficient matrices become

+,cen 0 _ipovjih
M = (_.P e o
170,525,
1
= F +EU . 0
MQ,cen _ (2 e,J 2J . ) , (3.34)
J 0 —5Eg;+ Eo;
—,cen __ 0 iPOyjih
M; ™= ('P &0 )
170,597

Since neither M;r’cen nor M;"*" vanishes, the difference equation (3.28) is of second order.
However, every second order difference equation can be reduced to first order by introducing

the substitution
F .
b, = 7). 3.35
! <Fj+1> (3:35)

In the case of a constant Kane-parameter I, a constant band gap E, as well as a constant
middle of the band gap Ey and with the help of the substitution (3.35) we get the first order
difference equation with constant coefficients

®; = A“D; |, (3.36)

with

Acen — 0 1
- (M—l-,cen)—lM—,ccn (M—l-,ccn)—l (MO,Cen _ E]l)

00 1 0
|0 o0 0 1
“ |11 o0 0 —2if (Eo — E — Ey)
- h
0 1 —2if (Bo— E+3Ey) 0

The solution of the first order difference equation is
(I)j = aOéj,

where a € C denotes an eigenvalue of A®® and a € C* the corresponding eigenvector, cf.
Prop. 3.4. Note that the discrete solution F; € C? of the second order centered FDS is given by
the first two components of ®; € C*. Therefore, we introduce the discrete amplitude F), € C2
that contains the first two components of a. Then the discrete solution F; takes the form

Fj = f‘haj = ]?‘heikhjh, (337)
with the discrete wave vector

(arg(a) —iln|al).

A - 1
khzkh—i-ik‘h:%

Again we shall refer to ky as discrete propagation coefficient and ky, as discrete attenuation
coefficient.
The form of the discrete solution (3.37) implies

—ikph ikph
Fj+1€ Wl — Fj = Fj_lel h 5
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and thus, the difference equation (3.28) reduces to
HS"F), = EF),, (3.38)
with
A = A (k)
— MJr,ceneikhh + MO,cen + Mf,cenefikhh
_ 3B+ Eo —igr Py (elFnh — g=iknh)
_i%PO (elkhh — €71khh) —%Eg + Ey

_( 3Es+Ey +Pysinkyh

o %P() sin khh —%Eg + EQ '

The characteristic polynomial of I:Iffn gives

1 sin? kph
2 h
(E — Ey) —ZEg—POz 3 =0,
which implies that the discrete wave vector kj, satisfies
.2 h? 2 1.5
Sin khh = Fg (E - E[)) - ZEg . (339)

Let us assume that energy condition (3.8) is fulfilled, i.e.
1
|E — Ep| > §Eg’

then the discrete wave vector is given by the relation

. h 9 1
Since
sin (—kph) = —sin (kph),

the wave vector reads
ky, = +k;, € R, (3.40)

with

1 o1 2
kh:EaI‘CSlH <F’0\/(E_EO) —4E§>+nh, n € 7.

However, by applying ’Hopital’s rule it is easy to show that the discrete wave vector kj, = +ky,
only tends to the analytical wave vector k = +ik of the continuous problem if n = 0, whereas
for n = 0 the limit of kj, = :H;:h for h — 0 does not exist. Thus, we shall neglect solutions of
the discrete wave vector with n # 0 and set

-1 ;1
ky, = , aresin <PO\/(E — Ey)” — 4E§> . (3.41)

On the other hand, if the complement of the energy condition (3.8) is fulfilled, i.e.

1
|E — Ey| < §Eg,
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the discrete wave vector k;, satisfies

sin kph = :Izl\/ (E — EO).

By using the identity sin k,h = —isinhikph, we get

sinhikph = :I:\/ (E — Ep)*.

Considering that sinh (—ikph) = — sinh (ikph) and arsinh(z) = In (w + Va2 + 1) for z € R, the
discrete wave vector is purely imaginary and reads

ky, = +iky,, (3.42)
with the discrete attenuation coefficient
. 1
kzﬁln(z—k 22+1),

and

h
g (BB eRr
Hence, under the assumption (3.10) we obtain two evanescent envelope waves, one decaying
for x — —oo and the other one decaying for x — oc.
Egs. (3.40) and (3.42) form the so-called discrete dispersion relations of the second order
centered FDS. From the characteristic polynomial of H7*™ we can derive the reciprocal form

sin® kph
h2

E=E"(k) =E,+ \/ iEQ + P2 (3.43)

Analogously to the continuous case, the energy Ej} associated with the positive sign in Eq. (3.43)
denotes the energy of the electrons, while Eh corresponding to the negative sign in Eq. (3.43)

describes the energy of the holes. Clearly, E / (kp,) satisfies the energy condition (3.8) if and
only if the discrete wave vector kj is real. In this case, i.e. in the case of discrete traveling
envelope waves, we will refer to the energy Ej as the energy of the conduction band and the
energy E,}l1 as the energy of the valence band.

In order to finish the analysis of the discrete exterior problem we will now specify the discrete
amplitude F,(ks). We know that the amplitude

~e/h
o ~e F (kh)
Fiulkn) = (k) = | 05 :
EM (k)

is an eigenvector of fI‘;Le“(kh) with the corresponding energy eigenvalue EZ/ h(kh). Hence, the
discrete amplitude is not defined uniquely and solves the under-determined linear equation

(et kn) = B3 kn) ) 2 (k) + i (k) F Y (n) = 0. (3.44)

Thus, the discrete amplitude reads

£ 1) = Hgy (kn) . pySinkuh 5
B (ky) — H (Rn) EM(ky) — 3By — By)
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with some arbitrary ¢ € C. Note that F§(kp,) = ]?‘Z(kh)eiikhj " describes the energy eigenstate
associated with the energy Ej} of the electrons while F?(kh) = Fg(k‘h)eiikhj " corresponds to the
energy E,}; of the holes, see Eq. (3.43).

If |E— Ey| > %Eg is fulfilled the resulting discrete wave vectors are real, yielding discrete
traveling envelope waves. In this case we shall additionally assume that the discrete waves are

unitary, i.e. the discrete amplitude ]?‘Z/ h(l%h) has norm 1. Then it also satisfies the normalization

condition )

Fe/h(z%h)H - <Fe/h(1%h),ﬁe/h(z%h)> ~ 1. (3.46)

C

Since HS® (ky,) and its eigenvalues EZ/ h(l%h) are real-valued the eigenvectors ]?‘Z/ h(l%h) are either
. . . . . . ~e/h 7
also real-valued or purely imaginary. But since our approach in Eq. (3.37) implies that F;‘;/ (kp)

is the modulus of F;, we shall assume that the discrete amplitude ]?‘Z/ h(l%h) is real. Hence, the
normalization condition (3.46) becomes

10 ()2 + By (n)? = 1. (3.47)
Thus, the amplitude FZ/ h(l}:h) of the discrete traveling envelope wave with norm 1 reads

Hgen, (ky)
(B8l e, () ey (2
By ()~ H5ey, (k)
\/ (257" ()= F1ger, hn) ) 4 FLgen ()2
\/( /b (o)=L By Eo) +P2m,2khn
B/ (k)1 By —Eo

2 sin2 k) h
\/( e/h(k‘h) ngEO) +P025mh72h

(3.48)

Since the two solutions in Eq. (3.48) of the amplitude are linearly dependent, we can neglect
the solution with negative sign and set

inkjyh
PO Slnhh

2
\/( e/h(kh)flEg EO) +PQSm kph

EY/" (kn)— LBy —Eo

in2 kph
\/ (5" k)~ 5 B Eo) +Pg TR

(3.49)

In the remainder of this section, let us analyze the periodicity of the discrete dispersion
relation of the centered FDS and compare it with the periodicity of the discrete envelope func-
tion. Let us focus on traveling envelope waves with a real wave vector k;, € R. The discrete
amplitude satisfies

2 A
Fe/h <k + nh> =¥k,  Yn€Zk,cR, (3.50)
and hence, it has a period of 27 in kj,. Thus, the discrete envelope function
Fj — Fz/h(kh)eikhjh
S 2T’T—periodic in k. On the other hand, the discrete dispersion relation of the centered FDS

satisfies

Fone (k n nh> = EM(ky),  Yn€Zky€eR, (3.51)
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i.e. the discrete dispersion relation is 7-periodic in kj. Fig. 3.1 in the following section demon-
strates this behavior. It shows a comparison of the discrete dispersion relation of the centered
FDS with the analytical dispersion relation and the discrete dispersion relation of the sym-
metrized FDS we will introduce in the following section.

Since the discrete envelope function is 27-periodic we shall focus on the interval (—%, E).
Recall that solutions with kj, < 0 are left-traveling, while solutions with k;, > 0 are right-
traveling. Both the discrete envelope function as well as the discrete dispersion relation of
the centered FDS are even functions and hence, without loss of generality we shall restrict our
considerations to the interval (O, %) of right-traveling solutions. But since the discrete dispersion

™

relation is 7-periodic with a maximum at kj, = g5, it is not injective in this domain. Without
loss of generality, let us focus on the electron energy E = E°. Thus, for any energy E with

1 T
Eo+ ~E, = ES(0) = min ES(ky,) < E < max ES (k :Ee(—>,
0+ 5l 1(0) inin n(kn) max n(kn) = Ej o
there are exactly two discrete wave vectors kj in the interval (0, %) that solve the discrete
dispersion relation. These discrete wave vectors are given by

1 h 1
kh,l = E arcsin (R]\/(E - E0)2 - 4E§> N

T
kpo = o kp1.

This implies that for any admissible energy E there exist two solutions of the discrete
envelope function

see Eq. (3.40), and

F] = ﬁ‘;/h(khJ)eikhyljh (352&)

and
Fj _ Fz/h(khg)eikh’ﬂh — ]?‘;’L/h (% _ kh,l) ei(%_kh»l)jh, (3.52b)

However, only the first solution (3.52a) is an appropriate estimate of the analytical solution
since the wave vector k2 = 7. — kp,1 does not tend to the analytical wave k for h — 0 while
the wave vector kj, 1 does, as described above.

Note that the same is true for left-traveling solutions in the interval (—%,0) and hence,
for any admissible energy E there are exactly two positive and two negative wave vectors kj,
in the domain (—%, %) that solve the discrete dispersion relation. All other solutions of the

discrete wave vector that are not in the domain (—%, %) can be ascribed to the four solutions

i (=F.7).

What does this mean for the numerical result of a certain problem? We know that the
discrete solution of the centered FDS within a domain of a constant Kane-parameter Py, a
constant band gap E,; and a constant middle of the band gap Ej is

F] — Fz/h(kh)Gikhjh,

with some discrete wave vector kj, that satisfies the discrete dispersion relation (3.43) and a
discrete amplitude FZ/ h(k‘h) of the form as given in Eq. (3.48). Hence, if we apply the centered
FDS to an example where these parameters are constant we do not expect solutions of the
incorrect form (3.52b) since the DTBCs we will derive later define the discrete wave vector
in the inner part of the semiconductor. For simplicity let us denote the correct discrete wave
vector kp 1 by k. When using this discrete wave vector instead of % — ky, to form the DTBCs,
the discrete solution of a problem with constant parameters Fy, £, and Ej is in fact

F] = Fz/h(kh)eikhjh,
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which tends to the analytical solution for h — 0. However, if we allow the parameters to vary
along the computational interval we expect some complications. For example, let us consider
a semiconductor heterostructure with a single barrier potential, where the Kane-parameter Py
and the band gap E, are constant whereas the middle of the band gap Ey is piecewise constant.
Then we know that the solution in each of the three subdomains takes the form

F; = F/" (k) et

where the discrete wave vector kj, and the discrete amplitude FZ/ h(k:h) are constant within
each subdomain but differ between these subdomains. Now let us consider an incoming wave,
entering the semiconductor at * = 0. This envelope wave is reflected at the barrier. While
the DTBCs define the discrete wave vector of the incoming envelope wave, the discrete wave
vector of the reflected envelope wave is not defined uniquely. Instead the numerical solver gives
a solution inside the left subdomain that reads

Fj = Fz/h(kh)eikhjh =+ Tlﬁz/h(—kh)e_ikhjh + TQFZ/h(% — k‘h)e_i(%_kh)jh’

with some reflection coefficients 1 and r5. The correct discrete solution does not comprise
terms with the incorrect wave vector 7 — kj, i.e. 72 = 0. In general, the numerical solver does
not set ro = 0, and hence the numerical solution comprises terms with the incorrect wave vector
% — kn that we will refer to as spurious oscillations. The same is true for the second subdomain,
while the solution in the right subdomain is defined uniquely by the right DTBC since we do
not expect a reflection at the boundary at * = L. However, the amplitude of the solution in
the right subdomain, that is equal to the transmission coefficient, might differ significantly from
the analytical solution since the sum of the squared norms of all resulting transmission and
reflection coefficients including those yielding the spurious oscillations is equal to the squared
norm of the incoming envelope function. This means that if the reflection coefficients yielding
the spurious oscillations are nonzero the discrete transmission coefficient differs significantly
from the analytical transmission coefficient.

Before we will test this behavior of the centered FDS we will introduce an alternative FDS
in the following section that prevents the problem of the periodicity of the discrete dispersion
relation.

3.4.3 The Symmetrized Finite Difference Scheme

Let us introduce a combined backward and forward FDS, that we will refer to as symmetrized
FDS. Tt is an approach to find a discrete dispersion relation and a discrete solution with the
same periodicity. We apply the left-sided operator D',DLWd to the coupling in the first column
of the Hamiltonian H whereas we apply the right-sided operator Dfl‘”d to the coupling in the
second column of H. This gives the coefficient matrices

: 1
+eym _ (0 =P 3
M; _<0 0 )

1 . ) ip, 1
MO _ zEg,.J "‘EOJ L 1P§J hoo), (3.53)
J —iPo,;7 —5Es;+ Eo;

- 0 0
,Sym
M= (iPo,j;lz 0) '

However, MT5¥™ is not regular and hence, we cannot transform the second order difference
equation into a difference equation of order one. In order to perform this transformation a
regularization term is needed. This regularization term leads us to the next step of generalization
of the multi-band effective mass approximations and is discussed later in Chap. 4.
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Nevertheless, we shall assume that the discrete solution takes the form
F; = Fpelfnih, (3.54)

with the discrete wave vector

kh:l%thil%e(C,

and the discrete amplitude F, € C2. Note that in contrast to the centered FDS, this approach
is mathematically not evident.
The form of the discrete solution (3.54) implies

Fe il — F, = F,_ efnh,
and thus, applied to the difference equation (3.28) it yields
H"F), = EFy, (3.55)
with

Frsym Crsym
Y™ = F5Y™ (ky,)
_ M-l—,symeikhh + MO,sym + M—,syme—ikhh

(AT, R )
_1EPO (1—6 % ) —QEg-l-EO

B 3E, + Eg 3Py (—sinkyh —i(1 — coskph))

N (;llpo (—sinkph 4+1(1 — coskph)) —1E, + Ey > '

By analyzing the characteristic polynomial

1 1
0= (B - Eo) B2~ P} (sin2 knh + (1 — cos k:hh)Q)
1 4 knh
= (E—Ey)? - 1B - ﬁpg sin’ %
of H;'™ which implies
o knh b2 1
sin? % =152 ((E — Ey)? — 4E§> : (3.56)
0

and proceeding analogously to the derivation of the discrete wave vector kj of the centered
FDS, we end up with the following discrete wave vectors of the symmetrized FDS.
If the energy condition (3.8) is fulfilled, i.e.

1
|E — Eo| > §Eg,
the discrete wave vector kj, is real and reads
kp, = :I:];'h € R, (3.57)

with the propagation coefficient

~ 2 h 1
kyn = Earcsin (m)\/(E — Ey)? — 4E§> .

On the other hand, if the energy condition (3.8) is not fulfilled, i.e.

1
|E — Ey| < §Eg,
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then the discrete wave vector kj, is purely imaginary and takes the form
ky, = +iky,, (3.58)
with the discrete attenuation coefficient
-2
k:zﬁln<z+ 22+1),

where z € R is given by

h
M e (5o R
*=opVals - B )
The reciprocal of the dispersion relations (3.57) and (3.58) can be derived directly from the
characteristic polynomial of H;Y™. We get

4 9 knh

E=E'"(k) = E j:\/ B} + o5 By sin® =, (3.59)

where the positive sign corresponds to the energy Ej of the electrons while the negative sign is
associated with the energy E}: of the holes.

No we will specify the discrete amplitude Fh(kh) of the symmetrized FDS. Analogously to
the centered FDS the discrete amplitude

~e/h
o (kn) = B/ (k) = (FZ’/Ch( h)> :

h,v (kn)
is given by
e/h(k:h) ) ﬁl?,/g(]fh) _. %Po (sinhk‘hh +i(1 — coskph)) (3.60)
B (k) — 2 (k) B (k) — 3By — By )7

with some arbitrary ¢ € C. Note that F?(kh) = ]?‘Z(kh)eiikhj " is the energy eigenstate associated
with the energy Ej of the electrons while F?(k‘h) = f‘%(kh)eiikhjh corresponds to the energy
E! of the holes, see Eq. (3.59).
Let us additionally assume that the discrete waves are unitary, i.e. the discrete amplitude
e/ (kh) has norm 1. Then it also satisfies the normalization condition

2

HFe/h(l%h)H(C _ <Fe/h(%h)7m> _

and the constant c is determined by

—-1/2

c:< B (ki) B (k) + F, e/h<kh>e/h<kh>>

kh 2 -1/2
(h?POS ’5+< e/h(kh)—§E E0>> :

The discrete amplitude of a traveling envelope wave of the symmetrized FDS is not real-
valued. While the valence band component is real, the conduction band component is complex
if h # ni—:, n € N. Thus, the resulting discrete wave is not plane since the two components have
a different phase. This indicates that the approach (3.54) we could not prove mathematically
leads to physically incorrect solutions. However, the numerical examples in the following sections
show that the symmetrized scheme gives reasonable results.
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Finally, we note that the periodicities of the discrete dispersion relation of the symmetrized
FDS and the discrete envelope function are in fact the same, which is not the case for the
centered FDS. Both, the discrete dispersion relation and the discrete envelope function of the
symmetrized FDS are 27-periodic in ky, see Eqs. (3.59) and (3.60). However, it is important
to note that the discrete dispersion relation, which is again an even function, is injective in the
interval (0, %) This means that for any admissible energy F there exists only one positive and
one negative discrete wave vector ky in (—%, %), that solves the discrete dispersion relation of
the symmetrized FDS. Hence, we do not expect any spurious oscillations due to incorrect wave
vectors as we do for the centered FDS.

This behavior is illustrated in Fig. 3.1 that shows a comparison of the discrete dispersion
relation of the symmetrized FDS with the analytical dispersion relation and the discrete disper-
sion relation of the centered FDS for a step size h = 1/300, a Kane-parameter Py = 1, a band
gap L, = 200 and a middle of the band gap Ey = 0.

3.5 Discrete Transparent Boundary Conditions

We derive the DTBCs for the Kane-model by applying the discrete solution with the discrete
amplitudes (3.49) and (3.60) as well as the discrete wave vectors (3.41) and (3.57) to the
reflection and transmission conditions (3.22) and (3.23). We assume that these conditions hold
in a small vicinity of the two boundaries, i.e. j = 0,1 and j = J — 1, J respectively. Let IQ:;LO
denote the propagation coefficient of the discrete wave vector and ]?‘h70(/;:h,0) the corresponding
discrete amplitude of a traveling discrete envelope wave in the left exterior domain =z < 0.
On the other hand, let l%h, 1, denote the propagation coefficient of the discrete wave vector and
th L(IAC;L 1) the corresponding discrete amplitude of a traveling discrete envelope wave in the
right exterior domain x > L. Thus, we have

F; = FP 4 F% = By 0d™0% 4 re ot j— 0,1,
and "
F; =F)=tnr%, — j=7—1J

with r = T’tho(—]%h’g), reC,and t = t]?‘h,L(l%hL), t € C. By eliminating the reflection and
transmission coefficients we obtain the DTBCs

—Foe_ikh’oh +F = Fh702i sin ];'hph, (361&)
and B

Fj_jefnih _F; =0, (3.61b)

compared to the scalar DTBCs in Eq. (2.29).
Remark 3.6. Note that the discrete formulation of the two-band Kane-model as given in
Eq. (3.28) together with the DTBCs (3.61) has a unique solution for all considered examples,
i.e. the band matrix consisting of the coefficients of Eq. (3.28) for j =1,...,J — 1, and the two
DTBCs is regular. It remains to prove a general existence theorem for the discrete problem.

However, this proof is not a discrete analogon of Cor. 3.3 since we can not reduce the discrete
problem of the Kane-model to a problem that is equivalent to the scalar discrete problem.

3.6 Numerical Examples

3.6.1 The Free Scattering State

In a first numerical example we briefly analyze the numerical results of the centered FDS and
the symmetrized FDS in the case of the free scattering state. In particular we are interested if
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Figure 3.1: Comparison of the analytical dispersion relation (red) of the Kane-model and the
discrete dispersion relations of the centered FDS (green) and the symmetrized FDS (blue) for a
step size h = 1/300, a Kane-parameter Py = 1, a band gap E,; = 200 and a middle of the band
gap Ey = 0. The horizontal dashed lines indicate the level of the energy values £ = F,/2 and
E = —FE,/2. The negative wave vector axis corresponds to the purely imaginary wave vector
k = ik of evanescent envelope waves while the positive wave vector axis corresponds to the real
wave vector k = k of traveling envelope waves. The vertical dashed line in (a) indicates the the
location of the wave vector value k = 7/h.
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Figure 3.2: Comparison of the phases of the analytical solution (red) and the numerical solutions
of the centered FDS (green) and the symmetrized FDS (blue) for the free scattering state with
Py=1, E;, =20, Ey =0, a step size h = 1/100 and an energy E = 25.

the results of the centered FDS in fact do not oscillate in the free scattering state. Moreover,
we want to check if the symmetrized FDS delivers acceptable results although it does not give
plane waves in the discrete exterior problem.

We shall set Py =1, Ey(z) = 20, Eg(z) =0 and E = 25.

The analytical solution of the free scattering state has norm 1. Both the centered FDS and
the symmetrized FDS using the corresponding DTBCs give results with norm 1 without any
oscillations. The phases of the analytical solution and the numerical solutions of the two FDSs
are plotted in Fig. 3.2 for a step size h = 1/100. While the phases of the numerical results of
both schemes almost coincide for the used level of detail in Fig. 3.2, the phases of the numerical
schemes differ slightly from the phase of analytical scheme. The numerical wave lengths are
smaller than the analytical wave length. This error is directly related to the difference of the
analytical wave vector and the discrete wave vectors. Thus, this error decreases for smaller step
sizes.

Analogously to the evaluation of the discrete L?-error in Chap. 2, we have to optimize the
L?-error with respect to a phase offset ¢ € [—, 71]. In other words we have to solve the nonlinear
problem

; 1
AF;"™ = min AF, = min ——
pe[—m,m] pe[-mm] J +1

J

S F () - Fyeie|?, (3.62)
§=0
where F(xz;) denotes the analytical solution at # = x; and F; the numerical solution using
the step size h = 1/J. As in Chap. 2, nonlinear optimization methods such as the MATLAB
procedure fminsearch do not give acceptable results. Hence, we discretize the domain [—m, 7]
with a step size h, = 2m/1000 and analyze the L?-error AF}, at every grid point in order to
evaluate the minimal L2-error AFn,

The L2-errors of the numerical solutions are shown in Fig. 3.3. The numerical order evaluated
experimentally coincides for both FDSs with their formal order. While the discrete L?-error of
the centered FDS is in O(h?) the discrete L?-error of the symmetrized FDS decays like O(h).
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Figure 3.3: Discrete L2-errors of the numerical solution of the centered FDS (solid line) and
the symmetrized FDS (dashed line) against the number of grid points J = 1/h for the free
scattering state with Py =1, Ey; = 20, Ey = 0 and an energy F = 25.

We note that both the centered FDS and the symmetrized FDS give reasonable results.
Hence, the difference of the periodicity of the discrete dispersion relation of the centered FDS
and its discrete solution do not affect the results of the free scattering state. Similarly, the
non-plane discrete solution of the symmetrized FDS does not produce notable errors.

3.6.2 The Single Barrier Potential

Analogously to the numerical examples in Chap. 2 we want to compare the numerical results with
the analytical results when applied to a single barrier potential. We consider a semiconductor
of length L that is split into three parts. Let 0 < 1 < x2 < L, then the three subdomains of
the semiconductor are defined by [0, 1), [x1,22) and [z2, L]. The two outer subdomains are
denoted by A = [0, 1) U [z2, L], while the inner subdomain is called B = [z1,x2).

The Kane-parameter Py and the band gap F, are assumed to be constant, while the middle
of the band gap Ej is piecewise constant and satisfies

Ey(z) =0, x € A,

and
EQ(I’) :EO,By r € B.

In other words, we add some potential Ey p to the band edges in the domain B. Note that we
can additionally define a piecewise constant band gap and proceed analogously. However, for
simplicity we shall restrict the variation to the middle of the band gap only.

First let us derive the analytical solution. We suppose that the energy FE satisfies the energy
condition (3.8) in the whole semiconductor, i.e.

E > Ey(z) + %Eg(x), z € [0, L].
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In the three domains [0, 1), [z1,22) and [x2, L] both the band gap E, and the middle of the
band gap Ey are constant. Hence, in each domain the vector of the envelope functions takes
the form A )

F(z) = aF*/"(k)e* + bF/M (—f)e e,
with a,b € C and the propagation coefficient k of the wave vector k. Let k4 be the propagation
coefficient in A and let kg denote the propagation coefficient in B. Then we have

N 1 1
fiu= —1|E2— -E2
A7 R 4e
and
) 1 , 1
kg = —1\|(E — Eo.p)? — ~E2.
=5 ( 0,B) e

Let Fil/h(k:) denote the unitary amplitude of a wave with wave vector k£ in the domain A

and let F%/h(k:) denote the corresponding, unitary amplitude in the domain B. We consider a
right-traveling envelope wave with amplitude ]?‘Z/h(l%) that enters the semiconductor at z = 0.
Since Ej is constant and Ey = 0 in A, which is also the case in the exterior domain x < 0, the
incoming wave is not reflected but completely transmitted into the domain [0, z1). At = x; the
envelope wave is partly reflected. In the domain [x3, L] we expect a transmitted, right-traveling
envelope wave that leaves the semiconductor at * = L. For the same reason as at x = 0 we do
not expect any reflection of the transmitted wave at x = L. Thus, the vector of the envelope

functions is determined by

F (feg)etfar 4 7B (—g)e Faz | ifz € [0,21),
F(z) = aFY"(kp)eFee + bFM (—kp)e F57 if 2 € [21,29), (3.63)
tB[" (ka)eihar, if 2 € [x9, L).

Since only the band edges vary between the three subdomains, the resulting vector of enve-
lope functions F' is continuous, cf. [24]. In particular, F is continuous at x = x1,z2. Hence, we
get the following system of linear equations

B (ke 4 B (~ka)e R4 = aF" (kp)elt oot 4 bEG" (—hp)eheo
CLFBB/h(I%JB)QUQBQJ2 + ngh(*kB)e_”;Bm — t]?‘il/h(]%A)eifmm

for the four scalar unknowns r, a, b and t. Let us rewrite the system of linear equations in the

form
,r‘ ~
Qly|= —F" (kq)ean
b| 0 ’
t
with Q € C*** given by
q- [FA"(haerfam B (p)etors B (—hp)efem 0 )
0 FSM (kp)eikore BN (—fg)eikprz RN (fy)elkare

It remains to show that the matrix Q is regular in order to get uniquely defined coefficients
r, a, b and t. We omit to give a mathematical proof. Instead we point out that if the matrix
Q is not regular, the homogeneous case of the system of linear equations, i.e. with no incoming
envelope wave, does not necessarily imply that the coefficients 7, a, b and t are zero. This means
that there can exist envelope waves inside the computational domain without the existence of
an incoming envelope wave which is a physical contradiction. Moreover, we point out, that in
our particular example the matrix Q is in fact regular and hence, the unknown coefficients r,
a, b and t are defined uniquely.



3.6. Numerical Examples 65

T T T
161 analytical solution numerical solution band edge profil*a
c
S 1.4f .
(8]
c
=
8 1.2- 1
o
[J)
>
G
o 1 .
£
©
E o8- .
o
c
0.6 .
0.4 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
(a) Norm of the analytical and numerical solutions.
4 | analytical solution numerical solution band edge profil*e J
5 % | o ' *
i3]
c
2 2f .
(]
[oX
o
g 1f 1
c
()
2o
©
3
@ ~1r b
<
[oF
_2 - .
_3 - .
1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

(b) Phases of the analytical and numerical solutions.

Figure 3.4: Comparison of the analytical solution (black) of the single barrier problem and the
numerical solution (red) using the centered FDS with the step size h = 1/450 and an energy
E = 25. The dotted line indicates schematically the band edge profile.
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Figure 3.5: Positive trunk of the discrete dispersion relation of the centered FDS for a band gap
E, = 20, a middle of the band gap Ey = 0, a Kane-parameter P, = 1 and a step size h = 1/450.
The blue line indicates the energy E = 25, used in this example with single barrier potential.

3.6.2.1 Numerical Solutions of the Envelope Functions

In this section we want to analyze the norm and the phase of the numerical results of the
introduced FDSs. Let us start with the second order centered FDS. We choose an energy
E = 25 and set Eyp = 10, E; = 20 and Py = 1. Moreover we set 1 = 1/3, zo = 2/3 and
L = 1. Fig. 3.4 shows a comparison of the norms and the phases of the analytical solution and
the numerical solution for the step size h = 1/450.

We observe that the norm as well as the phase of the numerical solution using the centered
FDS oscillates in front of the barrier, i.e. in the domain [0, 1), and in the barrier, in the domain
[€1,x2). Behind the barrier, i.e. in the domain [z9, 1], the numerical solution does not oscillate
and the norm is constant. However, the norm is not equal to the norm of the analytical solution,
i.e. the numerical transmission coefficient differs significantly from the analytical transmission
coefficient. These oscillations and the difference of the analytical and numerical transmission
coefficient becomes smaller when using a smaller step size but the oscillations do not vanish.

This observation is in line with analysis of the discrete dispersion relation of the centered
FDS. In Fig. 3.5 the positive trunk of the discrete dispersion relation of the centered FDS is
shown. The parameters used are equal to the parameters in the domain A, i.e. E; = 20, Fy = 0,
Py =1 and h = 1/450. The blue line indicates the energy F = 25, used in this example. Its
intersections with the green line of the discrete dispersion relation show the two solutions of the
discrete wave vector. The solution on the left is the correct value of the discrete wave vector
while the solution on the right is the wave vector that leads to the spurious oscillations.

Let us now apply the symmetrized FDS instead of the centered FDS. Fig. 3.4 shows a
comparison of the norms and the phases of the the analytical solution and the numerical solution
using the symmetrized FDS for the step size h = 1/450. We can see that the spurious oscillations
of the norm and the phase, we observed when using the centered FDS, vanish. Moreover,
the transmission is modeled more correctly and the norm as well as the phase are estimated
significantly better in the entire domain [0, 1].
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Figure 3.6: Comparison of the analytical solution (black) of the single barrier problem and the
numerical solution (red) using the symmetrized FDS with the step size h = 1/450 and an energy
E = 25. The dotted line indicates schematically the band edge profile.
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As expected, the symmetrized FDS does not lead to spurious oscillations. Moreover, we
note that the non-plane discrete exterior solution of the symmetrized FDS again does not affect
the numerical results. Therefore, we shall use the symmetrized FDS in the remainder of this
chapter.

3.6.2.2 The Transmission Coefficient

Now let us examine the behavior of the transmission coefficient versus the energy E. Therefore,
we set again Fy = 20, Egp = 10 and Py = 1 as well as L = 1, 1 = 1/3 and 22 = 2/3.
Fig. 3.7 shows the analytical transmission coefficient. The smallest energy yielding a resonance
is located at E ~ 23.8.

In Fig. 3.8 the analytical transmission coefficient is compared with the numerical transmis-
sion coefficient of the symmetrized FDS in the vicinity of the first two resonance energies. As
can be seen in Fig. 3.8(a), the numerical transmission coefficient using the step size h = 1/300
overestimates the analytical transmission coefficient. This implies that the numerical transmis-
sion coefficient is greater than 1 near the resonance energies E' =~ 23.8 and E =~ 31.3. This error
decreases if we use a smaller step size such as h = 1/450 in Fig. 3.8(b).

3.6.2.3 The L2-Error

Finally, we want to study the discrete L?-error of the numerical solution using the symmetrized
FDS and check if its formal numerical order can be confirmed numerically for the example with
single barrier potential. Recall that we have to solve the nonlinear problem (3.62) in order to
compute the discrete L?-error. In Fig. 3.9 the discrete L2-error AFgﬁn of the symmetrized FDS
is plotted against the number of grid points J = 1/h for an energy E = 25, a band gap E, = 20
and a middle of the band gap Fy g = 10 at the barrier. We observe, that for the example with
single barrier potential, the discrete L2-error of the symmetrized FDS, which is formally of first
order, converges in fact in O(h).
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Figure 3.8: Analytical transmission coefficient (black) and the transmission coefficient of the
symmetrized FDS (red) in the vicinity of the first two resonances for a step size h = 1/300 in
(a) and h = 1/450 in (b).
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Figure 3.9: L%-error of the symmetrized FDS for an energy E = 25, a band gap E, = 20 and a
middle of the band gap Fy g = 10 at the barrier.

3.7 Summary

We introduced the so-called two-band Kane-model, solved the analytical exterior problem and
derived TBCs. By reducing the system to a scalar second order ODE we showed that it has a
unique solution.

Four different FDSs were introduced, the first order backward and forward FDSs, the sec-
ond order centered FDS and the first order symmetrized FDS. The discrete exterior problem,
however, could only be analyzed when using the second order centered FDS. The approach of
a discrete plane wave as a solution of the exterior problem of the symmetrized FDS could not
be verified mathematically and yields discrete waves that are not plane.

With the help of the discrete amplitudes and the discrete wave vectors we derived DTBCs.

We showed that the second order centered FDS leads to a significant error in the example
with single barrier potential including spurious oscillations. These oscillations are caused by the
discrete dispersion relation of the centered FDS. Since it is not injective in the interval (O, %),
the discrete wave vector kj of the centered FDS corresponding to some energy FE is not unique.
The discrete dispersion relation of the symmetrized FDS, however, is injective in (0, %) and
hence, the symmetrized FDS does not lead to spurious oscillations.



Chapter 4

The Two-Band k - p-Model

In Chap. 3 we pointed out that we need a certain regularization term on the diagonal of the
Hamiltonian H in order to use advanced discretization methods for the two-band model. This
regularization term leads us to the so-called two-band k - p-model. Basically, there are two
kinds of two-band k - p-models that differ in the choice of the regularization term, one being
a model of the coupling of conduction and valence band, a so-called inter-band model such as
the Kane-model, and the other being a model of the coupling of heavy and light hole band, a
so-called intra-band model of the valence bands.

The regularization term of the two-band k - p-model with inter-band coupling that is added
to the Hamiltonian (3.2) of the Kane-model reads

d?
N
dx?’

N = <5 _06). (4.2)

Hence, the Hamiltonian of the two-band k - p model

(4.1)

with

HF = EF, (4.3)
with inter-band coupling takes the form
d |1 : d
H- [ i + ?Eg(a:)d—k Ep(x) N —;Pg(m)a . (4.4)
—iPy(z) 5 €4,z — 3 g(z) + Eo(z)

On the other hand, the regularization term of the two-band k - p-model with intra-band
coupling is defined by
intra __ e 0
o (5 0). "

In this chapter we will analyze the two-band k - p-model with inter-band coupling. For the
two-band k - p-model with intra-band coupling we refer to [23] and [9] as well as to Chap. 5
where we will study the general d-band k - p-model.

As before, we consider a semiconductor of length L connected to reservoirs at z = 0 and
x = L. We assume that the Kane-parameter Py(z) and the band edges E.(x) and Ey(z) are
constant in the reservoirs, i.e.

Py(z) = P, x <0,

and
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and

E()(l') = EO,L: T Z L.

4.1 The Exterior Problem and the Dispersion Relation

In this section we will analyze the exterior problem of the two-band k - p-model with a constant
Kane-parameter I, a constant band gap E; and a constant middle of the band gap Ey. Instead
of deriving results for the explicit values of the parameters in the exterior domains, we shall
consider some constant Kane-parameter I}, some constant band gap E, and some constant
middle of the band gap Ey. In order to determine the results of the exterior domains that are
needed in the following sections, we shall apply the specific values of the Kane-parameter Fj,
the band gap F,; and the middle of the band gap Ejy in the exterior domains to the results
stated.

If Py, E; and Ey are constant Eq. (4.3) is a second order system of ODEs with constant
coefficients that can be written in the form

d2 d
d 2F—I—lMd F+(V—-FE1)F =0, (4.6)
with
_ 0 —Py
M= (-Po 0 ) (4.7a)
and .
= F +E0
_ [ 2fs
vo (R o

In order to reduce Eq. (4.6) to a first order system of ODEs with constant coefficients we

introduce the substitution
F
o= (5) 4
X

to give the first order system of ODEs with constant coefficients

d
—d =A% 4.
o= Ae, (4.9)

with
_ 0 1 4x4
A= <N1 (V- E1) iN1M> e (4.10)

The solution of Eq. (4.9) takes the form
O (z) = ae™, (4.11)

where k = K1,...,k4 € C is an eigenvalue and a = a(x) € C* the corresponding eigenvector of
the matrix A, cf. [41]. Let F € C? denote the amplitude of the vector F of envelope functions
that contains the first two components of a(x) € C?, then the vector F of the envelope functions
becomes

F(z) = Fel?, (4.12)

where k = k + ik = —ix is called wave vector of F with the propagation coefficient k and the
attenuation coefficient k. If the attenuation coefficient k is zero we say that F is traveling while
F is called evanescent otherwise. Analogously to Chap. 3, we shall refer to the vector F of the
envelope functions as envelope wave since it can be expressed in terms of a plane wave.
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By applying the solution (4.12) to the two-band k - p-model (4.3) we get

HF = FF, (4.13)
with
A A ﬁu(/{?) ﬁu(k)) <6k2 +1E, + Ey Pyk )
H=Hk) =1~ > — 28 ) 4.14
( ) (Hgl(]{)) Hgg(k) Pyk —ek? — %Eg + Ey ( )

The characteristic polynomial implies
1 2
(E — Ey)* — <e/<:2 + 2Eg> - P}* =0,

and hence, the wave vector k satisfies the relation

a1 2 1 Lo

k+6—2(eEg+P0)k: -5 ((B- Ep)? —1F: ) =0,
that leads to
1 S 2 1 1
2 2 2 2 2

Since the right hand side of Eq. (4.15) can be written in the form

1 1 P?
(B + P3)" + = ((E—Eo)2 - 4Eg2> = -0 (P} + 2¢E,) + (E—EO)2 >0,

4et 4t

the roots of Eq. (4.15) are real and read

1 P? 1

2 2
k2 = 22(EE +P3) £ \/44(P2+26E)—|—62(E—E0).
If the energy E satisfies the complement of the energy condition (3.8), i.e

|E — Ey| < Eg, (4.16)

then we have

212 (¢Ey+ PF) > \/54 (P2 + 2€E,) + (E — Ep)*.

Hence, the wave vector k is purely imaginary and given by
k = +ik; o € iR, (4.17)

with the attenuation coefficient

. 1 P} 1 5
k1,2:\/262(6Eg+P02)j:\/44(P2+26E) — (B — Ep)” > 0.
Thus, if Eq. (4.16) is fulfilled we obtain four evanescent envelope waves and no traveling envelope

wave.
On the other hand, if the energy condition (3.8) is fulfilled, i.e.

1
|E — Eo| > Sy, (4.18)
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we get two real wave vectors .
k=4keR, (4.19a)

with the propagation coefficient

~ 1 P} 1 9
k= \/—262 (eEy + P5) +\/4€4 (F3 + 2¢Ey) + = (B = Eo)” >0,
and two purely imaginary wave vectors
k = +ik € iR, (4.19b)

with

3 1 P? 1 2
k:\/262(6Eg+P02)+\/4§1(P02+26Eg)+62(E—E0) > 0.

This means that if Eq. (4.18) holds, we obtain two traveling envelope waves with the wave
vector k = £k and two evanescent envelope waves with the wave vector k = =+ik.

Eqgs. (4.17) and (4.19) are called dispersion relations of the two-band k - p-model. Usually,
they are given in the reciprocal form, that can be obtained by calculating the energy eigenvalue
E of H. Tt yields

1 2
b p = my (a1 1) e (120)

The energy E° that corresponds to the positive sign in Eq. (4.20) denotes the energy of the
electrons, while E" associated with the negative sign in Eq. (4.20) is the energy of the holes.
Clearly, E*/(k) satisfies the energy condition (3.8) if and only if the wave vector k is real. In
this case, we will refer to the energy E° as the energy of the conduction band and the energy
E™ as the energy of the valence band.

As a last step of the analysis of the exterior problem we will now specify the amplitude F
of the exterior solution. The amplitude

) ) e/h
B(k) = B/ (k) = @/hﬁ’;;) ,

is an eigenvector of FH(k) with the corresponding eigenvalue E¢/" (k). Therefore, it is not defined
uniquely and solves the under-determined linear equation

(£ (k) = B/(R)) B (k) + Hia(k) B/ () = 0. (4.21)
Hence, the amplitude satisfies

- B Hya(k) B kD
F /h(k) =c <Ee/h(k)12_ ﬁll(k)> =c <Ee/h(k) . EkQO_ %Eg _ EO) ) (4.22)

with some arbitrary constant ¢ € C. Note that F¢(z, k) = ]?‘e(k)eiikx is the energy eigenstate
associated with the energy E° of the electrons while F*(z, k) = F!(k)e®** corresponds to the
energy E" of the holes, see Eq. (4.20).

If the energy condition |E — Ey| > %Eg is fulfilled, we obtain two evanescent and two
traveling envelope waves. For the two traveling solutions we assume additionally that they
are unitary and hence, the amplitude F¢/"(k) has norm 1 and it satisfies the normalization
condition

[ i )2 = (B ), Fom(R)) = 1. (4.23)

C
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Since the matrix FI(k) and its eigenvalues E%/"(k) are real-valued, the eigenvectors F¢/"(k) are
either also real-valued or purely imaginary. But since our approach in Eq. (4.12) implies that
Fe/(k) is the modulus of F, we shall assume that the amplitude F¢/"(k) is real. Hence, the
normalization condition (3.15) becomes

EM (B2 + /M (k)2 = 1. (4.24)
Thus, the amplitude F¢/ h(];) of a traveling envelope wave with norm 1 reads

Hia(k)
V(B Ry — () + Ho (k)2
E°/2 (k)= Hy (k)
V (B (k)= Fa (R))+ Ha (R)?
kPy
V(B0 (R ek~ L Eo) +h2 3
Ee/h(’;)—EEQ—%Eg_EO
\/(Ee/h(;;)_ep_%Eg_EO>2+I§;2PO2

F/M (k) =+

(4.25)

Since the two solutions of the amplitude are linearly dependent, we can neglect the solution
with negative sign and set

kPy
\/(Ee/h(I%)—EIQQ—A%Eg—Eoy—Q—IAcZPg
E°/M(k)—ek? Eg—Eo
~ ~ 2  ~
\/(Ee/h(k)—ekQ—%Eg—Eo) +k2 P

Fe/h (k) = (4.26)

Remark 4.1. Since the amplitudes F¢/ h(il%) of traveling envelope waves are real-valued while
the amplitudes Fe/ h(iik) of evanescent envelope waves have one purely imaginary component
and one real component, the amplitudes Fe/ h(j:l%) of traveling envelope waves are linearly
independent from the amplitudes F¢/ h(+ik) of evanescent envelope waves.

Analogously to Chap. 3 we will now prove

Proposition 4.2. Let £ € R be the wave vector of a traveling envelope wave. Then the two
solutions F¢(z, k) and F"(x, k) of the free scattering state are orthogonal, i.e.

<Fe(x, k), F(z, k)> —0.
Proof. The scalar product of F¢(x, k) and F"(z, k) can be reduced to
(Fe(a, k). B (@, k) ) = (Fe(R)ee B (k)elt ) = c2h (B (1), (k) )

and therefore, we only have to show that the amplitudes F°(k) and F"(k) are orthogonal. By
applying Eq. (4.26) to the scalar product of F¢(k) and F"(k), we can rewrite it in the form

<Fe(k?),Fh(k')> — A 12( ) - - : 12( ) - -
\/(Ee(k) _ Hn(k)> 4 H1o(k)? \/<Eh(k) _ Hn(kz)) + Hyo (k)2
E°(k) — Hyp (k) EM(k) — Hyi (k)

+

\/(Ee(k) — FIH(k:)>2 + Hia(k)? \/<Eh(k) - ﬁn(k))Q + ﬁm(k)?
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Considering the dispersion relation (4.20), we obtain

N 2 N
(Hn(k) — E(]) + ng(k‘)2 — (61@‘2 + %Eg)2 — P02k,2

<Fe(k),Fh(k)> =

(20— )+ frath2y [ (B0 — Frai)) + sty

By using the identities
. 2 1 2
<H11(k‘) — Eo) = (6k2 + 2Eg>

and
Hya(k)? = P3K?,
we get
<Fe(k), ﬁ‘h(k)> =0,
and hence, the two solutions F¢(x, k) and F"(z, k) are orthogonal. O

4.2 Transparent Boundary Conditions

In order to derive the TBCs for the two-band k - p-model we will proceed as in Chaps. 2 and 3.
We will assume that a plane envelope wave with amplitude of norm 1 enters the computational
domain at x = 0. This implies that we require the energy to satisfy the energy condition
|E — Eg| > 3E, in the exterior domain. In contrast to the TBCs of the Kane-model, the
resulting reflected and transmitted envelope waves are a superposition of a traveling and an
evanescent envelope wave. Hence, we will use the fact that we know the amplitudes of traveling
and evanescent envelope waves in the exterior domains except for an arbitrary scalar.

Let kg > 0 denote the propagation coefficient of the wave vector kg in the left exterior
domain z < 0, and l%L > 0 the corresponding propagation coefficient of the wave vector kr,
in the right exterior domain z > L. Moreover, we will refer to kg > 0 as the attenuation
coefficient of an evanescent envelope wave in the left-exterior domain = < 0, and kz, > 0 as
the attenuation coefficient of an evanescent envelope wave in the right exterior domain = > L.
Note that there cannot exist an evanescent envelope wave with negative attenuation coefficient
in the left exterior domain since this wave would tend to infinity for £ — —oo. The opposite is
true for the right exterior domain.

The incoming envelope wave takes the form

Fin = B (g )eihor, z <. (4.27)

This wave is partly reflected at the left boundary at x = 0, yielding a superposition of a
left-traveling envelope wave and an evanescent envelope wave given by

Fr = By (—ho)e 0 + 7" (—ikg)ePor,  w <0, (4.28)

with the reflection coefficients 7 and 7. Furthermore, the incoming envelope wave is partly
transmitted at the right boundary at x = L, which results in a superposition of a right-traveling
envelope wave and an evanescent envelope wave that takes the form

F' = (5" (o )b + 8 ke Fr, 2> L (4.29)

with the transmission coefficients ¢ and £. Thus, the solution in the left exterior domain can be
written in the form
F=F"+F" x <0, (4.30)
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and the solution in the right exterior domain is
F =F", x> L. (4.31)

In order to determine the TBC at the left boundary we evaluate the vector of the envelope
functions F and its first derivative %F at x = 0. We get

F(0) = F" (ko) + 7F™ (ko) + #F ™ (—iko), (4.32a)

and
d .7 4Ne > PR O] 7 S GRAN ) s
LF0) = B/ (ko) — ikofF™ (— ko) + kor ™ (—iko). (4.32b)
Let us introduce

Py = (FE/"(~ko) FE/"(~iko)) € C¥2,

and
KO = diag <—ik0, if()) c (CQXQ,

r=([)ect

Then we can rewrite the vector of the envelope functions F and its first derivative %F at
x = 0 in the form

as well as

=

Por = F(0) — /" (), (4.332)
and
o d ~e/h
PoKor = —F(0) — kB (ko). (4.33b)

Since the amplitudes f‘g/ h(—lzro) and f‘g/ h(—i/;:()) are linearly independent, cf. Remark 4.1,
the matrix Py is regular and hence, its inverse P, ! exists. Then the reflection coefficient vector
r reads

r=Pp;" (F(O) = Fg/h<;;0)> :

cf. Eq. (4.33a). Applied to Eq. (4.33b) we get the left TBC
F,(0) — PKoP; 'F(0) = (ii%n - POKOPO—1> £/ (o). (4.34)

At the right boundary we proceed analogously. The function F and its first derivative -2 F
at x = L read R
F(L) = iF" () e*rl 4 T8/ (i e Fer, (4.352)
and
d

—F(L) = il £8S/" oy )etFr e — o B/ (i, e Fr L, (4.35b)

Let us introduce
P; = (Fz/h(l%L)eiI%LL Fi/h(il%L)e’kLL> € C2x2,

and
K, — diag <ikL, —I%L) €22,

_(t >
t_<f>ec.

as well as
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Then we can rewrite the vector of the envelope functions F and its first derivative %F at
x = L in the form
Prt=F(L), (4.36a)

and d
P;K;t=—F(L). 4.36b
LK Az (L) ( )

Since the amplitudes ]?‘z/ h(l%L) and f‘z/ h(il%L) are linearly independent, cf. Remark 4.1, the

vectors FeL/ h(lAcL)e“;LL and F¢/ h(ilch)e*kLL are also linearly independent. Hence, the matrix P,
is regular and its inverse P~ exists. Then the transmission coefficient vector t takes the form

t =P, 'F(L),
cf. Eq. (4.36a). Applied to Eq. (4.36b) we get the right TBC
F.(L) -P,K, P;'F(L) = 0. (4.37)

Remark 4.3. Ben Abdallah and Kefi-Ferhane showed in [9] that the two-band k- p-model with
intra-band coupling together with the corresponding TBCs has a unique solution. However, it
is not trivial to transfer this proof to the two-band k- p-model with inter-band coupling as given
in Eq. (4.3) together with the TBCs (4.34) and (4.37).

The strategy used in [9] is similar to the strategy used to show the uniqueness of the solution
of the scalar Schrédinger equation and its TBCs, cf. [8]. First the Eq. (4.3) is multiplied by
some arbitrary test function G and then integrated by parts. The resulting expression can be
split into a sum of a coercive form C(F, G), a sesquilinear form S(F, G) and a anti-linear form
A(G). According to the Riesz representation theorem, there exist compact operators Rc and
Rg as well as a function aj, such that the coercive, sesquilinear and anti-linear forms can be
expressed as

C(F,G) = (RcF,G),
S(F7 G) = <RSF7 G> s
A(G) = (a1, G).

Then we obtain the weak formulation
(Rc +Rs)F =ay,

and by applying the Fredholm alternative we can show that this expression has a unique solution
if Ro 4+ Rg is injective. This is equivalent to show that the solution of

(Re + Rs)F =0

is identically to zero. By setting G = F and taking the imaginary part of this expression we
end up with
S:BLF-BF(L) — SoBoF - BoF(0) =0,

where By and By, are some regular matrices and Sy, is a positive definite matrix, while Sq is
negative definite. Hence, we have F(0) = F(L) = 0. By taking the homogeneous TBCs and the
Cauchy-Lipschitz theorem into account, this implies that F vanishes everywhere.

In the appendix A.1 we prove that the two-band k - p-model with inter-band coupling can
also be expressed in terms of a coercive form C(F, G), a sesquilinear form S(F,G) and a anti-
linear form A(G). However, it remains to show the existence of a positive definite matrix Sy,
and a negative definite matrix Sg in order to finish the proof. While the two-band k - p-model
with intra-band coupling has only real wave vectors, the two-band k - p-model with inter-band
coupling has two real wave vectors and a complex conjugate pair of wave vectors. Basically, this
is the reason that transferring the proof of the two-band k - p-model with intra-band coupling
to our model is not trivial.
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4.3 Discretization

We recall the uniform grid x; = jh, j =0,...,J, with L = Jh, of the computational interval
(0,L), with Py; = Py(xj), Eg; = E4(zj), Eoj = Eo(z;) and the approximation F; ~ F(x;),
7=0,...,J.

Moreover, we recall the second order standard difference operator Dﬁfd in order to discretize
the second derivative of the regularization term, as well as the second order centered difference
operator Di™ and the first order symmetrized discretization we introduced in Chap. 3 in order
to discretize the first order derivative.

In general, the discretization of the two-band k - p-model takes the form
M/Fj1+ (M} —EL)F;+M;F; =0, j=1,..,J-1, (4.38)

where the matrices Mj, M? and M depend on the choice of the difference operator.

In Chap. 3 we showed that the matrices Mj and MJ_ are not regular if we use the sym-
metrized discretization. The two-band k - p-model contains a second derivative regularization
term such that the matrices Mj and M are regular if we use the symmetrized discretization
for the first derivative in the Hamiltonian H and the standard discretization for the second
derivative regularization term. But first let us start with the second order centered difference
operator Dj™ to discretize the first derivative.

4.3.1 The Standard and Centered Finite Difference Scheme

When applying the second order centered difference operator Dj™ to the first order derivative,
we get

1 : 1
M—f,cen _ —€5z —IP()J‘ﬁ
7 - —iP .1 Gi )
0.52n h?2
2 1
MO,cen _ [ €np2 + EEgJ + EUJ 0 (4 39)
i —e% — 3B+ Ey)’ '
0 Ehg 5 Lg + 0
1. 1
Mf,cen o _G}TQ IP(),jﬁ
i T iRy e )
0,j2h h2

In order to derive the DTBCs we have to find a solution of the discrete exterior problem. In
the exterior domains x < 0 and > L the Kane-parameter I, the band gap F,; and the middle
of the band gap Ej are constant. In this section, however, we will not use the specific values of
these parameters in the exterior domains. Instead we shall derive the results for some constant
Kane-parameter Py, some constant band gap E; and some constant middle of the band gap Ep.
Later we can use these results to determine the explicit solution in the exterior domains.

If Py, Eg and Ey are constant, the matrices M, MO%cen and M " are constant. In the
sequel we shall omit the subscript j of these matrices.

In this case Eq. (4.38) is a second order linear difference equation with constant coefficients.
By introducing the substitution

_(F
% = <Fj+1> ’

Eq. (4.38) can be transformed into a first order difference equation with constant coefficients
that reads

O; = A“D; (4.40)

cen 0 1 4x4
A = <(_M+,cen)—1M—,cen (_M-‘r,cen)—l (MO,cen - E]l)) eC .

with
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The solution of the first order difference equation is
(I)j = aaj,

where a € C denotes an eigenvalue of A®® and a € C* the corresponding eigenvector, cf.
Prop. 3.4. The first two components of ®; C* represent the discrete solution F; € C? of the
second order centered FDS. Thus, we introduce the discrete amplitude Fh € C? that contains
the first two components of a. Then the discrete solution F; takes the form

F; = Fal = Fpelfnil, (4.41)
with the discrete wave vector

1
kp = 7 (arg(a) —iln|al).

The form of the discrete solution (4.41) implies
Fj e kb = F;, = F;_jeifnh,
and thus, applied to the difference equation (4.38) we obtain
HSUF), = EF),, (4.42)
with
A = 5 )

_ M—l—,ceneikhh + MO,cen + M—,cene—ikhh

() SRR | SR )
= —iok Py (elfnh — g=iknh) ey (elfnh I e=iknh) _ 61722 ~ 1B, + E
_ <eh22 (1 — coskph) + 3E4 + Ey +Posinkph >

- %PO sin kj,h —6% (1 — coskph) — %Eg +Ey)°

The characteristic polynomial of ﬂﬁen can be written in the form

2 1_\* 1
(E — Ep)? — (ehQ (1 — cos kph) + 2Eg> + ﬁPOQ (cos? kph — 1) = 0. (4.43)

Let us introduce the substitution
~y = cos kph = coshikph, (4.44)

with the reciprocal
1
b = +i In (’y + /A 1)
1 2
ek o s+ VAT) iy ] 02

with n € Z.

Note that v is real and greater than —1 if k,h € RUIR. More precisely, v € [—1,1] if and
only if kxh € R and v > 1 if and only if kyh € iR.

Let us suppose that v is real and greater than —1. If —1 < v < 1, we have

ln"y—kx/'y?—l‘:ln”y—i-i\/l—fy?‘:ln P12 =0,

and hence, the wave vector is given by

1 2
kh:iﬁarg<*y+i\/1—72)—|—n%€R,
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for n € Z. If v > 1, then we have

Y+ V2 —1>0,
and hence,

arg (fy—i— V2 — 1) =0.

Thus, the wave vector takes the form

1 2
kh::tiﬁln(fy—l— \/72—1) —&-n% eC,

for n € Z.

In other words, if —1 < v < 1, then we get a real-valued pair of discrete wave vectors,
yielding traveling envelope waves. On the other hand, if v > 1, then the wave vectors are
complex conjugate with zero real part for n = 0. If ~y is real but less than —1, then the discrete
wave vector is complex with nonzero real part and nonzero imaginary part. If v = —1, then the
discrete wave vector is undefined.

Let us suppose that limy_,q kp, exists for n = 0. Then the limit does not exist for n # 0.
Therefore, we shall set n = 0 in the sequel. We will see later that the limit of the discrete wave
vectors with n = 0 in fact exists and equals the analytical values of the wave vector as given in
Eqgs. (4.17) and (4.19).

Now let us show, that under reasonable assumptions, v is in fact real and greater than —1.
Therefore, let us apply the substitution (4.44) to the characteristic polynomial (4.43). It yields

) 2 2 1 21,
(E — Eo) — Eﬁ"}’ — Gﬁ + §Eg + ﬁpo (’7 — 1) = 0,
which implies

2 2 2 2 p?
v P 4 - P2 4 Py 4 -

A2 Rt AT T R A2 T hY

If we can show that the right hand side of Eq. (4.45) is nonnegative, the roots 7 2 of Eq. (4.45)
are real. If the right hand side is positive, the real roots are distinct. First let us assume that
the energy FE satisfies the condition (4.16), i.e.

1
|E — Ep| < §Eg.
Then the right hand side of Eq. (4.45) can be written in the form

1 1

— <4€2 (E — Eo)* + Py + 2¢P2E, + h®P? <4E§ — (B - E0)2>> .
4e 2

h2 0

Clearly, it is nonnegative if Eq. (4.16) is fulfilled and
2¢
h# —.
# 2

Hence, 7 is real.
On the other hand, if we assume that the energy E satisfies Eq. (4.18), i.e.

1
|E — Eo| > §Eg,
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and if we write the right hand side of Eq. (4.45) in the form
1
2
€2
(% -79)

we can see that it suffice to require the step size restriction

((eEg +P2)? + (462 — h2P) ((E — Ep)? - 1E§>> ,

2¢
h < — 4.4
< B (4.46)

in order to get a positive right hand side of Eq. (4.45) and hence, distinct real roots of Eq. (4.45).
Note that this inequality is not best possible, but since we need

2¢
B4

to avoid undefined right hand sides of Eq. (4.45) the condition (4.46) is most practicable.
Thus, v takes the form

4€2
yo2=— o [(eBy + P}) + (42 — h2P) <(E B’ -c Eg2>
R (4.47)
€ + 1 2 1
=1+ Pg o o2 \/(eEg + P2)" + (4€% — h2P?) ((E _By)? - 4E§>'
Rz 10 BZ T 40

If the step size h suffices the step size condition (4.46), it is obvious that the root ~;, that
corresponds to the positive sign in Eq. (4.47), is greater than 1 and hence, yields a complex
conjugate pair of purely imaginary discrete wave vectors. On the other hand, the root 72 is
greater than or equal to 1 if the energy E satisfies

1
|E — Ep| < §Eg,
and less than 1, if
1
|E — Eo| > §Eg.

In the first case, we obtain two complex conjugate pairs of purely imaginary discrete wave
vectors, while we get one real-valued pair and one purely imaginary, complex conjugate pair of
discrete wave vectors in the latter case.

Since the discrete wave vectors are either real-valued or purely imaginary, v is always greater
than —1.
Let us summarize the results of the discrete wave vector k. If the energy E satisfies

1
|E - E0| < §Eg7

and the step size is sufficiently small, i.e. Eq. (4.46) is fulfilled, than we obtain two complex
conjugate pairs of purely imaginary discrete wave vectors that read

ky, = +ikp 12, (4.48)

with the discrete attenuation coefficients

. 1
knig2 = 7 In <’Yl,2 +1/712 — 1) ,
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where 71 2 is given by

¢Ey + P? 1 2 2 1
Y2 =1+ ﬁg_Pg iM_PQ\/(EEg‘f‘P(?) + (4€2 — h2P?) <(E—Eo) - 45 )
h? 0 h? 0

These real discrete wave vectors yield evanescent discrete waves.
On the other hand, if the energy E satisfies

1
|E — Ep| > §Eg,

and the step size is sufficiently small, i.e. Eq. (4.46) is fulfilled, then we obtain one pair of
real discrete wave vectors, yielding traveling discrete waves, and one complex conjugate pair
of purely imaginary discrete wave vectors, yielding evanescent discrete waves. The pair of real
wave vectors takes the form

ky = +kp, (4.49a)

with the discrete propagation coefficient

.1
kh=*arg(v+i\/1—v2),

h

where v is given by

st i ! 2 2 1
7:1+£—P2_£—P2 (eEg—i—PO?) +(462—h2P02) (E — Ey) _ZEg .
h? 0 12 0
The complex conjugate pair of purely imaginary wave vectors reads
kj, = +iky, (4.49b)

with the discrete attenuation coefficient

kh:%ln(’y—k\/’ﬁ),

and
€E, + P} 1 ) 1
y=1+ 4ﬁg_p2 462_P2\/(6Eg+P02) + (4€2 — h2P3) <(E—Eo) - JF2).
h2 0 B2 0

Egs. (4.48) and (4.49) are called discrete dispersion relations of the second order centered
FDS of the two-band k - p-model. Usually this relation is given in the reciprocal form which we
get by calculating the eigenvalue E of H™"

o/h 4  okeh 1 NP1, o,
E=FE,""(ky) = Ey+ €79 sin 7—|—§Eg —l—ﬁPo sin” kph. (4.50)

As in the continuous case, the energy Ej associated with the positive sign in Eq. (4.50) denotes
the energy of the electrons, while E’}Ll corresponding to the negative sign in Eq. (4.50) is the
energy of the holes.

By applying ’'Hopital’s rule, it can be shown that the discrete dispersion relation (4.50)
tends to the analytical dispersion relation (4.20) for h — 0. The same can be shown for the
discrete wave vectors (4.48) and (4.49).

Fig. 4.1 shows a comparison of the analytical dispersion relation of the two-band k - p-model
and the discrete dispersion relation of the centered FDS for different Kane-parameters Fy. In
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Figure 4.1: Comparison of the analytical dispersion relation (dotted line) of the two-band
k - p-model and the discrete dispersion relation of the centered FDS (solid line) for a step size
h = 1/300, a band gap E, = 1000, a regularization parameter ¢ = 0.01 and a Kane-parameter
Py = 1in Fig. (a) and a Kane-parameter Py = 0.01 in Fig. (b), respectively. The negative
wave vector axis corresponds to the purely imaginary wave vector k = ik of evanescent envelope
waves while the positive wave vector axis corresponds to the real wave vector k = k of traveling
envelope waves. The dashed lines indicate the energy values Ey/2 and —FE,/2. Between these
energy levels the energy condition (4.18) is not fulfilled and there exist only imaginary wave

vectors.
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particular the behavior of the attenuation coefficients is shown. We observe that for small values
of the Kane-parameter, the trunk of the wave vector that is purely imaginary for all energies
intersects with the trunk of the wave vector that is purely imaginary if the energy satisfies
|E — Ey| < Ey/2 and real otherwise.

Let us finish the analysis of the discrete exterior problem by giving the the discrete amplitude
of the discrete exterior solutions. The discrete amplitude

~e/h
. . F o (kn)
By (kn) = B3/ (k) = (F@’/h )

is an eigenvector of ﬂffn(kh) with the corresponding eigenvalue EZ/ h(kh). Hence, it is not
defined uniquely and solves the under-determined linear equation

(5t Gin) = B3/ Con) ) B2 ) + HiS (o) B () = 0. (4.51)

Thus, the discrete amplitude can be written in the form

Hcen (k ) Py sinkph
e/h h,12\Vh L
: , 4.52
)= ( e/h(kh) ﬁeﬂ(kh)> ‘ ( e/h(kh) e}ié sin? M -1, - E (4.52)

with some arbitrary ¢ € C. Note that F(k,) = ]?“;l(k:h)eikhjh is the energy eigenstate associated
with the energy Ej of the electrons while F?(kh) = Flﬁ(kh)eikhjh corresponds to the energy El
of the holes, see Eq. (4.50).

If we assume that the energy condition |F — Ey| > %Eg is fulfilled we obtain two traveling
and two discrete evanescent envelope waves. For the two traveling envelope waves we shall
additionally assume that they are unitary, i.e. the discrete amplitude FZ/ h(l;‘h) has norm 1 and
it satisfies the normalization condition

C

£} = (5" B/ ) = 1. (1.53)

Since I:Iffn(l;:h) and its eigenvalues E,i/ h(l%h) are real-valued, the eigenvectors ].3‘2/ h(l;:h) are either
o . . o ~e/h
also real-valued or purely imaginary. But since our approach in Eq. (4.41) implies that FZ/ (kn)

is the modulus of F;, we shall assume that the discrete amplitude FZ/ h(k:h) is real. Hence, the
normalization condition (4.53) becomes

Bl (h)? + B2 (h)? =1, (4.54)

and the amplitude FZ/ h(l;:h) of a discrete traveling envelope wave with norm 1 reads

Hyevy (kn)

e/h cen 2 frcen (1., \2
( (kh) Hh 11(kh)> +Hh,12(kh)
e/h(kh) Hcenl(kh)

\/ (5™ b~ g, (hn) ) 4 Fgen, ()2

cin iy 4.55
Pt (4.55)
\/( e/h(kh) E Sll’l2 M**Eg EO) +P251n k:hh
=+
e/h kh —e-% sin? ka—E —FEp
2 g

2
\/( c/h(k'h) 2 Sln2 i**Eg E()) +P2 sin khh



86 4. The Two-Band k - p-Model

Since the two solutions of the amplitude in Eq. (4.55) are linearly dependent, we can neglect
the solution with negative sign and set

POSin:hh
e/h i 2 k —IE _E 2+stin2fchh
7M7) (et b ) (4.56)
h h) = e/h(k:h) €13 SIH2M—*Eg Eo '

\/<E;/h(fch)—e} sin? i—ng E0> +P25m}§hh

Remark 4.4. Since the discrete amplitudes FZ/ h(:l:l%h) of discrete traveling envelope waves are
real-valued while the discrete amplitudes ]?‘Z/ h(iil%h) of discrete evanescent envelope waves have
a purely imaginary component and a real component, the discrete amplitudes ]?‘Z/ h(:tl%h) of dis-

crete traveling envelope waves are linearly independent from the discrete amplitudes FZ/ h(iil%h)
of discrete evanescent envelope waves.

Analogously to Chap. 3, let us now analyze the periodicity of the discrete dispersion rela-
tion (4.50) of the centered FDS. Let will focus on traveling envelope waves with a real wave
vector kj, € R. The discrete amplitude satisfies

Fo/h <k + nh> —¥"(ky),  Vn€Zky€ER, (4.57)

and hence, it has a period of 27 in kj,. Thus, the discrete envelope function
F —Fe/h<k ) ikpjh

S 2T’T—periodic in k. On the other hand, the discrete dispersion relation of the centered FDS
satisfies

e 2 [$]
o/b <1<; +n h> = EMky),  VneZkyeR, (4.58)

and hence, it is also 27 in k. However, it also consists of 7-periodic terms. Before we will
analyze the influence of these 7-periodic terms, let us note that the discrete dispersion relation
is an even function and hence, we can focus on the interval (0, h)

Without loss of generality let us restrict our considerations to the energy of the electron
FE = E°. Then the discrete dispersion relation has a local minimum at k; = 0 and a second
local minimum at k, = 7, i.e. at the boundaries of the considered interval. By applying the
extreme value theorem, we know that there exists a maximum of the discrete dispersion relation
in the interval (0, %) Hence, the discrete dispersion relation is not injective in the domain (O, ’,;)
Obviously, there are no other extrema in this domain (0, h) In other words, for any energy E

that satisfies
4de

h2’
there exists a unique discrete wave vector kj in the interval (0, %) that solves the discrete
dispersion relation. On the other hand, for any energy E that satisfies

1
Eo+§Eg:Ee(0)<E<Ee(%) Eo+ E +

4e T
E E :E( ><E< Eek
0t 5 Bt s 0 omax, B (kn),

there exist exactly two discrete wave vectors kj 1 and kj 2 in the interval (0, %) that solve the
discrete dispersion relation of the centered FDS. Fig. 4.2 illustrate this behavior of the discrete
dispersion relation of the centered FDS and compares it with the analytical dispersion relation
and the discrete dispersion relation of the symmetrized FDS we will introduce in the following
section.
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We will refer to the energy interval

1 4e
) = Eot+ 3B+

s

1
Eq+ 5 By = E°(0) <E<Ee<h

as energy window of the discrete dispersion relation of the centered FDS.

This means that for all energies F inside the energy window we do not expect spurious
oscillations as we observed for the centered FDS of the Kane-model in Chap. 3, while for any
energy outside the energy window we expect spurious oscillations if at least one of the parameters
of the two-band k - p-model is not constant in the computational domain of the semiconductor.

In the next section we will introduce the symmetrized FDS for the two-band k - p-model
and will check if its discrete dispersion relation is again injective in the interval (O, %) as it is
for the two-band Kane-model. If so, the scheme is applicable not only for energies inside some

energy window.

4.3.2 The Standard and Symmetrized Finite Difference Scheme

When using the symmetrized FDS for the first order derivative in H we get the coeflicient
matrices

1 : 1
+oym _ (—€pr —iPoy
M _< 2 LI )

0 Ep
2 1 ; 1
MQ,sym _ <€h2 + ZEg,J' 1+ Eo’j 9 1}1)07]'5 > (459)
J —iPy ;7 —€7z — 3Eg5 + Eoj)’

1
— — €73 0
M.’Sym:<. ! 1)-
J iPoj7 €72

In the discrete exterior problem the Kane-parameter Py, the band gap E,; and the middle of
the band gap Ey are constant. Hence, the matrices MTSY™ MOS™ and M—SY™ are constant.
In the sequel we shall omit the subscript j of these matrices.

Thus, Eq. (4.38) with the matrices as given in Eq. (4.59) is a second order difference equation
with constant coefficients. We recall the substitution

_(Fj
= (Fj+1> ’

and transform Eq. (4.38) into a first order difference equation with constant coefficients
Q; = AP, 4, (4.60)
with
The solution of Eq. (4.60) has the form
®; = aa, (4.61)

where a € C denotes an eigenvalue of ASY™ with the corresponding eigenvector a € C*, see
Prop. 3.4. The first two components of ®; C* represent the discrete solution F; c C? of the
first order symmetrized FDS. Thus, we introduce the discrete amplitude F}, € C? that contains
the first two components of a. The discrete solution F; then takes the form

F; = Frod = Fpelfnhi (4.62)
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with the discrete wave vector

ky, = % (arg(a) —iln|al).
The form of the discrete solution (4.62) implies
Fj_Hefikhh —F, = Fj_leikhh7
and hence, applied to the difference equation (4.38) we obtain
A"F), = EFy, (4.63)
with

rSym _ Yysym
Hh - Hh (kh)
— M+,symeikhh + MO,sym + Mf,symefikhh

1 (iknh | ,—ikph 2 1 (1 ikph
_ (€52 (e h +16 h ) + €7z + 3L + Lo . —i3 P (e h 1) X
—ig Py (1 — e thnh) 5z (elfnh 4 e~tknh) — eﬁ —5b + Ep
B ey sin? 2 + 1B, + B + Py (—sinkph —1i(1 — coskph))
~ \iPy(—sin khh +1i (1 — coskph)) —e% sin? khh — 1E,+ Ep

Let us analyze the characteristic polynomial

4 o kyh 1\?
0=(E— Ep)?— <6h2 sin® 5= + 2 ) = (sm knh + (1 — cos kyh) )
4 knh 1 24 5 knh
o 2 2 Nh MRty
=(F — Ey)" — <6h2 sin 7 Eg> % — PZsin 5

of H;Y™. Tt implies

knh R h W L
. 92 hp 2
sin? A2 = (B, + P?) + \/64 (eBy+ P2 + <(E — Ep)* — 4Eg>, (4.64)

16€2
if , ,
P P
(E — Ey)* > 2% <Eg — 22) : (4.65)

Note that Eq. (4.65) is always satisfied if the energy F fulfills the energy condition (4.18), i.e
1
|E — Ep| > §Eg.
On the other hand, if the energy condition is not satisfied, then Eq. (4.65) forms an additional
condition that needs to be satisfied to write the discrete wave vector kj in the form as given in
Eq. (4.64). However, we will neglect this case since it yields evanescent envelope waves only.

Hence, we get the following discrete wave vectors when applying the symmetrized FDS. If
the energy condition (4.18) is satisfied, i.e.

1
|E — Ep| > §Eg,
we get one pair of real discrete wave vectors

ky = +kp, € R, (4.66a)
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with the propagation coefficient

- 2 . h? 9 h4 9 h4 J
kh:Earcsm 82(6E + P2) + 644(6E +P) 162 (E — Ep)? _ZEg ,

and one complex conjugate pair of purely imaginary discrete wave vectors
ky, = +iky,, (4.66b)
with the attenuation coefficient
Eh:%ln(m—z),

where z € R is given by

h?2 ) h4 ) h# s 1.,
z = @(eEg+PO)+ 644(6E —|—P) Toz (E — Ep) —ZEg.

On the other hand, if the energy condition (4.18) is not fulfilled, i.e.
1
|E — Ep| < §Eg,
and moreover,
1 2¢> P}

“E, < E—Ey))?+ -0
2 }32 ( 0) + 2

is satisfied, cf. Eq. (4.65), then the discrete wave vector ky, is purely imaginary and reads
ky, = +iky, (4.67)
with the discrete attenuation coefficient

I%z%ln(x/z?—i—l—z),

where z € R is given by

h? h* h* 1
z= 82(6E + P3) + \/644(6E —I—P2) 162<<E Ep)? —4E§>

From the characteristic polynomial of ﬂzym we can derive the reciprocal of the formulas of
the discrete wave vectors (4.66) and (4.67) to get the discrete dispersion relation

~ 2
] 4  ,kwh E 4 , knh
E=E/"(ky) = By + <eh2 sin? % + Qg) + 75 Py sin® ’; €R, (4.68)

where the positive sign corresponds to the energy Ej of the electrons and the negative sign
corresponds to the energy E}; of the holes.

By applying I'Hopital’s rule, it can be shown that the discrete wave vectors (4.66) and (4.67)
as well as the discrete dispersion relation (4.68) tend to their analytical form for A — 0.

Now we will specify the discrete amplitude f‘h(kh) of the symmetrized FDS. Analogously to
the centered FDS, the discrete amplitude

fe/h
F(kn) = 5" (k) = (?’éych<kh)> ,
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reads

. HY (k) —LPy (sinkph 41 (1 — cos kph))
B ) = e | pormg, ) mmey | = e~ ot o bt 1 (4.69)
W (kn) — Hy 'y (kn) B, (kp) — €53 sin 5E; — Ep

with some arbitrary ¢ € C. The envelope wave F¢(kp,) = FZ(kh)eiikhj " denotes the energy eigen-
state associated with the energy Ej of the electrons while F?(kh) = F(ky)e " corresponds
to the energy ED of the holes, see Eq. (4.68).
Let us additionally assume that the discrete waves are unitary, i.e. the discrete amplitude
Fe/ h(k:h) has norm 1. Then it also satisfies the normalization condition

[0 ) = (87, BP0 ) =

Hence, the constant ¢ reads

A - 12
o= (BP0 B ) + B0 F ) )

~1/2
4 mm — 4 knho1 2
<h2PO 2 2 < /(kh)—€h2s 22—2Eg—E0> .

Analogously to Chap. 3, we observe that the symmetrized FDS leads to discrete traveling
envelope waves that are not plane. For any real discrete wave vector k; € R, the conduction
band component is complex if h # ni—:, n € N, while the valence band component is real.

Remark 4.5. In contrast to Remark 4.4, we can not show that the discrete amplitudes
]?‘Z/ h(j:l%h) of discrete traveling envelope waves and the discrete amplitudes ]?‘Z/ h(ﬂ:i/%h) of dis-
crete evanescent envelope waves of the symmetrized FDS are generally linearly independent.
However, we note that in all considered examples it is the case.

Finally, we note that both the discrete dispersion relation of the symmetrized FDS and the
discrete envelope function are 27-periodic in kj, see Egs. (3.59) and (3.60). In contrast to the
centered FDS, the discrete dispersion relation of the symmetrized FDS does not consist of any
terms with other periodicity and it is injective in the domain (O, h) This means that for any
admissible energy FE there exists only one positive and one negative discrete wave vector kj;, that
solves the discrete dispersion relation of the symmetrized FDS.

This behavior is illustrated in Fig. 4.2 that shows a comparison of the discrete dispersion
relation of the symmetrized FDS with the analytical dispersion relation and the discrete dis-
persion relation of the centered FDS for a step size h = 1/100, a Kane-parameter Py = 1, a
band gap E; = 200, a middle of the band gap Ey = 0 and two different values of the regular-
ization coefficient e. We observe that for greater values of the regularization coefficient e, the
energy window of the centered FDS almost coincides with the interval of admissible energies of
the symmetrized FDS, see Fig. 4.2(a). This demonstrates that the symmetrized FDS does not
imply a significant advantage compared to the centered FDS for the two-band k - p-model.

4.4 Discrete Transparent Boundary Conditions

In order to derive the DTBCs for the two-band k - p-model we apply the discrete solution
derived in the previous section to the reflection and transmission conditions (4.30), (4.31) and
assume that they hold in a small vicinity of the two boundaries, i.e. j =0,1and j =J —1,J
respectively.



4.4. Discrete Transparent Boundary Conditions 91

100 ‘ ‘
analytical dispersion relation
900 discrete dispersion relation of the centered FDS|
discrete dispersion relation of the symmetrized FDS
800 | i
\
700r \ i
\
600 ‘ -
> \
= e,cel
© 500 -- Ewh) - - -
O
400
300
200
100
0 | | [ | | |
0 100 200 300 400 500 600
wave vector
(a) Regularization coefficient € = 0.01
400 ‘ ‘
analytical dispersion relation
3500 discrete dispersion relation of the centered FDS| |
discrete dispersion relation of the symmetrized FDS
300
250
>
2
o 200
(M)
150
100
50 W‘h .
\
0 I I | I I I
0 100 200 300 400 500 600

wave vector

(b) Regularization coefficient ¢ = 0.001

Figure 4.2: Comparison of the positive trunks of the analytical dispersion relation (red) of the
two-band k - p-model and the discrete dispersions relation of the centered FDS (green) and
the symmetrized FDS (blue) for a step size h = 1/100, a Kane-parameter Py = 1, a band gap
E; = 200 and a regularization coefficient e = 0.01 in Fig. (a) and a regularization coefficient
e = 0.001 in Fig. (b), respectively. The horizontal dashed lines indicate the energy window of
the centered FDS.
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Let us assume that the energy E satisfies the energy condition (4.18) and that the step size
h is sufficiently small. Then we have one pair of real discrete wave vectors kp = :I:I;:h, yielding
discrete traveling envelope waves, and one complex conjugate pair of purely imaginary discrete
wave vectors kj, = +iky,, yvielding discrete evanescent envelope waves. The explicit values of the
wave vectors in the exterior domains are identified by the subscripts 0 and L respectively. Let

/ o (kno) denote the amplitude of a discrete wave with the discrete wave vector ky g in the

left exterior domain z < 0 and let Fh/ 1 (kn, 1) denote the amplitude of a discrete wave with the
discrete wave vector kj, r, in the right exterior domain x > L.
Then we have

F; = F 4 FY = B0 (kno)e om0 (<) e n0%5 4 1 150 (—iy o) €m0,
j =0,1, at the left boundary and
Fj = B = B/} ()0 4 0,857 (o ) e e,

7 =J —1,J, at the right boundary.
Let us introduce
~e/h, ~e/h, L7
Ph,O = <FZ{O (_kh,O) FZ{O (—lkh’o)) S (C2><2,

and R .
K} o = diag (e_lkhﬁoh, ekh7°h> e C?*2,

ry, = <;Z> S CQ.

Then we can rewrite the discrete wave F; for j = 0,1 in the form

as well as

Py orp, =Fo — e/h(kh 0), (4.70a)

and "
P oKpor, = F1 — F} / o (kpo)emon, (4.70b)

Since the discrete amplitudes ]?‘Z/ g (—];‘h,o) and 1:"2/ él (—ikp ) are linearly independent, cf. Re-

marks 4.4 and 4.5, the matrix Pj o is regular and hence, its inverse P}:% exists. Then the
reflection coefficient vector rj;, reads

v, =P (Fo e/h(kh 0))
cf. Eq. (4.70a). Applied to Eq. (4.70b) we get the left DTBC
— Py, oKnoP; ) Fo = (ei’%hvohn _ Ph’gKh,OPg})) /0 (ko). (4.71)
At the right boundary we proceed analogously. By introducing
P = ( e/h(k?hL) ik, 1 Jh FZ{E(ikh,L)e_kh’LJh) € C2X?,

and . .
K} 1 = diag (e_‘k’%Lh, ekthh> e C?*2,

ty = <Zz> S (C2

as well as
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we can rewrite the discrete wave F; for j = J — 1, J in the form
P, rt, =Fy, (4.72a)

and
Py Kpth =F;_1. (4.72b)

Since the discrete amplitudes FZ/ E(];'h 1) and FZ/ E(ﬂ%h, ) are linearly independent, cf. Re-
marks 4.4 and 4.5, so are FZ/E(I%ML)e“%h’LJh and ]?‘Z/E(il;:hl)e_khijh and hence, the matrix Py, r,

is regular and therefore, its inverse P}ZIL exists. Then the transmission coeflicient vector ty
reads

ty, = PEILFJ,
cf. Eq. (4.72a). Applied to Eq. (4.72b) we get the right DTBC
| Ph,LKh,LP;}LFJ =0. (4.73)

Remark 4.6. Note that the discrete formulation of the two-band k - p-model as given in
Eq. (4.38) together with the DTBCs (4.71) and (4.73) has a unique solution for all considered
examples, i.e. the band matrix of the coefficients of Eq. (4.38) for j = 1,...,J — 1, and the two
DTBCs is regular. However, it remains to prove a general existence theorem for the discrete
problem. We are confident that once a proof of the continuous problem is found, cf. Remark 4.6,
we can prove a discrete analogon.

4.5 Numerical Examples

4.5.1 The Free Scattering State

In our first example we want to compare the numerical results of the centered FDS and the
symmetrized FDS in the case of the free scattering state. We set e =1, Py = 1, Fy = 200 and
E; = 0. The energy F is set to 2 = 250. With the help of the analytical solution of the free
scattering state given in Sec. 4.1, we will check the numerical order of the introduced FDSs.

The analytical solution of the free scattering has norm 1. Both the centered FDS and
the symmetrized FDS give results with norm 1 without any oscillations. The phases of the
analytical solution and the numerical solutions of the two FDSs are plotted in Fig. 4.3 for a
step size h = 1/100. While the phases of the numerical results almost coincide for the used
level of detail in Fig. 4.3, the phases of the numerical schemes differ slightly from the phase
of analytical scheme. The numerical wave lengths are smaller than the analytical wave length.
This error is directly caused by the difference of the analytical wave vector and the discrete
wave vectors. Thus, this error decreases for smaller step sizes.

Now let us analyze the discrete L?-error. Therefore we recall the nonlinear problem

J
. 1 ) 2
AFM™ = min AF, = min —— F(z.) — F.ei® 7 474

" €[] " pel-ma] J +1 ;0 1 () ad ( )

with the analytical solution F(x;) at + = z; and the numerical solution F; using the step size
h=1/J.

The L?-errors of the numerical solutions are shown in Fig. 4.4. The numerical order evaluated
experimentally coincides for both FDSs with their formal order. While the discrete L?-error of
the centered FDS decays like O(h?) the discrete L?-error of the symmetrized FDS is in O(h).
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T T T T T T
4k analytical numerical solution numerical solution -
solution (centered FDS) (symmetrized FDS|

phase of the envelope function

Figure 4.3: Comparison of the phases of the analytical solution (red) and the numerical solution
of the centered FDS (green) and the symmetrized FDS (blue) for the free scattering state with
e=1, Ph=1, E; =200, Eyg =0, a step size h = 1/100 and an energy E = 250.
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Figure 4.4: Discrete L?-errors of the numerical solution of the centered FDS (solid line) and
the symmetrized FDS (dashed line) against the number of grid points J = 1/h for the free
scattering state with e =1, Py = 1, B, = 200, Fp = 0 and an energy £ = 250.
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4.5.2 The Single Barrier Potential

In this section we will study the behavior of the introduced FDS when applied to a single barrier
potential. We will compare the numerical results with the analytical solution. In particular, we
want to examine if the centered FDS leads to spurious oscillations as it did in Chap. 3 when
applied to a single barrier potential.

We consider a semiconductor of length L that is split into three parts. Let 0 < x1 < o < L,
then the three subdomains of the semiconductor are defined by [0, z1), [x1,22) and [x2, L]. The
two outer subdomains have the same physical properties and are denoted by A = [0, z1)U[z2, L].
The inner subdomain is called B = [x1, z2).

We assume that the Kane-parameter Py and the band gap E, are constant, while the middle
of the band gap Ej is piecewise constant and satisfies

Ey(z) =0, x €A,

and
Eo(CL‘) :EO,B, r € B.

In other words, we add some potential Ey p to the band edges in the domain B. Note that we
can additionally vary the band gap and proceed analogously. But for simplicity we shall restrict
the variation to the middle of the band gap.

First let us derive the analytical solution. We suppose that the energy FE satisfies the energy
condition (4.18) in the whole semiconductor, i.e.

1
E > Ey(x) + §Eg(:z), xz € [0, L].
In the three domains [0, 1), [x1,22) and [z2, L] both the band gap E, and the middle of the

band gap Ejy are constant. Hence, in each domain the vector of the envelope functions takes
the form

F(x) = aF/"(k)e 4 abe/M(—ik)eke 4 b/ (—k)e ke 4 pFe/h (if)ehe,

with a, a, 13,13 € C. The propagation and attenuation coefficients are given by

- 1 2 PO2 2 1 2
A= _@(eEg+Po)+ @(P0+26Eg)+?E’

and

i =) P? 5 (p2 ! g2
A = @(6Eg+ 0)+ @( 0+26Eg)+§E,

in the domain A, and

. 1 P2 1 2
kB_\/_262(EEg+P()2)+\/4§l(P02+26Eg)+62(E_E07B) ’

and

3 1 P? 1 2

in the domain B.
Let Fil/h(/c) denote the unitary amplitude of a wave with wave vector k in the domain A

and ]?‘?B/h(k:) denote the corresponding, unitary amplitude in the domain B. We consider a

right-traveling envelope wave with amplitude ]?‘Z/h(k:) that enters the semiconductor at x = 0.
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Since Fg is constant and Ey = 0 in A, which means that the physical properties are equal to
the properties in the exterior domain = < 0, the incoming envelope wave is not reflected but
completely transmitted into the domain [0, 21). At z = x; the envelope wave is partly reflected.
In the domain [z9, L] we expect a transmitted, right-traveling envelope wave that leaves the
semiconductor at x = L. For the same reason as at x = 0 we do not expect any reflection of
the transmitted wave at x = L. This leads to the vector of the envelope functions

Fa (z) ifzel0,x),
F(x) =< Fp(x) ifz € [r1,x9), (4.75)
Fa,(z) ifz € [z, L],

Fa, () = B (ka)eFa® + 7B (—kq)e Far 4 5F" (—iky)ekar,
Fp(z) = aF" (kp)e*s + aF (—ikp)ehs® + bEY" (—kp)e F57 4 bFY" (ikp)e oo
[" (ka)eFa® 4+ T8 (ik A)e—fwc,

with the eight unknown coefficients 7, 7, &, a, b, b, £, € C.

The vector of the envelope functions F and its derivative are continuous, see [24]. In partic-
ular, they are continuous at x = x1,zs. Hence, we get a system of eight linear equations that
can be written in the form

Qc =s,
with -
c=( 7 a a b bt i) €C8
and
_Fe/h(]%A)elk‘Axl
0
S = ~ se/h,? A S (CB,
—iksF; (kg)etta®
0

and the coefficient matrix
Q=(a a 9 aa 9 g9 9 g €C¥P,

whose columns are given by

B (—ka)ekan B/ (—ik)eFan
N 0 o 0
= —i];‘AFA‘Z/h(—I;:A)e_iI%A“ = I;‘AFZ/h(—iI;IA)ekAxl
0 0
—F" (kp)etknm —FG" (<ikp)eto
Ae/h(l;. )ichzg e/h( 1k Je kgza
da = —1k:BFe/h(k )e ikper | da = —k th(—lk‘B)ekal
szFo/h(kB) ikpa: kg FSI™ (—ilk)ekna
e/h( l%B) —ikpz1 e/h(lk Je —kpgz1
B e/h( ]%B) —ikpTa o e/h(lk ) —kpxo
R N A v I I 99 o AT R
_i]%BFeB/h(_]%B)e—il%Ba:z _]%Bﬁ‘gh(ikB)ekaxz
0 0
_ | FL e | e e
q; = 0 ) QG = 0
kA B (ha)eikar AT (i g )eFar2
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Analogously to the single barrier problem in Chap. 3, we omit to give a mathematical proof
that the matrix Q is regular. Instead we argue that a singular matrix Q would imply that the
homogeneous case of the system of linear equations has a nonzero solution. This means that
there can exist envelope waves inside the computational domain without the existence of an
incoming envelope wave which is a physical contradiction. Furthermore, we note that in our
pa{ticular example the matrix Q is in fact regular and thus, the unknown coefficients 7, 7, a,

a, b, b, t and f are defined uniquely.

4.5.2.1 Numerical Solutions of the Envelope Functions

As shown above, we expect the centered FDS to have no spurious oscillations if the energy E
is less than the upper bound E)” “"(r/h). For the given values of the parameters this upper
bound is

Ep “Yw/h) = Eop + <€hQ + 2Eg) = 810200

Since we choose the energy to be E = 250 < E}” “"(m/h) we expect no spurious oscillations.

Fig. 4.5 shows a comparison of the norms and the phases of the analytical solution and
the numerical solution using the centered FDS. As the solution of the centered FDS and the
symmetrized FDS coincide for the used level of detail in Fig. 4.5, only the norm and phase of
the centered FDS is shown.

In fact, we do not observe any spurious oscillations of the numerical solution. In contrast,
the norm of the numerical solution of the centered FDS almost coincides with the norm of
the analytical solution in Fig. 4.5(a). However, we observe a small phase error in front of the
barrier. This phase error decreases when using a smaller step size and hence, can be ascribed
to the difference of the analytical and discrete wave vector.

4.5.2.2 The Transmission Coefficient

Let us briefly examine the behavior of the transmission coefficient versus the energy E. To do
this, we use the same settings as before, i.e. E; = 200, Fy g = 100, Py = 1 and € = 1 as well
as L =1, z; = 1/3 and z3 = 2/3. Fig. 4.6(a) shows the analytical transmission coefficient. In
Fig. 4.6(b) the analytical transmission coefficient is compared with the numerical transmission
coefficient of the centered FDS for a step size h = 1/60. The results of the centered FDS
coincide with the results of the symmetrized FDS for the used level of detail in Fig. 4.6(b).
Therefore, only the numerical transmission coefficient of the centered FDS is plotted.

The smallest energy yielding a resonance is located at E = 289. Note that we cannot observe
any numerical overestimation of the analytical transmission coefficient near the resonance as we
did in Chap. 3.

4.5.2.3 The L%-Error

Finally, we want to compare the discrete L2-errors of the numerical solutions using the centered
FDS and the symmetrized FDS respectively. In particular, we want to check if the numerical
order of the schemes is the same as the numerical order we observed in the the free scattering
state example. Let us recall the nonlinear problem (4.74) in order to evaluate the discrete L2-
error. In Fig. 4.7 the discrete L2-errors AF‘,;““ of the centered and symmetrized FDS are plotted
against the number of grid points J = 1/h for an energy E = 250, a band gap E, = 200 and
a middle of the band gap Fy g = 100 at the barrier. The numerical results confirm the formal
order of the symmetrized FDS. Its discrete L?-error decays like O(h). However, the centered
FDS is not of second order for this particular example while its discrete L2-error of the free
scattering state example is in O(h?), cf. Fig. 4.4. In order to explain this, let us set the Kane-
parameter to Py = 0. In other words, we neglect the coupling between the conduction band
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2.5
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(a) Norm of the analytical and numerical solutions.
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(b) Phases of the analytical and numerical solutions.

Figure 4.5: Comparison of the analytical solution (black) of the single barrier problem and the
numerical solution (red) using the centered FDS for the step size h = 1/450 and an energy
E = 250. The dotted line indicates schematically the band edge profile.
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Figure 4.6: Analytical transmission coefficient and the transmission coefficient of the centered
FDS for the step size h = 1/60.
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Figure 4.7: L2-errors of the centered FDS (solid line) and the symmetrized FDS (dashed line)
for an energy E/ = 250, a band gap F; = 200 and a middle of the band gap Fo g = 100 at the
barrier.

and valence band. In this case we can analyze each band solution of the two-band k - p-model
separately. Let us focus on the conduction band. The two-band k - p-model of the conduction
band without coupling reduces to

d2
—E@FC + E.F. = EF.. (4.76)
We use the identity
2 d d 2
7Fc 7Fc
dipc - i de”© ) 4 | dz F.
d:(}2 dx Fc Fc
and end up with
d (4F 47\
—e| = [ dz=¢ da” € =F.—E. 4.
6dx<Fc>+<Fc> (4.77)

If we apply a numerical scheme to Eq. (4.76) that is formally of second order we require the
envelope function F. to be twice continuously differentiable. This implies that the left hand side
of Eq. (4.77) needs to be continuous. However, the right hand side has two jump discontinuities
at the barrier. Hence, the discrete L?-error of any numerical scheme of order two or higher
applied to an example with discontinuous band edge profile decays at most like O(h).

4.6 Summary

We introduced the two-band k- p-model with inter-band coupling. Basically, this model is equal
to two-band Kane-model with added Laplace-operator on the diagonal. The Laplace operator
is multiplied by some regularization coefficient. We solved the analytical exterior problem and
found that for energies outside the band gap there exist not only traveling waves but also a
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pair of evanescent waves. These evanescent waves also had to be considered when deriving the
TBCs.

We analyzed the discrete exterior problem by introducing a scheme consisting of the standard
and centered FDS as well as a scheme that used the symmetrized FDS for the first order
derivative. Analogously to the Kane-model, the discrete exterior solution of the symmetrized
FDS is not plane but we showed that this has no notable effect on the numerical solution. We
pointed out that there exists an energy window for the centered FDS. Energies inside this window
do not yield spuriously oscillating solutions, as we observed for the Kane-model. This energy
window is proportional to the square of the number of grid points and to the regularization
coefficient. Hence, for greater values of the regularization coefficient the energy window increases
and it is almost identical to the interval of admissible energies of the symmetrized FDS.

After deriving the DTBCs analogously to the TBCs, we performed a numerical example with
constant band edge profile as well as an example with a single barrier potential. We showed
that the discrete L?-error of the centered FDS, which is formally of order two, converges only
in O(h) if the band edge profile is discontinuous. Hence, the centered FDS does not imply any
numerical advantage compared to the symmetrized FDS.






Chapter 5

The (General k - p-Model

In the last step of generalization, we introduce the general k - p-model. Let d € N denote the
number of considered bands of the semiconductor and F(z) € C? the vector of the envelope
functions Fy,...,Fy € C. Let m(z), e(z) € R%*? be diagonal, real and regular d x d-matrices,
U, (), Upy(x), v(z) € C*? Hermitian d x d-matrices and My (z), My (x), Ma(z) € C¥*? skew-
Hermitian d x d-matrices. Then we will refer to

EF(e) = - 11 (m(o) 3, F@)) + Mafo) L. P(0) - 3 (M(@)F ()
d d

s (Mio) SR () - 1 (ME@F())

e (Male) () - di (MEF() ) 5.)
(

+ klUu(x)F(:E) + kQUQQ(x)F(aZ) + k1ko (Ulg(fb) + Uy (.T)) F(I)
v(z)F(z) + e(x)F(z),

with € R and ki, k2 € R, as d-band k - p-Schrédinger equation, cf. [5]. In order to abbreviate
this physical formulation we introduce the skew-Hermitian d x d-matrix

Ms(x> = MQ(.%') + klMl((I}) + k2M2($), (5.2&)

and the Hermitian d X d-matrix

V(.I‘) :k‘lUl(l') + kQUQ(.fU)

2 2 (5.2b)
+ klUll(l‘) + ]’C2U22($) + k1ko (Ulg(x) + U21($)) + V(I) + e(l‘)
Then (5.1) reads
EF(z) = _% (m@);xF(;p)) + Ms(x)%F(az) _ % (ME(2)F(2)) + V(@)F(z), (5.3)

with = € R.
We consider a semiconductor of length L connected to reservoirs at * = 0 and x = L. Let
us assume that the matrices m, Mg and V are constant in the reservoirs with

m(zx) =my, Mg(z)=Msgy, V(z)=Vy x <0,

and
m(z) =my, Mg(z)=Mg, V(z)=V x> L.

103
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5.1 The Exterior Problem and the Dispersion Relation

Let us study the exterior problem of the general k - p-model. In the exterior domains the
matrices m, Mg and V are constant. Without loss of generality, we focus on the left exterior
domain z < 0 with m(z) = mg, Mg(z) = Mgy and V(z) = V(. Note that the results for the
right exterior domain x > L can be derived analogously. For simplicity let us omit the subscript
0 in my, Mg and V. With these simplifying assumptions, Eq. (5.1) regarded on the half line
x < 0 is a second order system of ODEs with constant coefficients that can be written in the

form
N MR (VoE)F-0  z<0 (5.4)
dz? dz ' - '
with
N=m (5.5a)
and
M = —iMg + iM¥ = —2iMs. (5.5b)

Note that M is Hermitian since Mg is skew-Hermitian.
By introducing the substitution
F
D= )
(£r) o0
x

we can reduce Eq. (5.4) to a first order system of ODEs with constant coefficients

A%@ —B®, <0, (5.7)
with .
A (_1\1/11\I 11:) c Cdx(2d) (5.8)
and
B (iv p iE1 _?N> c X (2d) (5.9)

Let us introduce the following notation

Definition 5.1 (cf. [35]). The inertia of the matrix A € C™*" is the ordered triple
in(A) = (iny(A),in_(A),ing(A)),

where iny (A) is the number of eigenvalues of A with positive real part, in_(A) is the number
of eigenvalues of A with negative real part and ing(A) is the number of eigenvalues of A with
zero real part, all counting multiplicity.

Zisowsky showed in [44] for the transient general k - p-model that the matrices
Atransient = A,

and

iV 4+ 51 0
Btransient = ( > )

0 —iN
with the Laplace parameter s of the Laplace-transformed exterior problem, are regular for

Re(s) > 0. Moreover she proved a splitting theorem saying that the matrix At_r;lmsientBtransient
has exactly d eigenvalues with positive real part and d eigenvalues with negative real part, i.e.

n (A;;nsientBtranSient) = (d, d, 0) .
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Our aim is to show a similar result for the stationary general k - p-model (5.7). First let us
show that A and B are regular and hence, A ~!'B exists and is also regular. Since Atransient = A,
the matrix A is regular and A~'B exists. Since V is Hermitian, it is diagonalizable with the
real eigenvalues v1,...,vq. Let us suppose that the energy E satisfies

E # vy, p=1,...,d. (5.10)

then the matrix iV —iE1 is similar to diag (i(vi — E),...,i(vq — F)) which is regular. Con-
sidering that N is regular, the matrix B is regular and hence, the matrix A~'B is regular.
Thus, we can write Eq. (5.7) in the form

%@ =A'B®, 2<0, (5.11)
with
A7'B = 0 L e C2d)x(2d) (5.12)
N~ (V-FE1) iN"'M ' '

The solution of Eq. (5.7) takes the form
O(z) = ae™”, x <0, (5.13)

where kK = Ki,...,koq € C denotes an eigenvalue and a = a(k) € C?¢ the corresponding
eigenvector of the matrix A~!B, cf. [41]. Since the vector of the envelope functions F is
represented by the first d components of ®, we introduce the amplitude F € C? of F that
contains the first d components of a(x) € C??. Then the vector of the envelope functions F
takes the form

F(z) = Felke, (5.14)

where k = k + ik = —i is called wave vector of F with the propagation coefficient k and the
attenuation coefficient k. If the attenuation coefficient k is zero, we say that F is traveling,
while F is called evanescent otherwise. Again we shall refer to the vector F of the envelope
functions as envelope wave since it can be written in the form of a plane wave.

By applying the solution (5.13) to the general k - p-model (5.1) we get

HF = EF, (5.15)

with
H=H(k)=kN-kM+V. (5.16)

Note that H is Hermitian if & is real.
Now we are ready to state the main theorem of this chapter.

Theorem 5.1 (Splitting Theorem). Let n denote the number of positive eigenvalues of N.
Then there exists an energy Ef € R such that for all energies £ > Ef

(i) the matrix A~!'B has exactly 2n purely imaginary eigenvalues, n with positive imaginary
part and n with negative imaginary part,

(ii) the matrix A~'B has exactly 2 (d — n) complex eigenvalues, d — n with positive real part
and d — n with negative real part.

Furthermore, there exists an energy E} < E§ such that for all energies E < E}

(iii) the matrix A~'B has exactly 2 (d — n) purely imaginary eigenvalues, d — n with positive
imaginary part and d — n with negative imaginary part,
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(iv) the matrix A !B has exactly 2n complex eigenvalues, n with positive real part and n with
negative real part.

Remark 5.2. The splitting theorem is needed in order to derive the TBCs in the following
section. For the simple case M = 0 and V = diag (v1, ..., vq) a proof of Thm. 5.1 is provided
in the appendix A.2. For the general case, i.e. for Hermitian matrices M and V, numerical
evidence shows the correctness of Thm. 5.1. However, a general proof has not been found yet
and requires future work.

Considering that the wave vector k satisfies
k= —ik,
we can state the following corollary of Thm 5.1.

Corollary 5.3. Let n denote the number of positive eigenvalues of N. Then there exists an
energy I € R such that for all energies I/ > Ej

(i) there are exactly n positive and n negative wave vectors (i.e. n right and n left-traveling
envelope waves),

(ii) there are exactly 2 (d — n) complex wave vectors, d — n with positive imaginary part (i.e.
d — n evanescent envelope waves decaying for x — o0o) and d — n with negative imaginary
part (i.e. d — n evanescent envelope waves growing for z — 00).

Moreover, there exists an energy E(}} < E§ such that for all energies I < E(})1

(iii) there are exactly d —n positive and d — n negative wave vectors (i.e. d —n right and d —n
left-traveling envelope waves) and

(iv) there are exactly 2n complex wave vectors, n with positive imaginary part (i.e. n evanescent
envelope waves decaying for x — 0o0) and n with negative imaginary part (i.e. n evanescent
envelope waves growing for x — 00).

Remark 5.4. In all considered examples the d amplitudes F(k) that correspond to the n posi-
tive wave vectors and the d —n complex wave vectors with positive imaginary part are linearly
independent. Moreover, the d amplitudes ﬁ‘(k) associated with the n negative wave vectors and
the d — n complex wave vectors with negative imaginary part are linearly independent.

5.2 Transparent Boundary Conditions

Let us recall the strategy we used in the previous chapters in order to derive the TBCs. We
considered a traveling envelope wave FI* with amplitude of norm 1 that enters the computational
domain at z = 0. This means that depending on the energy F we require the matrix N to have
at least one positive or negative eigenvalue in order to get at least one pair of traveling envelope
waves.

Let us from now on assume that the energy F is greater than some lower bound Ej and
hence, the number n of positive eigenvalues of N is equal to the number of pairs of traveling
envelope waves.

If there are two or more pairs of traveling envelope waves, the incoming envelope wave is
not unique. In this case we shall consider a unitary superposition of all right-traveling envelope
waves to enter the semiconductor at = 0. This means that we have to specify a priori the
values of the n coefficients of the superposition of incoming envelope waves.

Let lgrar’l, l=1,...,n, denote the n positive wave vectors and l%a,l’ [=1,...,n, the n negative
wave vectors in the left exterior domain. Moreover, let l;:ar, pl=1,...,d—mn, denote the d —n
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complex wave vectors with positive imaginary part and ]%0_7 pl=1,...,d—n, the d —n complex
wave vectors with negative imaginary part in the left exterior domain. The wave vectors in the
right exterior domain are defined analogously with subscript L instead of 0.

Note that in all considered examples, e.g. the two-band k - p-model in Chap. 4, l;:;r = —l;:l_ ,
fori=1,...,n, and l;:f :—Ef, fori=1,...,d—n.

Let Fo(k) denote the amplitude of norm 1 in the left exterior domain that corresponds to
the wave vector k, i.e. the eigenvector of norm 1 of ﬂ(k) to the energy eigenvalue E. On the
other hand, let F (k) denote the corresponding amplitude in the right exterior domain.

Let us consider the superposition of all right-traveling envelope functions

n ~
v =SBk, 2 <o, (5.17)
=1

with the coefficients wq,...,w, € C that satisfy the normalization condition

D fwl*=1. (5.18)
=1

This incoming superposition of envelope functions is partly reflected at the left boundary at
x = 0, yielding a superposition of left-traveling and evanescent envelope functions that reads

n

Fr =3 #Fo (kg et + ZrlFo ez <o, (5.19)
=1

with the reflection coefficients 7; and 7;. Furthermore, the incoming waves are partly transmitted
at the right boundary at x = L, which results in a superposition of right-traveling and evanescent
envelope functions that takes the form

d—n B
ZtlFO k(—)’_l lkole + Z tvlﬁ‘g(ka':l)eik;lx, x> L, (5.20)
=1

with the transmission coefficients #; and #;. Thus, the solution in the left exterior domain is
given by
F=F"+F", x <0, (5.21)

while the solution in the right exterior domain is
F = F', x> L. (5.22)

In order to determine the TBC at the left boundary we evaluate the envelope function F
and its first derivative -4 1. F at z = 0. We get

n n d—n
F(0) =Y wkolks) + > #Folky,) + Y #Fo(ky,) (5.23a)
=1 =1 =1
and n
d n n .
£F(0):Z1k wiFo(kg, —l—Zlk‘ FiFo(ky )+ ik 7 Fo(ky,)- (5.23b)
=1 =1 =1

Let us introduce

P0=<F0(’5&1) - Folky,) Folky,) - Fo(’%&d_n))écd”,



108 5. The General k - p-Model

and K R
Ko = diag (i, kg0, ik i) € C™,

as well as
R . . T d
r=(T1,. ., Pn,T1,...,T4g—n) € C%

Then we can rewrite the envelope wave F and its first derivative %F at x = 0 in the form

Por = F(0) - Y wiFo(kg)), (5.24a)
and
d o
PKor = -~ F(0) - l; kg wiFo(kg). (5.24b)

Since the amplitudes
FO(E(Il)v s 7F0(l%an)a FO(]%(;I)’ RS Fo(k(id—n)

are linearly independent, cf. Remark 5.4, the matrix Pg is regular and hence, its inverse P !
exists. Then the reflection coefficient vector r reads

r=Pg! (F(O) - Zwlﬁou%otl)) ,
1=1
cf. Eq. (5.24a). Applied to Eq. (5.24b) we get the left TBC

F,(0) — PoKoP; 'F(0) = 3 (i;%ofl]l - POKOPgl) wiFo(kd)- (5.25)
=1

At the right boundary we proceed analogously. The envelope wave F and its first derivative
d%F at x = L read

n . d—n .V
F(L) = Y B o (k) it + 3 abp (i )i, (5.26a)
=1 =1
and
d—n
Z ikf fB Lk )+ Y ik L (R e (5.26D)
=1 =1

Let us introduce
~ A~ D4 N ~ g4 ~ o ran ~ . s
PL = (FL(kz_l)elk;L,lL P FL(kz_n)elkL,nL FL(kz_l)elkL,lL P FL(kzd_n)elkL,dfnL> E (CdXd’
and
Ky, = diag (i 1,k iy, i, ) € C

as well as -
t = (tl,...,tn,tl,...,td_n) S Ce.

Then we can rewrite the envelope wave F and its first derivative %F at £ = L in the form
Pt =F(L), (5.27a)
and

d
P K t=—F(L). 5.27b
it = Lp( (5.270)
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Since the amplitudes
Frkf ), Folkl,), Fotkl ), Folkf, )

are linearly independent, cf. Remark 5.4, so are

Nt kT L & oo\ ikt Lo i+ kT L ST ikt . L
FL(kLJ)@ L1 7"'7FL(kL,n)e Ln 7FL(kL,1)€ L1 ""’FL(kL,d—n)e L,d—n
and hence, the matrix Py, is regular and its inverse le exists. Then the transmission coefficient

vector t becomes
t =P 'F(L),

cf. Eq. (5.27a). Applied to Eq. (5.27b) we get the right TBC
F.(L) - P, K, P;'F(L) = 0. (5.28)

Remark 5.5. The coefficients wy, . . ., w, restrict the solution at the left boundary. However, in
physical applications, for example the unstrained eight-band k-p-model of the lowest conduction
band and the three top-most valence bands, all doubly degenerate, with k| = 0 we will consider
in our numerical examples in Sec. 5.5, one typically considers only a particular incoming wave.
In the example mentioned above, we have n = 2, for ¥ > Ejj. As indicated, the bands are doubly
degenerate. Mathematically, this means that the eigenvalues of A~'B are 2-fold degenerate, i.e.
there exist d distinct wave vectors k and for every wave vector k there exist two corresponding
amplitudes, if the geometric multiplicity equals the algebraic multiplicity which is the case in
our example. In this particular example we have so-called spin-up solutions and spin-down
solutions. If we only consider spin-up envelope functions for example, we set the coefficient wq
of the incoming spin-up envelope wave to one and the coefficient wy of the incoming spin-down
envelope wave to zero. Depending on the band edge profile the resulting transmitted envelope
waves may also consist of spin-down solutions.

5.3 Discretization
We recall the uniform grid z; = jh, j =0,...,J with L = Jh, of the computational interval

(0,L) with Nj = N(z;), Mg; = Mg(z;j), V; = V(z;) and the approximation F; ~ F(x;),
j=20,...,J. In order to discretize the general k - p-model (5.1) we apply the second order

centered difference operator Df™ as well as the standard second order difference operator thd

to the abbreviated continuous formulation of the general k - p-model (5.1)
EF = -NF,, + (-N, + 2Mg) F, + (V- Mg, ) F, (5.29)

for x € (0, L).
Thus the discretization of the general k - p-model leads to

EF; = —N;DiiF; + (~Di™N; + 2Ms;) DiF; + (V; - Di"ME, — B1) F;,  (5.30)

with j =1,...,J — 1, which implies

1 1 1
EF; = ( —N; + < (Njp1 —Nj_1) + 2MSj>> Fijn

 h2 2h \ 2h
2 1
+ (h2Nj +Vi— 5 (MY, - Mglj_l)> F; (5.31)

1 1 1
+ <—thj ~ 9 <_2h (Njt1 = Nj—1) + 2MSj)> Fj1,
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with j=1,...,J —1.

In the exterior domains x < 0 and x > L, the matrices N, Mg and V are constant. Without
loss of generality we focus on the left exterior domain x < 0 with N(z) = Ng, Mg(z) = Mg
and V(z) = V. Note that the results for the right exterior domain x > L can be derived
analogously. For simplicity let us omit the subscript 0 in Ny, Mg and V. Hence, Eq. (5.31)
is a second order difference equation with constant coefficients of the form

EF; =M*F;;; + M°F; + M"F;_;, j<0, (5.32)
with
1 1
Mt=—-——_N+-M
h2 + n S
9
1 1
M = - N - M.
h2 [

By introducing the substitution

_(F
i = <Fj+1> ’

Eq. (5.32) can be transformed into a first order difference equation with constant coefficients

Ahq)j = Bh(bjfla 7 <0, (534)

1 0
=0 )

By = <1v(1)— (MO IL E]l)) '

Note that M+ and M~ are not necessarily regular. However, in all examples we examined
M and M~ are regular. In this case, Aj and By, are regular and hence, we can write Eq. (5.34)
in the form

with

and

;= A, 'Bp®;1, j <0,

with the regular matrix

- 0 1
AhlBh - ((—M*)_lM— (M)~ (MO - E]l)) :

Remark 5.6. In all examples we examined the geometric multiplicity of the eigenvalues of
A,:lBh is equal to their algebraic multiplicity. Hence, the eigenvectors of A,;lBh are linearly
independent and form a basis of C4?. This property is important in order to use Prop. 3.4 where
we set the discrete solution at the left boundary to some eigenvector a of A,:lBh.

According to Prop. 3.4, the solution of the first order difference equation can be written in
the form ‘
®; = ao’,

with an eigenvalue a € C of A,;lBh and the corresponding eigenvector a € C2¢. The first d
components of ®; C?4 represent the discrete solution F; C?. Therefore, we introduce the
discrete amplitude F), € C? that contains the first d components of a. The discrete solution F;
becomes

F; = Frod = Fpelfnilt (5.35)
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with the discrete wave vector

1
kn = 7 (arg(a) —iln|al).

The discrete solution as given in Eq. (5.35) implies
Fj e kb = F; = F;_jeifnh,
and thus, applied to the difference equation (5.32) we obtain
H,F, = EF),, (5.36)

with
H), = Hy, (k) = Mte*nh 4+ MO + M~e

Now we shall state the discrete analogon of Thm. 5.1.

Theorem 5.7 (Discrete Splitting Theorem). Let n denote the number of positive eigenvalues
of N. Then there exists an energy E} , € R such that for all energies &/ > Ej

(i) the matrix A;lBh has exactly 2n eigenvalues with modulus 1, n having a positive complex
argument and n having a negative complex argument,

(ii) the matrix A,:lBh has exactly d — n eigenvalues with modulus greater than 1 and d — n
eigenvalues with modulus smaller than 1.

Furthermore, there exists an energy E(}} < E§ such that for all energies I/ < E(}}

(ili) the matrix A, 'By, has exactly 2 (d — n) eigenvalues with modulus 1, d—n having a positive
complex argument and d — n having a negative complex argument,

(iv) the matrix A;lBh has exactly n eigenvalues with modulus greater than 1 and n eigenvalues
with modulus smaller than 1.

Remark 5.8. The discrete splitting theorem is needed in order to derive the DTBCs in the fol-
lowing section. Analogously to Thm. 5.1, numerical evidence shows the correctness of Thm. 5.7.
Once a proof for the continuous splitting theorem 5.1 has been found, we are confident to be
able to derive a proof of Thm. 5.7 as discrete analogon.
By using the identity
1
by = ¢ (arg() — ilnal)

it follows

Corollary 5.9. Let n denote the number of positive eigenvalues of N. Then there exists an
energy Ej, € R such that for all energies F > Ep

(i) there are exactly n positive and n negative discrete wave vectors (i.e. n right and n left-
traveling discrete envelope waves),

(ii) there are exactly 2 (d —n) complex discrete wave vectors, d — n with positive imaginary
part (i.e. d — n evanescent discrete envelope waves decaying for z — oo) and d — n with
negative imaginary part (i.e. d—n evanescent discrete envelope waves growing for z — o).

Moreover, there exists an energy E,};’O < E,‘i’o such that for all energies F < Eﬁ,o

(iii) there are exactly d — n positive and d — n negative discrete wave vectors (i.e. d — n right
and d — n left-traveling discrete envelope waves) and
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iv) there are exactly 2n complex discrete wave vectors, n with positive imaginary part (i.e. n
y g y
evanescent discrete envelope waves decaying for x — o) and n with negative imaginary
part (i.e. n evanescent discrete envelope waves growing for z — o0).

Remark 5.10. We already pointed out that in all considered examples the geometric mul-
tiplicity of the eigenvalues of Angh is equal to their algebraic multiplicity and hence, the
eigenvectors are linearly independent. In addition, we note that for all considered examples
the d discrete amplitudes Fh(kh) that correspond to the n positive discrete wave vectors and
the d — n complex discrete wave vectors with positive imaginary part are linearly independent.
Moreover, the d discrete amplitudes f*‘h(k:h) that are associated with the n negative discrete
wave vectors and the d — n complex discrete wave vectors with negative imaginary part are
linearly independent.

5.4 Discrete Transparent Boundary Conditions

In order to derive the DTBCs for the general k - p-model we apply the discrete solution derived
in the previous section to the reflection and transmission conditions (5.21), (5.22) and assume
that they hold in a small vicinity of the two boundaries, i.e. j = 0,1 and j = J—1, J respectively.

Let us from now on assume that the energy is greater than some lower bound Ej o and
hence, the number n of positive eigenvalues of N is equal to the number of purely imaginary,
complex conjugate pairs of discrete wave vectors.

Suppose that there is at least one pair of discrete traveling envelope functions, in other
words n > 1. If n > 2, then we have two or more pairs of traveling envelope functions and
hence, the incoming envelope function is not unique. In this case we shall proceed accordingly
to the derivation of the TBCs and consider a unitary superposition of all discrete right-traveling
envelope functions weighted by the coefficients w1, ...,w, € C.

Let l%f—:(),l’ [ =1,...,n, denote the n positive discrete wave vectors and ]%E,OJ’ l=1,...,n,
the n negative discrete wave vectors in the left exterior domain. Moreover, the d — n complex
discrete wave vectors with positive imaginary part in the left exterior domain are called /;:,J{,O’l,
l=1,...,d —n, and the d — n complex discrete wave vectors with negative imaginary part are
denoted by ;‘7}:,0,17 l=1,...,d—n. The discrete wave vectors in the right exterior domain are
defined analogously with subscript L instead of 0.

In all considered examples, e.g. the two-band k - p-model in Chap. 4, we have l%;{l = —l;:,;l,
forl=1,...,n, and k,‘:l = —l%,;l, fori=1,...,d—n.

Let Fh,g(/ﬂh) denote the amplitude of norm 1 in the left exterior domain that corresponds to
the discrete wave vector ky, i.e. the eigenvector of norm 1 of I:Ih(k:h) to the energy eigenvalue F.
On the other hand, let Fh7 1(kr) be the corresponding amplitude in the right exterior domain.

Then we have

n
. __ fpin ro__ - 7.+ ik L gh
Fj=F;+F; = E wiFpo(ky o )e ot
=1
d—n B

n

Lt = ik dR ot = ik R
+ Z Th’thaO(kh,O,l)e R0 4 Z rh,th,O(kh,O,l)e h0, %

=1 =1

at the left boundary, i.e. for 5 =0, 1, and
n - d—n -

t oo : ikt gk ;o y ikt gk
Fj=Fj = bFnn(kfp)e e+ fFn k), etne”,

=1 I=1

at the right boundary, i.e. for j =J — 1, J.



5.4. Discrete Transparent Boundary Conditions 113

Let us introduce

(e (- - S - - dxd
Pro = (Fh,o(kh,o,l) T tho(kh,o,n) Fh,O(kh,o,l) e Fth(kh,O,d—n)) SA
and o R § §
K)o = diag (elkh@,lh’ o efnonht eRnoah elkh,O,d—nh) € Caxd
as well as
_ a ~ ~ ~ T Cd
ry, = (Th,lu e s Thns Thls - - - 7rh,d—n) € .

Then we can rewrite the discrete envelope function F; for j = 0,1 in the form

n
Prory =Fo— > wiFnokiy)), (5.37a)
=1
and .
PhyoKh’orh =F - Zwlﬁ‘h’o(l%]to’l)eikio‘lh. (537b)
=1

Since the discrete amplitudes
Fno(ky 1) Fnoky o) Frokgr)s s Frol o )

are linearly independent, cf. Remark 5.10, the matrix Py, o is regular and hence, its inverse Pgé
exists. Then the reflection coeflicient vector ry is given by

n
o= il (o= Skt ).

=1
cf. Eq. (5.37a). Applied to Eq. (5.37b) we get the left DTBC

n

_ ikt - A N
Fy — Py, oKp 0Py Fo = 3 (€001 — Py oK 0P ) wiB ol (5.38)
=1

compared to the left TBC (5.25).
At the right boundary we proceed analogously. Let us introduce

Pur=(P1- Do D1 Pan) € C¥Y,

with the columns

L r e ik hJ
pl — Fh,L(kh,L,l)e h,L,l ,

and

.7 o+ ik hJ
pl—Fh,L(khlﬁl)e h, L1

Moreover, we introduce

. —ikt, | h —ikt, n -k, R —ikt h
K 1, = diag (e ol e Rnpal emHnpal o eT R La-nl) e cIxd,

as well as -
tr, = (th1, - s thms this - oo Tha—n) € C%

Then we can rewrite the discrete envelope function F; for j = J — 1, J in the form

Ph,Lth = FJ, (5.39&)
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and
PpnKprth =Fj1. (5.39b)

Since the discrete amplitudes
Fh7L(kltL,1)’ cee ,Fh,L(k‘]J;L’n)a Fh,L(];‘}tL71)’ R Fh,L(kftL,dfn)

are linearly independent, cf. Remark 5.10, so are

~

),z (k- iky] g 10 P+ it hg
Fh:L(kh,L,l)e h,L,1 7""Fth(kh,L,n)e hLn/t

2 A ikl hJ - A ikf o hd
Fo(ky o )e mta™ o Fyp(ky g, )e b

and hence, the matrix Py is regular and its inverse P;lL exists. Then the transmission
coeflicient vector tj reads
-1
ty, = Ph7 1 Fi,

cf. Eq. (5.39a). Applied to Eq. (5.39b) we get the right DTBC
Fj - Ph,LKh,LP;_L,ILFJ =0, (5.40)

in contrast to the right TBC (5.28).

5.5 Numerical Examples

5.5.1 The Free Scattering State

In our first example, we want to examine the numerical result of an unstrained eight-band
k - p-model of the lowest conduction band and the three top-most valence bands, all doubly
degenerate, with k| = 0, in the case of the free scattering state and compare it with the
analytical solution, that can be derived from the results in Sec. 5.1.

In this case the 8 x 8-k - p-Hamiltonian reduces to

d d?
H:Ho—FHA—i—Hlf—I—Hg

I 12 (5.41)

where Hy describes the band edge profile, Ha denotes the spin orbit coupling, Hy contains all
first order couplings, i.e. the inter-band couplings, and Hy contains all second order couplings,
i.e. the intra-band couplings, see [19].

The band edge profile is given by

HO = dlag (EcuEV)EV7EV)EC7EV)EV7EV) ) (542)

where E. is the conduction band edge and E\ is the valence band edge with the Ey = E. — E,.
The spin orbit coupling matrix Ha takes the form

_{ G+iG. Gy +iG,
Has = <—Gy +iG, Gy — iGz> ’ (5.43)

with A
Gy = 330 diag (0, —1,—1,—1),
000 0
N |0 0 0 O
Go=3"1000 -1
001 0
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0 0 0 0
A [0 0 0 1
G"’/30000’
0 -1 0 0
00 0 0
Aw [0 0 =1 0
Gz_s 01 0 0
00 0 0

The parameter Ay, denotes the so-called spin orbit splitting.
The matrix of first order couplings reads

0 00 FR O OO0 O

0 00 O O OO0 O

0 00 0O O 0O0 O

|-FP 00 0 0 00 O
=109 000 000 R (544)

0 00 0O O O0O0 O

0 00 0 O 0O0 O

0 00 0 F 00 O

while the matrix of second order couplings takes the form

H; = —diag (047%%)\704?,%#, )‘) ) (545>

where the coefficients o, A, u € C are given by

W2 PREg+25¢
2me  Ey Eg+ Ag
P2 R?
A= 4
B, 2mo (71 +472),
h2

—— " (y -2
1 Qmo(% Y2),

o=

with the effective mass m,. of the conduction band and the Luttinger parameters ~; and ~s.
Written in the usual notation

d? d
“N—F+iM—F+(V—ELF=0 A4
2F FiM + ( ) , (5.46)

cf. Eq. (5.4), we have
N = —H; = diag (Oé, s A @, Ky [y )‘) )

0 00 —iPhb 0 00 0

0 00 0 0 00 0

0 00 0 0 00 0

. iP, 00 0 0 00 O
M=-ithi=194"( ¢ o 0 0 0 iP
0 00 0 0 00 0

0 00 0 0 00 0

0 00 0 —iPh 0 0 0




116 5. The General k - p-Model

and
E. 0 0 0 0 0 0 0
0 E,— 8 —ifpe 0 0 0 0 Beo
0 i B-% 0 0 0 0 —ide
0 0 0 E,—8= (0 B j8se 0
—H,+HA = v 3 3 3
V=HorHa =1 0 0 0 E. 0 0 0
0 0 0 —B0 0 EB,— LG jhe 0
0 0 0 —ife 0 —ife E, - A 0
0 2 iAo 0 0 0 0 B, — &g

For simplicity, we set A = mg = 1 as well as L = 1. We use the dimensionless version of the
parameters as given in [24] that are given by o = 3.32, A = —18.77, u = —3.24, Py = 132.744
and Ay, = 419.07. According to [24], we set the band edges to E. = 905.96 and E, = 0.

For these settings and a step size h = 1/50 Fig. 5.1 shows the analytical and discrete
dispersion relations. Analogously to the two-band k-p-model in Chap. 4, the discrete dispersion
relation is 27-periodic. But note that in contrast to the discrete dispersion relation of the two-
band k - p-model using the centered FDS, the positive trunk of the discrete dispersion relation
for these particular settings is injective in [0, 77/h]. Thus, there does not exist an energy window
such that we expect spurious oscillations for all admissible energies outside this window due to
the wrong choice of the discrete wave vectors, cf. Sec. 4.3.

Fig. 5.2 shows a comparison of the analytical solution and the numerical solution for a step
size h = 1/50 and an energy E = 1500. While the norms of the analytical and numerical
solutions coincide and are equivalent to one, the phases are plotted in Fig. 5.2(a) and the real
parts of the conduction bands are shown in Fig. 5.2(b). The small phase error we can observe in
both plots decreases for smaller step sizes. This is demonstrated in Fig. 5.3 where the discrete
L?-error is plotted versus the number of grid points. Recall that the discrete L?-error is the
solution of the nonlinear optimization problem

J
| , -
Alen — mln AF = mln - F ) — F ‘61('0 , 547

L e R = ;” () = Fje| (5.47)

where F(x;) denotes the analytical solution at « = z; and F; the numerical solution using the
step size h = 1/J. The discrete L%-error in Fig. 5.3 is clearly in O(h?) which coincides with the
formal order of the standard and centered difference operator we used in order to discretize the
general k - p-model.

5.5.2 The Single Barrier Potential

In our second example we want to analyze the numerical results of the unstrained eight-band
k- p-model with k| = 0 in the case of a single barrier potential. We consider a semiconductor of
length L that is split into three parts. Let 0 < 1 < 29 < L, then the three subdomains of the
semiconductor are defined by [0, 1), [z1,22) and [z2, L]. The two outer subdomains have the
same physical properties and are denoted by A = [0, z1) U [z, L], while the inner subdomain is
called B = [z1, z2).

We use the same problem as in the previous example, but in the domain B we shall set the
band edges to EP = 1169.33 and EZ = —167.60, see [24]. Due to physical conventions, we shall
refer to this band edge profile as quantum well structure.

Analogously to the previous chapters, we can compute the analytical solution since the
matrices N, M are constant the matrix V is piecewise constant. Let us denote the matrix V in
the domain A by V4 and in the domain B by V. Suppose that the energy E is greater than
some lower bound E§, cf. Thm. 5.1. Then the number of positive wave vectors is equal to the
number n of positive eigenvalues of V.
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(a) Analytical and discrete dispersion relations.
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(b) Detail view of (a).

Figure 5.1: Analytical (dotted line) and discrete (solid line) dispersion relations of the unstrained
eight-band k - p-model with k| = 0. The discrete dispersion relation is plotted for a step size
h =1/50.
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4 T T
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(a) Phases of the analytical and numerical solutions.
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(b) Real part of the conduction band of the analytical and numerical solutions.

Figure 5.2: Comparison of the analytical solution (dotted line) and the numerical solution (solid
line) for a step size h = 1/50 and an energy E = 1500.
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Figure 5.3: L?-error of the numerical solution for an energy E = 1500.

Thus, in each domain the envelope function takes the form

n d—n n
F(z) = sz(l%fL)eilirz + Z dzl%(/%;r)eik;rx + Z bF(k ke 4 Z bF(k
=1 I=1 =1

with the coefficients a,, a4, l;p, Bq eC,withp=1,...,nand ¢g=1,...,d —n. Here we used the
notation of wave vectors and amplitudes we introduced in Sec. 5.2. Note that the amplitudes
are of norm 1. In the sequel we will add a subscript A or B to the amplitudes and wave vectors
in order to indicate which domain they belong to.

We consider a unitary superposition of all right-traveling envelope functions in A that enters
the semiconductor at = 0. Again we shall multiply these n incoming envelope waves with the
coefficients w1, ...,w,. At x = x1 this superposition of envelope functions is partly reflected.
On the other hand, we expect a superposition of transmitted envelope functions in the domain
[x2, L] that leaves the semiconductor at # = L. Thus, the envelope function reads

FAl(a;) ifx e [0,.731),

F(z) =¢ Fp(x) ifz € [z, z9), (5.48)
Fa,(z) ifz € [z9, L],

with
. d—n o
Fa (z ZWZFA (I )e™aem + Z PR Ak e+ 3 nFa(ky e,
=1
Fp ZCLZFB k+ ) lkle—FZalFB kZJr ) Elw
=1 =1
+ZblFB BJ) le*zblFB o,

=1
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We know that the solution (5.48) and its derivative are continuous, cf. [24]. In particular
they are continuous at x = 1 and x = z9. Hence, we get a system of 4d linear equations for
the 4d unknown coefficients 7, 7, Gp, Gq, l;p, Eq,fp,fq eC,withp=1,...,nandg=1,...,d—n.
We have

Qc =5,

with ¢, s € C* given by

R o . . . "L . T
c= <Tla‘"7Tnaf17"‘7fd—n7ala"'7an7d17"‘7dd—n7bla"'7bnab17'"7bd—nat17"')tn7t17'-'7td—n)

and
A T4
— > WZFA(kX,ﬂelkA’lm

0
s = nooia o i ikt |
_ Zl:l lkA,lwlFA(kA,l)e ALl
0
and the coefficient matrix
Q=(Q Q Q Qi Q Q Q Q)ecC
with ) A
FA(]%Z l)elkA,ll‘l FAU;; n)elkAvnxl
QA = 0 - o 0 N c (C4d><n
T ~ ~ ~ R R . . N ’
ik Falky Jetarm ik Faky,)etan™
0 ... 0
F (];,f )elkA 171 ];-\ (]V{i ) ik 4 nT1
A A71 A A’d e
Qr = 3 R VO . .- ) o 0 - c (C4d><(d—n)’
ik Falk)e™anm ik Falky et
0 0
R o L
Byl et (i) o
A ,\+ ’;+ R A+ ];+ .
Q; = FB(kB,l)e1 Ba%2 FB(kB,n)el B2 € Cldxn,

gt (bt \eikE T SRR (IS RS Lt
—1l<:B’1FB(k:B71)e B,1 —1k:B7nFB(kan)e Bn

A (Bt VR T2
lk:B,lFB(kB,l)e B,1

—Fp(k el
Bk e oo
7| g Bl i
iy, (kg )t e
Py, )etoa
Fp(kp, )
—1755,1FB(15§,1)€1E§’1$1

i]%g,l]?‘B (];;E’l)eik];lm

Q; =

A T (Bt ik T2
1kB,nFB(kB,n)e B,n

.. o
_FB(kE d_n)elkB,dfnxl
“ . St
FB(k‘E din)elkB,d—nxQ
-~ LT i+
_lkg d—nFB(k—g d—n)elkBydinml

Tt o (Lt kL 4,22
kg g nFB(kp g )€ Bdn

_FB(;};E n)eiké,nxl
FB(I%E n)eikE*”xQ
—iky  Fp(ky, )eron™t

iky, Fp(kp, )ersn"

c (C4d>< (d—n)

4dx
cHenn,
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—Fp(kp et Fplhp ) Ban®
Q — FB(I%E;,l)eikg’lm e FB(];“g’din)eikg,d—nI? C i)
P Sk Bl )ets A ik ;
—lkB,lFB(kB,l)?jliB*lxl .. _lkB,d—nFB(kB,d_n).ejiB’d’"xl
ihp Fp(kp)e 1™ kg Folhy )¢ "
QA B FA(I%—F’ )eikA,lfL"? FA(]%+7n)elkA T2 . (C4d><n
i= 0 ’
i Fa(kf )e'tan ik} Bk, an"
0 . 0
F ];:F liﬂz 122 F IVC+ lkj dn T2
Q; = —Fa(ky,)e™ —Fa(kyy ,)e s o Cdx(an)
0 oo 0 .
S oy 3 o .
Sk ARl etk Fa(k] e e

Analogously to the single barrier problems in the previous chapters, we do not prove math-
ematically that the matrix Q is regular. Instead we shall again point out that a singular matrix
Q implies that the homogeneous case of the system of linear equations has a nonzero solution.
Thus, there can exist envelope waves inside the computational domain without the existence of
an incoming envelope wave which is a physical contradiction. We note that in our particular
example the matrix Q is in fact regular and hence, the unknown coefficients 7, 7, a,, dq, Ep,
Eq, fp, fq, withp=1,...,nand ¢g=1,...,d — n are defined uniquely.

5.5.2.1 Numerical Solutions of the Envelope Functions

In this section we compare the analytical and numerical solutions of the quantum well structure.
Fig. 5.4 shows the norms and phases of the analytical and numerical solutions as well as a
schematic view of the band edge profile.

As expected, we do not observe any spurious oscillations. Fig. 5.1(b) illustrates that for the
chosen energy F = 1500 there exists a unique positive discrete wave vector in [0, 7/h]. However,
we observe a small phase error. This error decreases for smaller step sizes.

5.5.2.2 The Transmission Coefficient

Now we examine the transmission coeflicient of the quantum well structure introduced above.
In Fig. 5.5 the analytical and numerical transmission coefficients are plotted against the energy
E. As before, the step size h = 1/150 is used. Since the curve of the numerical transmission
coefficient coincides with the curve of the analytical transmission coefficient for the used level
of detail in Fig. 5.5(a), only the analytical transmission coefficient is plotted. We observe that
the qualitative behavior of the transmission coefficient of this particular quantum well structure
is similar to the behavior of the transmission coefficient of the single barrier examples in the
previous chapters. Note that the first resonance is located at E =~ 1856.

5.5.2.3 The L?-Error

Finally, we want to investigate the discrete L?-error of the numerical scheme. Recall that we
have to solve the optimization problem (5.47). Fig. 5.6 shows the discrete L?-error of the
numerical scheme applied to the quantum well structure. In the free scattering state example
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Figure 5.4: Comparison of the analytical solution (black) and the numerical solution (red) of

the quantum well structure for a step size h = 1/150, an energy E = 1500. The dotted line
indicates schematically the band end profile.
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(b) Analytical (dotted line) and numerical (solid line) transmission coefficients near the first resonance at
E =~ 1856.

Figure 5.5: Analytical and numerical transmission coefficients of the quantum well structure
for a step size h = 1/150.
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Figure 5.6: L?-error of the numerical solution of the quantum well structure for an energy
E = 1500.

the L2-error decayed like O(h?), which confirmed the formal order of the numerical scheme. In
the quantum well example, however, the numerical scheme turns out be of order one only. This
observation corresponds to the discrete L2-error of the two-band k - p-model in the previous
chapter. We showed that any numerical scheme only converges in O(h) if the band edges are
not continuous.

5.6 Summary

We introduced the general d-band k - p-model and analyzed the exterior problem. Numerical
evidence showed that the wave vectors of the general k - p-model can be split into real and
complex-valued wave vectors, while the number of positive wave vectors is equal to the number
of negative wave vectors and the number of wave vectors with positive imaginary part is equal
to the number of wave vectors with negative imaginary part. A general proof of this splitting
theorem has not been found and is subject to future work. With the help of the splitting
theorem we derived the TBCs of the general k - p-model.

We used the the standard and centered FDS to transform the continuous problem into a
problem on the discrete level. After analyzing the discrete exterior problem and stating the
discrete analogon of the splitting theorem, we developed the DTBCs of the general k - p-model.

A physically realistic example of an eight-band unstrained k-p-model with k| was presented.
The numerical results were compared with the analytical solutions of the free scattering state
and a quantum well structure. It turned out that the numerical scheme when applied to an
example with discontinuous band edges is at most of order one.
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Conclusions and Perspectives

We derived DTBCs for stationary multiband effective mass approximations. To do this, we
first solved the continuous exterior problem and derived elementary solutions in the exterior
domains and defined the TBCs. After discretizing the underlaying BVP and solving the discrete
exterior problem, we used the discrete elementary solutions in the exterior domains to derive
DTBCs. This fully discrete approach results in reflection-free boundary conditions, while an
ad-hoc discretization of the TBCs leads to spurious oscillations of the numerical solution. We
tested the numerical schemes and the DTBCs in examples for which an analytical solution can
be derived, i.e. for semiconductor nanostructures with piecewise constant band edges.

We extended the study of DTBCs for the scalar Schrédinger equation, i.e. the single-band
effective mass approximation, by advanced FDSs, such as the Numerov FDS and the Mickens
FDS. We showed the existence and uniqueness of the numerical solutions of the introduced
FDSs and their respective DTBCs.

The two-band Kane-model and the two-band k - p-model with inter-band coupling were in-
troduced as particular examples of multiband effective mass approximations. The discretization
of the Kane-model with the help of the centered FDS led to spurious oscillations when applied
to non-constant band edges due to a non-injective discrete dispersion relation. We introduced
the so-called symmetrized FDS that prevents this error and gives reasonable results for the
two-band Kane-model. For the two-band k - p-model, which is basically the Kane-model with
added Laplace-operator, we showed the existence of a so-called energy window of the centered
FDS. For all energies inside this window the centered FDS does not yield spurious oscillations
as observed for the Kane-model. We showed that the discrete L?-error of the combined stan-
dard and centered FDS, that is formally of order two, decays at most like O(h) when applied
to discontinuous band edges. Therefore, it implies no numerical advantage compared to the
combined standard and symmetrized FDS which is formally and numerically of order one.

Finally, we introduced the general d-band k - p-model. The analysis of the exterior problem
gave rise to a splitting theorem that was confirmed numerically. A mathematical proof of the
general case of the splitting theorem and its discrete analogon has not been found and will be a
topic of future research. We developed the TBCs and the DTBCs of the general k- p-model and
pointed out that they depend on the choice of the elementary solutions in the exterior domain.
Since there might exist more than one right-traveling solution in the left exterior domain we
have to define coefficients that weight the incoming envelope waves.

The numerical solutions of all multiband examples we examined were unique. However,
a general proof of the existence and uniqueness of the analytical and numerical solutions of
multiband models needs to be investigated. Note that a general proof of the existence and
uniqueness of the analytical solution of the Kane-model is presented.

Another topic of future research is the comparison of the introduced methods to solve
multiband effective mass approximations numerically with other methods, such as the transfer
matrix method, [36] and [37], as well as the R-matrix method, [42]. In particular, a comparison
of these methods is of interest when the analytical solution cannot be derived, such as a quantum
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barrier structure with added bias.

Simulations of quantum cascade lasers are currently an extensively discussed topic, [10].
The current density and the optical gain of quantum cascade lasers can be computed when the
envelope functions are known. Based on the DTBCs for multiband effective mass approxima-
tions, developed in this thesis, we plan to perform a fully discrete analysis of these simulations
compared to the approach in [32], where an ad-hoc discretization of the TBCs was used.



Chapter A

Appendix

A.1 Proofthat the weak formulation of the two-band k-p-Model
can be written in terms of a coercive, sesquilinear and anti-
linear form

Before we start to show that the weak formulation of the two-band k- p-Model can be expressed
in terms of a coercive, sesquilinear and anti-linear form, we note that the vector F of the envelope
functions is in the space (L2 (0, L))2 with the scalar product

(F,G) = /01 F(z) G(z)dz, F,G e (I*0,1))°,

where the product F(z) - G(x) is the standard Hermitian scalar product on C? given by

F(x)- G(z) = Fe(2)Ge(x) + Fyo(2)Gy(2).

The two-band k - p-model with inter-band coupling reads

HF = EF, (A.1)
with
o (edm tE(r)  —AR(@)E
—iPy(z) L el 4 E(z) — Ey(z))’

cf. Eq. (4.3). In the sequel we will assume that Py is constant.

We multiply Eq. (A.1) by an arbitrary function G € (LQ(O, L))2 and integrate over (0, L)
to get
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Integrating by parts gives
0= /L 4 p@) L @) de - e L F(L)TL) + L F(0)T: (0)
—eodxcxdxcxx ch c ELEC c

L
_ 6/0 %F\,(x) iCT\,(QJ“)d:U + E%FV(L)?V(L) — e—F,(0)Gy(0)

L
iRy ( | PG + o) LG w)de + FALIGD) - FC<0>GV<0>)

L L L o
+ / F(z) G(z)dz + / (Fu(z) — E—1)F(2) - Ge)de — | Ey(2)Fola)Ga(a)da

0 0 0

(A.2)
Let us introduce Lo
D= (0 —1)
Then we find that
d d d
L R(0)G(0) ~ e R (0)T3(0) = €D F(0) - G(0)

and
d _ d . d
—eF(LD)G(L) + e F ()G (L) = —eD—F(L) - G(L).
Now we can apply the TBCs (4.34) and (4.37) to Eq. (A.2) and obtain
C(F,G)+ S(F,G) = A(G), (A.3)

with the coercive and sesquilinear form
L
CF,G) :/ F(x) - G(x)dz,
0

the sesquilinear form

S(F G)—/LdFUdG( Jdz - /LdF< ) L& (@)
’ —eod$cxdx0$$eodxvxdxvxx

+ eDPoKoP, 'F(0) - G(0) — eDP K, P;'F(L) - G(L)

L
iR ( | 2P )ie) + o) Gulalde + RALGAD) —Fc<o>GV<o>>

L
+/ (Fe(z) — E — 1) F(z) dx—/ By Cola)dz,
0
and the anti-linear form
A(G) = —D (iz;n - POKOP(;I) F/" (ko) - G(0).

According to the Riesz representation theorem, there exist compact operators Ro and Rg
such that
C(F,G) =(RcF,G),

and
S(F,G) = (RsF,G).

Moreover, there exists a function ay, such that

A(G) = (aL, G) .
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Then we can rewrite Eq. (A.3) in the form
(Rc+ Rs)F =ay.

By applying the Fredholm alternative we can show that this expression has a unique solution
if Ro + Rg is injective. This is equivalent to show that the solution of

(R + Rs)F =0

is identically to zero. To do this, we set the G = F and take the imaginary part of Eq. (A.3).
By considering the identity

Fu(z)de = 2P /0 " m <dF (m)E(x))dx ER,

Lq — d
—iPF, —F,(x)F. Fo(x)— v
iR [ AP + R g =

we obtain

0 = Im (eDPK(P; 'F(0) - F(0) — eDP K, P;'F(L) - F(L))
— PyRe (Fe(L)Fo (L) — Fo(0)F,(0))

which implies

0 = Re (—ieDPoKoP, 'F(0) - F(0) + ieDP, K, P;'F(L) - F(L)
+ PyRe (AF(0) - F(0) — AF(L)-F(L))),

A:((l) g)

Ty = iPg DPK( — PoPJ AP,

where A is given by

Let us introduce

and

T, =iPiDP;K; — P,PTAP;,.

Then we end up with the equation
0=Re (T/P,'F(L)-P;'F(L) — ToP,'F(0) - P;'F(0)). (A.4)

In order to finish the proof and show the uniqueness of the solution one has to find a negative
definite matrix Sy and a positive definite matrix Sz, such that Eq. (A.4) can be written in the
form

0=S,P;'F(L) - P;'F(L) — SoP, 'F(0) - P, 'F(0).

This implies that F(0) = F(L) = 0 and hence, by applying the homogeneous TBCs we get
4F0) = LF(L)0. Considering the Cauchy-Lipschitz theorem we showed that F vanishes
everywhere.

Thus, it will be future work to investigate the existence of the matrices Sg and Sy,

A.2 Proof of Thm. 5.1 for M =0 and V diagonal

Before we start to prove Thm. 5.1 for M = 0 and V diagonal we show
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Proposition A.1. Let P € C™**" be regular with the real eigenvalues p1,...,p, € R. Then

the matrix
_ (0 1 2 x2n
Q= (P 0) eC

is regular and its eigenvalues ¢1, ..., g2, € C take the form

2m—1 = v/Pm, 42m = —+/Pm,

withm=1,...,n.

Proof. According to [39], the determinant of the block matrix
(A1 As
Y

det A = det (A1A4 — A2A3) .

Hence, the characteristic polynomial of Q can be written in the form

reads

—ql 1
0 = det ( p —q]l) =det (¢°1 — P) = —det (P — ¢°1) .

This implies that all eigenvalues ¢ of Q satisfy
7 =p,
with some eigenvalue p of P. Thus, the 2n eigenvalues of Q read

P2m—1 = VPm> 4q2m = —+v/Pm,

withm=1,...,n. O

If M =0 and V = diag (vi, . ..,v4) the matrix A~'B reduces to

ATB= (N_l (\?— E1) g) ‘

Since N and V are diagonal the eigenvalues of N~! (V — E1) are

N'm
with m = 1,...,d. Then the eigenvalues of A~'B take the form

Uy — F Uy — F
Q2m—1 = \/Vm = y,  Qom = —/Um = — )

Nm om

with m =1,...,n, cf. Prop. A.1. If E > Ef§ = max{v1,...,v4}, then

sign vy, = — sign Ny,

for m = 1,...,d. Hence, the number n of positive eigenvalues of N is equal to the number
of complex conjugate pairs of eigenvalues of A~'B while the number of real eigenvalues is
2(d — n), with d — n being positive and d — n being negative.

On the other hand, if E < E} = min {vy,...,v4}, then

sign vy, = signh 1y,

for m = 1,...,d. Thus, the number d — n of negative eigenvalues of N is equal to the number
of complex conjugate pairs of eigenvalues of A~!B while the number of real eigenvalues is 2n,
with n being positive and n being negative.

This finishes the proof of Thm. 5.1 for the case that M = 0 and V is diagonal.
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